Life span of solution for the cauchy problem to
nonlinear reaction-diffusion system
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Abstract. In this paper we discuss life span of solution of Cauchy
problem to nonlinear reaction-diffusion systems. By using Fourier
transformation, fixed point theorem, energy and pointwise estimate
methods, we obtain the existence of the solution. Estimates of the
global solution and the life span of the local solution are also obtained.

In this paper we discuss the Cauchy system of equations
— miAu — meAv = fi(u,v; Dyu, Dyv, D2u, D2v)
— m3Au — maAv = fo(u, v, Dyu, Dyv, D2u, D2v) (1)
'U'(Oa :L‘) = (p(:l?),’l)((), IE) = 2/)(3")’

0? g 0 0

where (t,z) € R xR", A = Za 7 D, = (8371’6':82"“’8%);
82
D? = (8:1: oz :4,5 = 1,2,---,n) and m;(i = 1,2,3,4) are constants.
Let Ay = ( m1 2 ) Assumptions to f; (i = 1,2) and A, are the
ms Mg
following:

Al) fi(¢&) (€ € RxRxR"xR"xR™ xR"™) is smooth and fi(§) =
O(J€]'**) (I€] — 0), where « is a positive integer and ¢ = 1, 2.

A2) Eigenvalues of A, are positive and Ag has the form ( 8 Z > or
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( CCL ; > with the condition that X?4,X > 0 for any X € R?, here

a,b,ce R.
Before giving main theorems we construct a closed set as:

Xosr = {Ve0) = (00D )5 Da<E} @)

Uz(t, .'13)
with integer s > n + 5 where
L+ | V]

DS,T(V) = Sllp Ws—'n.—3,co(Rn) + Sup ” V ' Ws,l(Rn)
0<t<T 0<t<T
T
1
A / S I DEV(r, ) [ Bedr) . 3)
]k|=2

Main results in the paper are the following two theorems.

9
Theorem 1 Suppose that n > o and conditions A1), A2) hold. The
initial data ® is assumed to be in H*t'(R*)NWS(R™) with s > n+5
and satisfies

[@]lwer @) + (||

Ha+1(Rn) S (SE. (4)

If § and E are small enough, then there ezists a unique weak global
solution U of (1) in X B0

Théorem 2 Suppose that n < 22; and conditions A1), A2) hold. The
initial data ® is assumed to be in Ht1(R") N W*(R™) with s >
n + 5 and satisfies (4). If § and E are small enough, then there exist
T(6) > 0 and a unique weak local solution U = U(t,z) (0 <t < T(J))
of (1) in X, gr(s). Moreover, the life span T(J) of the solution to (1)
satisfies

T(5) = O(6~ =) when n=

3

QIm

and

T(6) = 0(6_2+:iw) when n <E.

«

Fourier transformation is used in getting the solution of the fol-
lowing homogeneous system

U — A)AU =0
{ U(0,7) = (), )
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whereUz(u ) and & = ( 4 )
v (4
Denote the solution of (5) as
U=25()9. (6)
We get
1S@®llwreoqmry < CL+ 8 H|Bllwnsnssaan, 20, (7

1S@O@Nwname < Cll@llwrsgn, 20, ®)

where C is independent of ¢.

The closed set X g1 was constructed by using estimates of the
solution of (5) in W*—"=3>(R") and W*!(R™).

Next we consider the following linear nonhomogeneous system

U, — AJAU = F(t,x) ()
t=0: U=2.

The estimates of the solution to (9) will play an essential role to treat
nonlinear problems. We give the next lemma for existence and energy
estimates.

Lemma 1 For any T > 0 and integer s > 0, iof we assume ® €
H**'Y(R") and F € L*(0,T; H*(R")), then there ezists a unique solu-
tion U = U(t, x) to system (9) satisfying

U € L*(0,T; H***(R")) (10)
and
U, € L*(0,T; H(R™)). (11)

Moreover, the following estimates also hold:

1T ()2 < CT){]19]

t
2y + / PO mmdr},  (12)

10 e < @ pscany + [ 1P

Sommydr} (13)

and
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[o S~ (IDEU (7, ey

lk|=2
t |
< CUI® I oy + / IF(r, Wegmdr).  (14)

Using the existence of the solution of the linear nonhomogeneous
system we define an operator P on X; gr as

P:V - U=P(V),
here U is the solution of the following system

{ U, — AgAU = F(AV)

t=0: U=9, (15)

where AV = (vy,v2, Dyv1, Dy, D2vy, D2v5) and F = ( g ) By

using Duhamel principle the solution of (15) can be written as the
following formula

U=St)d+ / t S(t — 7)F(AV(r,))dr. (16)

To prove main theorems we prove the operator P maps X; gr into
itself and is a contraction map. By using fixed point theorem we
know there exists a vector function U € X, gr such that U is the
solution of (1). To do this we need the estimates of F/(AV) in W*!(R")
and W*~%1(R™) together with the energy estimates of (14). For the
estimates of F'(Z) we have following two lemmas.

Lemma 2 Suppose F' = ( ]fcl ) satisfies the condition Al) and let
2

s (> 0) be any integer. If Z(x), a vector function on R™, belongs to
We4(R™) N LP(R™) N L*(R"), then we have

1F(2)]

wer@n) < CllZllwsa@n)| 2] Lo@m) 1 Z | S ny (17)
1 1 1
where e » + p (1 <p,q,r<o0)and C depends only on s.

Lemma 3 Suppose F' = ( J{l ) satisfies the condition Al) and let s
2

(> 0) be any integer. If Z and ?, vector functions on R™, belong to



We4(R™) N W*?(R") N L°(R™), then

IF(@) = F(2)llwer@e) < CLUIZ Norin) (12 | weacery
HZlweae)) + 12" llw-aur) (12| zogaee) + 1 Zlliocee)}

(12l o) + 21| o (mm)) >, (18)
- =1 1 1
where Z* = 7 — Z, - = 5+E (1< p,q,7r < o0) and C depends only

on Ss.

The important part of this paper is to get energy inequalities in
estimating the solution U (¢, z) in H*(R"). In order to get the estimate
of U(t,z) in W*'(R"), we need estimates of V (t,z) in H**?(R") by
using the estimate of ||F(AV (T, ")|lwsi(r~). Energy inequalities play
an important role in proving main theorems.

To get estimates of the life span of the local solution, we first sup-
pose the solution of (15) exists in (0,T), by choosing the initial data
small enough we prove P maps X; gr into itself and is a contraction
map. Estimates of T = T'(d) corresponding to initial value dE are
also obtained.
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