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Abstract

Abstract The unique continuation property is one of the most important one for analytic
functions. There are two types of that property in the strong and weak sence. In 1988 J. L.
Kazdan [3] gave the next question : Does the unique continuation property hold for
critcal points of the variational quantity Ji(v) for p>1? The definitions of J{v), 173,
are given at pages 2-3. Recently, K. Hayasida [1] proved that the weak unique
continuation property holds for the critical point % of another variational quantity  Ja(v),
which is equivalent to Ji(v). Here we will construct the third variational quantity Js(v)
equivalent to Ji(v), whose critical points have the strong unique continuation property.

Let L be either a linear or nonlinear operator in a domain Q of R". Let u be a solution
of Lu =0 in Q. If the following is satisfied, we say that the unique continuation property
holds for u:

If u=0 in a subdomain Q' of Q, then u vanishes identically in Q.

Without loss of generality we may assume that the domain Q contains the origin. If the
following is satisfied, we say that the strong unique continuation property holds for «:

The solution u vanishes identically in Q, if (D°u)(x)=o(z|") (z—0,|a|l<k), for any n,
where k depends only on the order of L.

For example the harmonic function has the strong unique continuation property, because
it is analytic.

Now let 0<R<1 and Bk be the open sphere in R" with center O and radius R. Let v
be any function in C§(Br). We assume that v(x=o0(|x|") as x — O for any #. Then by E.
Heinz [2] the inequality holds :
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(1) _/;Rlx[‘Zn(vz—HVUIZ)dxé C/;Rle—anAvlzdx,

where C is a constant independent of R, » and v. Using this inequality we immediately
see that a function ¥ € C?(Q) has the strong unique continuation property, if it satisfies
the differerntial inequality

2) [Au|£ K(u|+|Vul) locally in Q.

In particular let L be the operator such that

N

L=A+ Zbi(x)az,-Jr (),

=1

where b; and ¢ are locally bounded in Q. Then the solution u# of Lu=0 satisfies (2). So
the strong unique continuation property holds for u.

On the other hand we define the weak unique continuation property. Let I" be aN—1-
dimensional open hypersurface of class C' in 9Q. We assume that I' contains O and it is
strongly convex at O. Let u# be a solution of Lx=0 in Q. If the following holds, we say
that the weak unique continuation property holds for z:

If D°u=0 on U (|a|<k) then u vanishes identically in a neighborhood of T.

Let the x~-axis be perpendicular to the hyperplane, which is tangent to I' at O. We
assume that QC {xx>0}. Let Qe=0QMN Bk. For sufficiently small R > 0 let v be in
Ci(Qg). Then the inequality holds

(3) fg PN (2 +|Vo|Ddx < Csz e | Av|dzx,

Qr

where A is any negative number and C is a constant independent of A, R and ». This is
due to L. Nirenberg [8]. Now let 2 be in C*r) and satisfy

Au|<K(lu|+IVul) in Qe

Using (3), we see that #=0 in Qzu, if 4=Vu=0 on I' N Bk.

From the view point of geometry J. L. Kazdan [3] discussed the strong unique
continuation property for the mapping u : M"— RS, where u satisfies some elliptic system
in a N-dimensional Riemannian manifold M¥. Only semilinear cases were treated in [3].
But he gave the next question in the final section of [3] :

Does the unique contiunation property hold for critical poinis of the variational

quantity
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for p>1? The critical point of Ji(v) satisfies the degenerate quasilinear elliptic equation
(4) V- (Vul’>Vu)=0 inQ.

If N=2 in particular, the unique continuation property holds for solutions of (4) by the
result of J. J. Manfredi [5]. In fact writing z =x+4y and F = Ur—iuy, we see that F is K-

quasiregular for K HWAQIC+MWIHVW 1 and it is p-quasiconformal. More precisely, F,=

— 1/2
uFz, in Q, where the essential maximum of x is not greater than Aml._.%v .wogmcsﬁcm

cotinuation property holds for u, because the unique continuation property holds for the pu-
quasiconformal mapping (see [4]).

Up to now Kazdan’s above question is not yet solved. In 1988, O. Martio [6] gave a
counterexample for the unique continuation property. He constructed a function # and a
vector function A(z, &): R"X R"—R" such that |A(z, &)|< C|&]¥, A(zx, £)-E=c|E[N(c>0)
and u(x)=0 for xx<0, u(x)+0 for xx>0.

Now we define another variational quantity

N
\NASMM%_%Q_Q% p>1,
i=1
whose critical points satisfy
N
Amv Mm§2%&_§_blwm&~§v“o in Q.
=1

We see that Ji(v) and J(v) are equivalent. Recently, K. Hayasida [1] proved that the
weak unique continuation property holds for # satisfying (5).

Our aim is to give a variational quantity equivalent to Ji(v) such that its critical points
have the strong unique continuation property. We use hyperspherical coordinates 7, 6, -
On-1 such that
X1=7 cos b,

X;=7sind; » sinb,++-sinf;-; cosb;, 1<j<N

Xn=v sinf; 7 sinb- - -sinfy-,,

where » 20, 0=6y,-++,0v—2=<7 and 0= Ov_1 <27,

Taking the mapping r=—log ». For sufficiently small >0 we define

2 V1 n oo N-2
\w@vn\o .\o‘ .\o‘ .\o. Tm%_»imse_?fm _mm:%ﬁ..wms&_lb_ms:ei

. mAblszAwwD %_vzlmAme%mvzlw. *+Sinéy_2drd6 -+ - dfn_1.

Then we see that Js(v) is equivalent to /i(v). Our result is the following
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[(Theorem)]. Let p=2 and u belong to C*B:). Let u be a critical point of J3(v). If u,
|Vzu|=0(x|") as x—O for any »>0. Then « vanishes identically in Bi.

[(Remark)]. Part of the hypothesis of this theorem, u, |V:iu|=o0(]x|") as x — O can be
weakened by the following, fz.Vul’dr=0(|R|") as R—0 and u(0)=0.
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