Theory of liquid-glass transition
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Abstract The liquid to glass transition and the slow relaxation phenomena of
supercooled liquid and glass have been theoretically studied upon the dynamical point of
view through the Trapping Diffusion Model (TDM), which is the meso-scopic model for the
motion of an atom in such highly supercooled fluids. In the model, two type of motions of
an atom are considered, stray motion and jump motion, where the rates of these two
motions and the other parameters are determined by the results of Molecular-Dynamics
(MD) simulations for the binary soft-sphere mixture system. Then, the micro-scopic
dynamics of a atom can be represented by one particle’s master equation. With adopting
the solution of the master equation to the Green-Kubo formula, the self-part of the
dynamical structure factor and the generalized susceptibility are calculated. The slow
relaxations, « and «’ relaxations are shown to be the consequences of the anomalous
diffusion in glassy state and the sub-anomalous diffusions in supercooled fluids. Moreover,
super-long-time MD simulation have been carried out for the purpose of the direct
calculation of the generalized susceptibility of a supercooled fluid. In the results, the two
kinds of the slow relaxation processes are observed, which are in good agreement with the
TDM qualitatively and quantitatively.

The trapping diffusion model

In supercooled fluids and the other amorphous matters, the system has a strong cage
effect, by which the atomic motion is strongly affected. It is very important how to set
such cage effect into the theory of the dynamics in supercooled fluids. According to the
MD simulation of a binary soft-sphere mixture system, an atom acts mainly two type of
diffusive motions: One is a oscillatory motion within a local area, it is called stray motion,
and the other is a jump motion in order of the interparticle distance. It is also observed
that (i) jump distances have a narrow distribution for both diffusive motions, and (ii) the
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waiting-time distribution can be well represented by a simple exponential function for the

stray motion and by a power-law function for the jump motion, which indicates that the
jump-rate distribution will be sharply peaked for the stray motion and be a power-law
function for the jump motion. Thus, the following mesoscopic phenomenological model will
be employed: An atom at a given site s performs a stray motion between s and
neighboring position us (Jus/is of the order of 15% of the average interatomic distance) with
a constant jump rate @, Occasionally, it makes a long jump motion to site s’ with jump
rate ws, The jump rate for this motion is assumed to depend only on the origin of the
jump and not on the destination of the jump, because a structural relaxation following the
jump will eliminate the correlation between forward and backward jumps. It is also
assumed that the distribution of site {s} will not be important and sites {s} form a regular
lattice, which can be conveniently assumed to be a simple cubic lattice. Consequently, the
following trapping master equation is derived to describe the motion of a tagged atom.

%P(s,tls(;, 0)= ZwsfP(s’, t]s0,0)+ zwbP(s +us, £]s0,0)
—{ Yot Yoo} s, s, 0), (1)

%P(S +us,tlse, 0)=wsP(s,t]50,0)— wsP(s+us,t]so,0), | (2)

where P(x,t|so,0) denotes the probability that the tagged atom is at x at time t when it
was at So at time t=0, the summation for s’ is taken over nearest neighbors of site s, and
{us} represent neighboring sites to which the atom on s can stray. As discussed above,
jump rate {ws} can be assumed to obey the power-law distribution

ptl

=< 0
D(we)= { g @t 0= @a=00) 3

0 (otherwise),

where p is a key parameter of the model which represents the thermo-dynamic state of the
system. Since {ws} are random, the above master equation can be solved by using the
coherent medium approximation.

The self-part of the dynamical structure factor Ss(q,®) is shown in the figure, with the
definition given by

Si(a,0)=—LRe[1+-2£(0) ]Z sl [“emwtp(s, tlso0)at Y, )

ws+ 1w

where the angular brackets <:-> denotes an ensemble average and B(q)= =, e is
assumed to be real and independent of s. In Ss(q,®), two kinds of slow relaxations are
observed: One appears near logi @ = —1.5, which corresponds to the « relaxation, and the
other appears near logi @ =1.2, corresponds to the B relaxation. In —1< p <0, another slow
relaxation, called @’ relaxation, is found in the static limit. The « and @’ relaxations are
due to the jump motion which induce the sub-anomalous diffusion in supercooled liquid
state (0< p <1) and the anomalous diffusion in glassy state (—1< p <0). The 8 relaxation
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is caused by nothing but the crossover between the two dynamics (stray motion and jump
motion).
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The frequency dependence of Ss<(q,@) for p =0.5(solid line), 0.0(dotted line) and
—0.5(dashed line).

Super-long-time MD simulation

The generalized susceptibility x(q,@) has been computed directly through the MD
simulation with a new algorithm described below. The Fourier and Laplace
transformations, S{q,®) and G(q,®), of the intermediate scattering function F{q,¢) are
defined as

S(a,0) =5 [ Fla,)e™dt, (5)
Gla,0)= /0 “Fla,)eat, (6)

where
Fla.)={Yexp ia-[et+ &) —r ()] i @

The averages are made over the configuration of atoms {r:} and the initiél time to. It is
known that the generalized susceptibility x(q,@) is related to G(q,w) and S(q,®) in the
following way,

2 (qw)=1+wG"(q,®) (8)
2"(qw)=wG"(q,w) (9)
=wrS(q,w), (10

where x(q,@)=7x'(q,w)+ix"(q,w)and Gq,0)=G"(q,0)+iG"(q,).
In the present MD simulation, G(q,@) has been computed by the following formula,
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G(Q,ca)=%<Z£Tdtoeiq'r“‘°’e‘iw‘°£todte‘"‘”"”e"“">i, (1)

where < , . . > means an average over the configuration of atoms {r;}, and 7 is the total
time step of the simulation. The above equation is valid provided that the condition @ T>
1 is satisfied. The self part Gs(q,w)of G(q,®)is similarly obtained by setting i=; in the
summation.

The imaginary part of the self part of the generalized susceptibility y ¥(q,w)is shown in
the following figure. The a peak is clearly seen around logio @7 =—3.2, which can be
represented by the power-law function y ¢(q,@) < @ *. This exponent value gives the
approximate value of the stretched exponent which differs from Debye value —1. The £
peak appears in the higher frequency region around logis @z =0.6. For the Cole-Cole
analysis, it is concluded that the B8 peak seems to be the Debye type. The fact that the
decrement of x”’(q,@)in high frequency is seen as @™ in the figure supports this
conclusion.

The result of TDM is represented by dashed line in the same fugure. It is remarkable
that the MD results are in good agreement with the TDM.

0-0 L] T v

® species 1
O species 2
we=e TDM

0g,0fxs"(q )]

The frequency dependence of x¢(q,@) for Texr=1.50.

Circles represent the MD results and the dashed line the TDM results. Unreliable data
due to the numerical integration are marked by |to their data points.
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