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1. The study of peék points and peak functions is interesting and important for the
study of function theory of several complex variables. For the pseudoconvex domains,
there are much detailed discussion of these subjects, for example Basener [1], Bloom [3],
Hakim-Sibony [4] and Range [5]. In these papers, the totally pseudoconvex point, that
is the point where the non-singular holomorphic supporting hypersurface exists, are
considered in substance. In this paper we consider the pseudoconvex Reinhardt domain.
In general, there are no local C°-peak function at the Levi-flat point. We shall show
that there are points where no local C°-peak function exists without the assumption of
C? boundary (Lemma 3-3). Further, we shall show that excépt the special boundary
points of pseudoconvex Reinhardt domain, global holomorphic peak functions exist
(Theorem 3-7).

2. We use the following notations.

Ci={z=(z1,22,...,20) €C"; 2;%0, 7=1,2,...,n}.
Cli-in=12=(21,...,22)€C"; 2/ =Z5=...=Z;n=0}.
<z>=(lz1l,lz2l;....|zal).

2>={z>eR* z€ Q}.
log<z>=(log|z1l,...,log|zx|).

log< 2> ={log<z> € R"; z€ 2nCF}.

£12.m=all the inner points of 2N Ch.-m.
N={0,1,2, ...}, exp=exponential.

Let £ be a domain in C".
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Definition 2-1. We say that £ is a Reinhardt domain with center at a=(a, a, ...,
an) if whenever z=(z1, zé, v, Zn)€Q and 6, O, ..., 62 €R, we have ((z1-a:) exp
(i6.), ..., (za—an) exp (i62))€ Q.

In the rest of this paper, we always assume that the Reinhardt domain is with center

at the origin.

Definition 2-2. Let 1£/1<js...<jm=#n. We say that @ is complete with respect
to (G, jz, ..., jm) if whenever the point 2°=(z1, ..., 2n) € £ then w=(ws, we, ..., Wn)€
©Q where if s¥7x (=1, 2, ..., m) then ws=2% and |w;|<|z3l.

Definition 2-3. We say that £ is logarithmic convex if log <2> is convex in the
usual sence. '

Theorem 2-4. Let Q be a Reinhardt domain.
), if QnCL* (k=1, 2, ..., m) then Q is a domain of holomorphy if and only if Q
is logarithmic convex and if Q is complete with respect to (71, Jzo wees j,,.),‘
Qy, if @nCr+¢ (=1, 2, ..., n) then 2 is a domain of holomorphy if and only if £
is logarithmic convex and if complete,
@), if 2@0Ci=¢ (k=1, 2, ..., n) then Q is a domain of holomorphy if and only if £
is logarithmic convex. '

In the case of two complex variables, this theorem is proved in Behnke-Stein [2].
The proof of the general case is essentially the same and we only sketch the outline of
the proof. If the Reinhardt domain is pseudocénvex, then it is a convergence domain
of a Laurent series. Conversely the convergence domain of a Laurent series is a
Reinhardt domain and by the transformation £;=loglz;| (j=1, 2, ..., #) it is mapped
onto the convex domain in R”. In regard to the completeness, we assume that (71, 72,
oy Jm)=(1, 2, ..., m) for simplicity. First, for any point z°=(z}, ..., 22)€ &nCq, it is
proved that (21, ..., @n, Zm+1, ..., Zn) € L2 Where 1z/1=1z8) (1=j=<m). Next, for any
point z°€ Q it is proved that (2, 23, ..., 25)€ Q where |z/|<|z{| and inductively we
can show that the completeness holds. To prove the sufficiency, we prepare the
following lemma.

Lemma. Let K be a closed comvex subset of R" bounded in the direction x;>0 (1
<j<un), unbounded in- the direction xx<0 (1=k<m), and bounded in the divection x:
<0 (m+1=sisn). Assume that for any x°=(xi, ..., x2) € K, (X1, voy Xmy, Xe1, oon, X0)
€K for all (%1, ..., ¥m) with x;<x} (1<j<m). Then for any y €K there exists an
affine function f(x)=a:%1+ asx2+ ...+ anXn+c such that

(i) f(»)=0, (i) f(x)<0 for all x€ K, (i) a:>0 (1<i<m) and a;€Q (1=j=n).
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The proof of sufficiency is obtained using the above lemma and the fact that.
holomorphically convex' domain in C” is a domain of holomorphy.

3. Let £ be a Reinhardt domain and let ¢ be the mapping from C” onto C”
defined by ¢(z,, ..., 22)=(26q), ..., o), Where ¢ is a permutation of (1, 2, ..., #).
Then #(8) is a Reinhardt domain with ceriter at the origin and if £ is pseudoconvex
then ¢#(2) is also pseudoconvex. Let z°€ 3@, then from this reason we may assume
that 2°=(0, ..., 0, 2%+, ..., 2%) where 2?#0 (F=m+1, ..., n). Therefore in section 3
we only consider the boundary points of this type. ‘

Let 2°=(0, ..., 0, Zn+1, ..., ZR)€ Q.

Definition 3-1. The point z° is said to belong to N& (resp. N%) if the following
condition (i) (resp. (ii)) is satisfied.

(i):there exists an a=(a, :.., an)€ C™a+0), a v=(1, ..., vn)€ N™ and an >
. 0 such that a;v;#0 for some j and that the point (@.¢Y, ..., @nl"", 2%+, ..., 23)E€EL
for all ¢ €C with 0<|¢|<e,

(ii) : there exists a 6=(bn+1, ..., b2) ER"™(b*0) and an £>0 such that (0, ..., 0,
2w exp (bmarl), ..., 25 exp (bnt))€dQ for all ¢ €C with [{|<e.

Deﬁnition 3-1’. The point z° in said to belong to N% °

(iii) : if 1Sm=<#n—1 then {z €C”; z;=23, m+1=<j<n}n22{z°},

(iv) : if m=mn, z°(=the origin of C")€ N%.

It is easily seen that the conditions (i), (ii), and (iii) are equivalent to the following
(i), (i), and (iii)’ respectively.

(i) :there exists an a=(a, ..., an)€ER™a+0) a v=(vi, ..., vn)€ N™ and an &>
0 such that a;v;+0 for some 7 and that the point (ailf|”, ..., axlt|"™|2%sl, ..., |23) €
(2> for all teR with 0<|ti<e,

(ii) : there exists a 6=(bm+1, ..., b2)ER*™(6%0) and an £>0 such that (0, ..., 0,
|zhsilexp (bmart), ..., |28 exp (bat))€ 3R> for all teR with |t|<e,

(iti) : if 1sm=<n—1 then {Kz2>eR"™ |zi=|22, m+1<7<n}n<Q>2{KzD).
Examples..

). 2={(z1, z2, 23)€C% exp (lz:l)—|z2| 12z3l<0}, then (0, 1, 1)€N}»ﬂleq—-NB.

@. 2=((z1, z)€C% |zl*<lzdl ewp (—1)<lzil*}, then (0, 0)€ N5nN5—Nb

3). .Q={(Zl, z2)€ C% IZzl<}1+lzll}, then (0, 1) NbnNs—N3.
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Now, let A*(R) be the set of all functions that are holomorphic in £ and class C* in

Q.

Definition 3-2. A point p € 92 is a C*-peak point if there is a function f € A*()
such that f(p)=1 and |fl<1 in @\{p}. If f is holomorphic in @, then p is said to be
a holomorphic peak point.

Remark. Local C*-peak point and local holomorphic peak point are defined by the
same way locally.

Lemma 3-3. Let Q be a pseudoconvex Reinhardt domain in C*. If 2°=(0, ..., 0,
2%41, ..., Z20)ENBm=1) or if 2°=(2?, ..., 28) € NENCE, then 2° is not a local C°-peak
point.

Proof. Suppose that z° is a local C°-peak point. Then there exists a
neighbourhood U of z° and a function f holomorphic in U N2 and continuous in U N
2 such that f(z°)=1 and |fI<1l in Un2\{z°}. If 2°=(0, ..., 0, 2%+1, ..., 25) € Nb(m
21), then by the definition, {(@1{™, ..., @n8*" Zhs1, ..., 28); 0<|¢|<e}c Q. Put

g(&)=F(@t™, ..., ant™™ 2%, ..., 25) '

then g is holomorphic in 0<|¢|<e and continuous in |¢|<e¢, so that g can be continuéd
analytically to £=0. Therefore ¢ must be 1 by the maximum principle. But this is a
contradiction since we assumed that f is a local C°-peak function at z° Next, if 2°
€N2NCZ then {(2! exp (@:8), ..., 25 exp (anl)); [¢l<e}cdQ. Take a point zV€ U
N2 nC§ and put

18)={(28 exp (crt), ..., 128 exp (cat)); tER)

where c;=log |z#|—log |2}(i=1,2, ..., »).

Since log <2 is convex, there exists a positive numbers &'<e¢ sucﬁ that
{(z? exp (ar§), ..., 22 exp (anl)); El<e}eUNQ,

where 2®=[(1/k) and £ is a positive integer. Put
el ©)=F( exp (a:8), .., 2 exp (anl))

then g is holomorphic in |¢|<e’ and since f is continuous in U N @, the sequence {g}
converges uniformly to

2($)=£ (28 exp (@:%), ..., 2% exp (aal)).

Therefore g, is holomorphic in |¢|<&” and g0(0)=1, |g]<1 in 0<|¢|<e’. Then by the
maximum principle g is constant, but this is a contradiction.
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Lemma 3-4. Let Q be a pseudoconvex Reinhardt domain and let z°=(0, ..., 0,
2%+, o, ZED. If 2=(21, ..., 22)€EQNCE, then 2'=(0, ..., 0, Zmsy, ..., 2n) € ZNC™
Proof. Given a positive number &, we can choose a xo with 0<x0,<1 such that

iy <1lz—f'r) feFr =i w

Further, take a 2€ 2 N C§ such that

IZjl{]. (]IélT) }<7=- (F=m+1, n)
|z =z o< (i=1, 2, ..., m).

Since log <> is convex, (1—xo) log <z2>+x0 log (2> € log <2>. Then <w)=
(|z1]* 7% z1l™, ..., |2al'"*2a]*°) € 2 and by a simple calculation, we have [{z">—<w)|<é.
This means that z’ € Q.

Proposition 3-5. Let 2 be a pseudoconvex Reinhardt domain and let z°€ 8Q. If
2°€e N3N N3, then 2° is a local holomorphic peak point.

Proof. If z°€Cf, then we may assume that z°=(1, 1, ..., 1) without loss of
generality. Since log <£> is convex, there exists a linear function L.(x)=a1x:+...
+anxs such that for any x €log <2> Li(x)<0. Put

Di=log <2>n{xeR" L(x)=0}

Since our proposition is local, we have only to consider in a small neighbourhood U of
z°. -Then we may assume that L,(x)=x: without loss of generality. Firstly, we

consider the case that D,={(0, ..., 0)}. For 0=x.<1 put
o;(x1)=sup {lz;l; (x1, |z, ..., |zal) ECU N D},

It is easily seen that p;(1)=1 and for small positive number &, o;(x:) is bounded
continuous decreasing in 1-d=<x,<1. Here we need the following lemma (®’pp. 205-
206).

Lemma. Let f be an incresing, continuous zero free function on (0, 1) such that
f()Y=1. Then for any positive series 2a;=1, there is a sequence of positive integers n;
J

such that g(t)=2a,~t"’ converges on (0, 1), g(t)< f(t) when 0=t<1 and g(1)=1.
From this lemma, and from the fact that El/k' e, we can choose positive integers m}

large enough such that they are all prime numbers and monotone increasing with
respect to £ and that
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[ Jﬁmﬂ .
Pj(xl)’Z(W><l if 1-0<xi<l.
Put

mi
‘ hj(zl)=%-zk:5,§!—

Then |#;(z1)|<1 in |z1l<1 and h;(z1)=1 if and only if z1=1. In fact if k;(z:)=1, then
all the z,™ must be 1. Put z:=exp (i6) then m46=2nir for some positive integers 7.
Therefore 8/ 2r is a rational number. Put 8/ 27 =a/B where (a, 8)=1. Then since mi

are monotone increasing prime numbers and since (e, 8)=1, we have =1, that is z:
=1. Put

f(z2)=22223 ... 2n"ha(21) ... Ba(z1)

then it is easily seen that f is a local holomorphic peak function at z° If D.2{(, ...,
0)}, then since D, is convex in the real hyperplane L,(x)=0 and since z°¢& N%, we have
(0, ..., 0)€ dD,. Therefore there exists a linear function L:(x) such that D, lies in the
side L.(x)<0. Now we consider the case where

Din{x €R™ Li(x)=0}={(0, ..., 0)}.

Then as the first case we may assume that Li(x)==x1, Lo(x)=x.. For 0=x1=1, 0=x2
<1, we put

pi(x, x2)=sup {zsl; (x1, %2, |25l, ..., 122l)ECU N D).

Then as before we can choose positive integers mi, m#, large enough such that
";_zpj(xx, xz)-Z(x‘—:}—'—,ﬁﬁ)d if 1-8<m<], 1—6<x;<1.

Put '

1 zZ m{. zzmiz
Ahj(zly Zz):'?"z(—lkl_!—k;!——)

then f(z)=2s ... Zn-ha(z1, 22) ... hn(21, 22) is a local holomorphic peak function at 2°.

We can repeat this process. Finally if Tog <& n {x € R"; Li(x)= ... =La(x)=0}={(0,
..., 0)}, then '
1 1
f(z)_ 2_21 ...... Z_Zn
is a local holomorphic peak function at 2°. Next if 2°=(0, ..., 0, 2%+, ..., 22) (M=

1), then by Lemma 3-4, £12.» is a pseudoconvex Reinhardt domain in C*™. Put (2°)
=(2%+1, ..., 2%), then it is easily seen that (z°) € 3Qi2.n» and that (2°) satisfies the
condition (ii) of Definition 3-1. Therefore there is a local holomorphic peak function
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g(Zm+1, -, Zn) at (2°). Since z2°€N%, f(2)=g(2m+1, ..., zx) is a local holomorphic
peak function at z°. '

By Lemma 3-3 and Proposition 3-5, we have
Corollary 3-6. Nhc NZYN%.

Theorem 3-7. Let Q be a bounded preudoconvex Reinhardt domain and let 2°€
Q. If z° € NLYNS, then theve exists a holomordhic peak function at z°.

Proof. For simplicity, we assume that £ is (1, 2, ..., £)-complete. Firstly we
consider the case z°€C#. Put

L:={z € Cy; d(log <27, log <Q>)<e}, _

Re={(z1, ..., 2k Za+1, ..., 2n)EC™; (21, ..., 2n)€ Q. |z]<|25li=1, 2, ..., B}
where d is a euclidean distance. Then Q. is a pseudoconvex Reinhardt domain by
Theorem 2-4. Let U be a small 'neighbourhood of z° which does not contain the ofigin
and let f be a local holomorphic peak function at z° defined in U. Put L(z)=log g(z)
where we take the principal branch. Choose positive numbers A and e such that -

(i): UQA)={z€C™ |z—2%<A}c U
(ii): {z € U; L(z)=0}nQ\U(A/3)=¢.

Take a C* function 7(¢) with 0=<7(¢)=<1 such that

' 1if t<A/3
n(t)=1 .
0 if £=24/3
and put
' dn(lz—2z%)/L(z) if z€ U(A)
g(z)= .
' 0 if ze 2.—U(A).
Then g(z) is a d-closed C=(0, 1) form in £.. Since Q. is pseudoconvex there exists
a C= function #(z) in Q. such that du=g. Since 2¢ Q., |u(z)|<M in 2 for some
positive constant M. Put

¢(z)=1ﬂ%(—zz)_°|)_ u(z)—-M

then 30 =0 in 2\{z°}, so that @ is holomorphic in 2\{z°}. It is easily seen that Re
(1/L(2))<0 in 2n U\{z°}. Then by a simple calculation we have Re ®(z)<0 in 2\
{z°}, that is

O(2\{z°})c {weC; Re w<0}.

Put %2(w)=(w+1)/ (w—1), then » maps the left half plane into the unit disc. Put
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_ _p(z=2"D—(u(z)+M—-1)L(2)
¥ (2)= (0= =N = (w2 )+ MF DL(2)

Then ¥(z) is holomorphic and |¥ (z)l<1 in 2\{z°}. For z€ U(4/3),

V)= 1 M)
so that ¥ can be continued analytically to z°. Evidently this function is the global
holomorphic peak function at z°. Next, we consider the case z2°=(0, ..., 0, Zm+, ...,
z%). Since Qi:.n is a pseudoconvex Reinhardt domain by the same method we can find -
a holomorphic peak function f(Zm+1, ..., Z») at (2°). Put ¥(2)=f(Zm+, ..., 2x) then
since z°€ N5, ¥ is a global holomorphic peak function at z°.
Note. By the detailed observation of the boundary, we can show that if 2 is a bounded
pseudoconvex Reinhardt domain with smooth real analytic boundary, then every points
of 39 are holomorphic peak points. The proof will be appeared elsewhere.
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