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Introduction

About 25 years ago, P.E. Conner (1), G.D. Duff-D.C. Spencer (2), T. Nakae (7), T.
Takahashi (9) and others studied the harmonic forms on a compact riemannial manifold
with boundary.

In this note, we shall discuss L.-harmonic forms on a complete non-compact
riemannian manifold with only one compact boundary by the method owing to (5), (6),
(8) and (10).

We shall be in C”-category. And, Greek indices run from 1 to »+1 and Latin
ones run from 2 to n+1. We use the Einstein convention.

1. Preliminaries.

Let M=MUoM be an (n+1)n=1) dimensional, complete, non-compact,
connected, orientable riemannian manifold with only one boundary oM and with metric
g (or < , >). We suppose that oM is the compact connected » dimensional
manifold. We may regard M as the closure of an open submanifold of an (z+1)
dimensional connected, orientable riemannian manifold 9. At each point x of oM
there exists a coordinate patch (U ; (x*)) of x in M such that UMM is represented by
x'=0. In particular, U(dM is represented by x'=0 and (x’) is the induced coordinate
system of dM. We call such a (U ; (x*)) a boundary coordinate patch.
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Let (V; (¥*)) be an another boundary coordinate patch such that UNV #4¢.
Then we have

?>0 and —‘g—izo for i=2, -, n+1.
Since the Jacobian of the coordinate transformation of (U/; (x*)) and (V ; (¥%)) is
positive, the Jacobian of the induced coordinate transformation of (U(MaM ; (x*)) and
(VoM ; (y*)) is also positive. Therefore the boundary coordinate patch defines an
orientation of @M. Hereafter we assume that dM is oriented by the orientation.

At the each point of M there exist two unit vectors normal to dM. In each
boundary coordinate patch, the first contravariant component of the one is positive and
that of the other is negative. We denote the former (which is called the outer unit
normal vector field) by N.

Let ¢ : aM— M be the inclusion. If (U ; (x*)) is a boundary coordinate patch
of a point x of M in MM and (U"; («')) a coordinate patch of x in M such that U’
CUNM, M may be represented by

xt=x*(u').
We set Bi: =% and Biuidr =Bk B. Then the induced metric ‘g: =¢*g=(gy)
of dM is given by 'gi;=g:..BY, g=(g.), and we have

det ("gis)= det (giu)(det (N?, Bf, - ; BRI

Let 7 (resp. '7) be the riemannian connection on M (resp. oM ) with respect to
g (resp. 'g). Then the equations of Gauss and Weingarten may be written in the form ;

P caxts Y=£t('VXY)+k(X_. Y)N,

and
V uxN =5t{_AX)

for any vector fields X and Y on dM, where A is the tensor field of type (1, 1) such
that 2(X, Y)="g(AX, Y).

2. L.-harmonic forms.

Let A?(dM) be the space of all C”p-forms on M. ¢ A?(oM) is locally

represented by

¢ = 2l'|<"----<.ipéir---v-ipduﬂ Ao A du[ﬂ .
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For any ¢ € A?(dM), the operators H and H are defined respectively by

H(QS}(X], ...... . Xp): =¢{AX1. Xz, ...... : Xp)
— 2P (AX, Xa, 2o, )‘(1 s, )
and
H(¢): = (trace A)p—H(p),
for any vector fields X, - , Xp on oM.

Let A?(M) be the space of all C*p-forms on M and Af(M) the subspace of
A?(M) composed of forms with compact support. For any ¢ € A*(M), tp€ A*(oM)
and n¢ € A* (oM ) are defined respectively by

(!¢)(X1, """ s Xs): :(.‘!’(6)()(1, """ N Xp},
and

(ﬂ@s)(Xa, """ , Xpo1): :¢(N. 7 ¥ taXp-1)
for any vector fields X, -=*---, X, on oM.

We call t¢ (resp. n¢) the tangential (resp. the normal) part of ¢ and a form ¢ with ¢
=0 (resp. {¢=0) tangential (resp. normal) to oM. Then, considering ¢, ¢ and n¢ as

contravariant tensors, we have the following formula:
d=taltd)+ N Nea(ng).

The * -operator on A?(M) is defined by,

*{é: :2‘11“:"“"““;»33'?3(;’1 ------ L f)"‘], ------ ] n+1 )

e fgey-p

for
P 1 = DaycocapPagomapdt ¥ Nosesss Ndx*.

Then we may define a prehilbertian metric < , > on A§(M) by

<4, 9>=[ (8, Wdo=[ _on*y

where do is the volume element of M. We set |¢]: =<¢, ¢>'* which we call the
norm of ¢.

Let d:A?(M)—> A**'(M) be the exterior differntial. The adjoint operator & :
AP(M)—— A?"Y(M) is defined by 8¢:=(—1)"""P"xgdxg¢ e A?(M) Then we
have <d¢, ¢>=<¢, 8¢> for ¢ A8(M) and ¢ € A§* (M).



4 Haruo KITAHARA and Hiroo MATSUDA

Lemma 2.1 (cf. (9), 1)), For any ¢, ¢ € A*(M),
(1) d(tp)=t(de), n(d¢)=—35(nd)
2) d(ng)=—n(dd)+t(V~d)—H(id)
(3) 8(tp)=1(8¢)+n(¥ xd)—H(ng)
4) (¢, ¢)=(1p, t$)+(nd, ng).

Let L8(M) be the completion of A§(M ) with respect to the inner product < , >,
and Lo(M): =3L8M). If ¢€L,(M), then t¢ and ng are in L.(M) because of the
compactness of M. Let @ be the restriction of d to A§(M) and @ the restriction of
8 to A8(M). We set 6:=(8)" and §:=(3)" where ( )* is the adjoint operator to
() with respect to the inner product < , >. Then d (resp. §) is a closed, densely
defined operator of L#(M) into LE*'(M) (resp. L§"'(M)). Let D% (resp. D%) be the
domain of the operator d (resp. @) in L M). We put

Z5M): ={¢€ D5 | dp=0}
and
Z5M):={¢peDi | 64=0).

Since @ and # are closed operators, Z5(M) and Z5(M) are closed in L& M). Let
B5(M) (resp. B2(M)) be the closure of d(D5™") (resp. 8 (*)).

DeriniTion 2.1, HH(M):=Z%M) © B5M) is the L:-integrable cohomology
space. Here © is the orthogonal complement.

Note that HF(M)=Z5(M)NZ5(M). Since Z5 M) and Z5(M) are closed in
L4 M), Hf(M) has canonically the structure of Hilbert space.

THeoreM2.1. (The orthogonal decomposition theorem).
LEM)=Hf(M) ® B5(M) ® B5(M).

In fact, it is sufficient to note that B5(M) and B5(M) are mutually orthogonal
and Z5(M)N(B5(M))*=H{(M).

THeorREM 2.2. HE(M )= H{"*"*(M) (isomorphic as Hilbert space).

In fact, it is sufficient to note that the following diagram is commutative ;

A8(M) AFVP(M)
7| ]a' ﬂ 5

] i
Ag—](ﬂ) Asnn}—ﬁﬂ{ﬂ)
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CoroLLARY. If the dimension of HE(M) is finite, dim HE(M )=dim H{"*V*(M).
We consider a function g on R (the reals) satisfying

(1) 0=x<1 on R,
(2) p(t)=1 for t=<1,
(3) p(t)=0 for t=2.

Then we set

wa(p): =#(P—(,;u). k=1, 2, 3, e

where p(p) is the distance from p€M to oM.

Lemma 2.2. Under the above notations, there exists a positive constant A
depending only on p such that

) Ndwan gl 2D g @ Nduwan gt - ZEDA g
for all ¢ AB(M).

In fact, o is a locally Lipschitz function and |dol*<»n+1. Then dw.=% %dp at

the point where the derivatives of o exist. We set A:=sup I%I.

DerINITION 2.2.  The Laplacian acting on A*(M) is defined by (1=—(dd +4dd).
For any ¢ € L& M)NA*(M), we have

2.1) <dp, d)>pent <09, 6¢>sen
=—<08, ¢>san+ [, ((ndd, 1)~ (136, ng))do’

for all ¢ € ABew(M), where Abew(M) is the space of all p-forms with compact support
in B(2k) and B(2k) is the compact set {p € M|p(p)<2k}. Here do’ is the volume form
of oB(2k).

For ¢ : =wi¢, we have

dy=widd+2wrdwi ¢

2.2
( } 5¢=w55¢+(—1)‘“+“‘“"*(Zw*dwk/\*95)_
Then, (2.1) may be written in the form:

(2.3) <dp, widd>pew+ <dd, 2wsdwe/\ b > pen
+ <8¢, widd >san+(—=1)"""" 8 * (Quwrdwe * ¢)>pew
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=—<[g, wi¢>am:+_£mw[(nd¢, twie)— (8¢, nwid))ds' .

On the other hand, we have,

(n+1)A

(2.4.1) |<dd, 2widwié > penl< (lwrddlzen+élien)

(2.4.2) [< 8¢, *(2uadwil * ¢ > pen| < M)_A—("wha‘ﬁ"mzn'!‘ ll3en)
2 1/1 2 2
(2.4.3) < —0O¢, wid>sew= ?(GHWJ&(SME(M‘F olwidl3em)

for every ¢>0.
And, we have,

25) fa s (108, With)—(wak 88, wang)do'= [ ((ndg, 16)— (166, n$))do.

In fact, it is sufficient to note that dB(2k)=aM N {p € Mlo(p)=2k)} and wid=0 on
{peMlo(p)=2k}.
By (2.3), (2.4) and (2.5), we have the inequality

(2.6) lewrddlbzm+lwad bl

(o 8(n+l)A )

< olwiOdlken+ 13 {2k]+2|f ((ndg, tp)— (54, né))dd'|.

In particular, setting [1¢=0 and letting 6—cc, we have
(2.7) lweddlen+llwedlzen
2
é%@“ium-&ﬂ fa (ndd, t8)— (64, né)ldo'|

Letting £— oo, we have

@8)  ldgl+logl <2l [ (nds, 1)~ (164, ng)ldo|

for any ¢ € LEM)INA*(M).

Lemma 2.3. For any ¢ € LE(MINA*(M) such that [1¢=0,
(1) #f té¢=0 and t65¢=0 on M, then d¢=0 and S¢=0
(2) if np=0 and nddp=0 on oM, then dp=0 and 5¢=0.

Let NZ (resp. N{) be the subspace {¢ € A*(M)|ldp=0)} (resp. {¢ € A?(M)|5$=0))
of A?(M). For any ¢ € A*(M), wxd € D5ND5 and,

§(Wk¢)=d(Wk¢), §(Wa¢):3(Wk¢)
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Then, noting that for any ¢ € NSNLE(M ),

3 (wad)=d(wsp)
=dwi/\ ¢+ wrdp
=dwi/\ ¢,

we have
I3l 2L DA e

Setting ¢x=wxp, we have

d¢—0 (as k—0) (strong),
and,
d— ¢ (as k—o0) (strong).

Since o is a closed operator, ¢ € D5 and d¢=0, which implies that ¢ € Z5(M). In the
same way, we have NENLYUM )CZE(M ).

Lemma 24. NAECLAM)INZ5(M), NECLYM)NZ5(M).
Lemma 2.3 and 2.4 imply the following,

PropositioN 2.1. For any ¢ € LE(M)INA*(M) such as [1¢=0,
(1) if t$=0 and t5¢=0 on oM, then ¢ € Hf(M),
(2) if np=0 and ndé=0 on oM, then ¢ € HE(M).

3. Non-existence of L.-harmonic fields.

The following formula is well-known :

(3.1) —¢=icmctol — P Padhayrp+ 24= 1R1f¢a.~----f------ap

it b Z 1st<s spRaugaﬂ¢A.------a---u-su--vzp )dx" L reane Ndx Ae

t 5

for @ =i cocapParap@X Averees Adx* € A*(M). Here and hereafter, we set
R(X, Y)Z=PxVPvZ—FVyPxZ—VixnZ

for any vector fields X, Y, Z on M,

R(0/ax*, 8/0x")3/dx" = Rauc"0/0x"

and
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Ricci(M ) =(Rin) =(Raas®).
Setting
(F)aseip : = D1 Ra*Garooaviot DisecssoRacas™ Gareangiceio,
(3.1) is written in the form t g
—0O¢ =i ccipsl = P Vadayocsp+ (FP Dayoap )™ Averees A dx?®.
And, for g€ A*(M), we set
:=@udx?, where @i=(FVidanip)P? .

Noting that * (wi@) is the n-form with compact support in B(2k), by means of Stokes’
formula, we have

62 [ dx@ion=[  xwio)

Then we have
3.3) j;{md*(wi@)sz*d?

In fact, since dB(2k)=oMU{pe€ Mlo(p)=2k}, wi®=0 on {p€ M|o(p)=2k} and
wi®=® on M.
The right hand side of (3.3) is

j;u( Vidaysp) @ N ‘a'a'=j;M( Pnd, ¢)do'.

On the other hand, the left hand side of (3.3) is

fo ¥ (kax@io)=—[ *swio)
- _f * { % (W30 0)— (wadws * 0))
B(2k)

= [ wkPH(Padass)$**)do+ [ (Quadwar % 0)
Bizk)

B(zk)

=<wil P, wad>sent+ <weF(d), wid>sen

+<waVe¢, wePed >saw+ chkpzw*dw*/\ * Q.

In fact, it is sufficient to note that

V 1({ V*¢“"""1P }¢ Aperdp )
= ( V"' 74¢4\L.....3p )¢l|....--1p + ( Va QSA‘ ,,,,,, 2 )( (74 1¢4,....__‘p }
= (D ¢ )11; ,,,,,, 1p¢3|....-4~° + (F(¢ ))h-"--v.{,{ﬁh ...... i + ( V)¢h"”“1p )( V‘qﬁh ---- . )
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Then, we have the equality

(3.4) —<wiJ¢, wad>pew=<wiF(P), wid >sen+<wiVd, wild>pen
+ [, 2wsdws A ¥ O~ [ (7ap, $)do’.

Hence, we have the inequality

(3.5) [<walde, wed >senl =<weF($), wid > sen+lwe 7 dlbew
—| 2wadwi/\ ¥ ml—fm( Pud, ¢)do’.

B(Zk

By (2.4.3) and the inequality
1/2
|, 2wadwan % 015 VA o, p g sy + gl
B(2k)
we have

(3.6) 0!|Wt|:]¢lf%(2kl+'%).'{|wk95"§(2k)

_(n+1)'"A
k

22<wiF(¢), w;¢>s(2h}+2(1 )Hw* P élzen

_M‘iﬂeﬂl@rwﬂ [, (s, $)do.

In particular, setting [J¢=0 and letting 0— o0, we have
Oéli_ng sup< wxF (), Wh¢>s(zk:+"7¢ﬂz—£u( Pnd, ¢)do.
And, by Lemma 2.1, we have,

[ (vss, $)do'= [ ((Ht#, t9)+(Fng, ng)
+(ndg, td)— (184, nd)+2(dnd, td)}ds.
Therefore, we have,

02lim sup<wiF (), wad>scn+|Vl*
— [ (H8, 18)+(Hn, nd)+(nds, 1) (156, nd)+2dns, t4))do’.

Derintrion 31, A p-form ¢ on M is called a harmonic field if dé=0 and 8¢
=0.

Note that harmonic field ¢ satisfies the equation [J¢ =0, but the converse does
not hold because of the non-compactness of M.
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THEOREM I. Suppose that therve exists a non-negative function A on M such that
(F(¢), ¢)=A(p, ¢) for all e A*(M). If A>0 and bounded away from zero and H
(vesp. H) is negative semi-definite on oM, therve exists no non-trivial harmonic p-field
in L8 M) tangential (resp. normal) to dM. Moveover, if A=0, a harmonic p-field ¢ in
LY M) tangential (rvesp. normal) to oM is parallel and H(t$)=0 (resp. H(ng)=0).

In fact, it is sufficient to note that there exists a non-negative constant K (A=K
=0) such that

13;112 sup<weF(9), wed >sen= Ko

ExampLe. We consider the product manifold M =S"'x (0, o) with a riemannian
metric ds®=f*(t)d6*+dt*, f(t)>0. Then a 1-form ¢=¢,d0+ ¢,dt is harmonic field if
and only if

U 0 g B,

zasf’z_
0 = o f 0.

¢2+

The Ricdi curvature Ricci (i) of M is given by _—} ‘i,f{ and A by A(3/30)= —(

1
f

%) 0/30. Setting f(¢)=e*, we have Ricci (M)=—(4¢*+2)<0 and A(9/30)=0. If

#=adl (@ :a non-zero constant), then ¢ € L.(M). Further, it is easily seen that ¢ is
harmonic field. But (Fs:6¢ )(3/0t)= —Lf —5;{-= —2at is not zero unless f=0. Therefore

¢ is not parallel.
4. Non-existence of L,-harmonic 1-forms.

The following theorem is proved by R. Ichida (3) and A. Kasue (4) independently ;

Tueorem 4.1. Let M=MUJM be an (n+1)n=l) dimensional, connected,
complete viemannian manifold with only one compact doundary M. Suppose that M is
of non-negative Ricci curvature and the second fundamental form of oM with respect
to the outer unit normal vector field is non-positive everywherve. Then M is isometric

to a riemannian product (0, c0)x M.

Let M=M\UAM be the above manifold in theorem 4.1, where the riemannian
metric is ds’=dx?}+21-28:5(x*)dx'dx’ in each coordinate patch (U ;(x*)). Noting
that oM is totally geodesic, we may construct a complete riemannian manifold M which
is the simple double of M (cf. (1)). If we replace p as the distance p from a fixed point
0€ M to pe M, we may prove Lemma 4.1 by the similar argument in §2.
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Lemma 4.1.  Under the above assumptions, if ¢ € LY M) satisfies [1¢=0 then dp=
0 and 8¢=0, i.e. g€ HAM).

Turorem II. Let M=MUoM be an (n+1)n=1) dimensional, connected,
complete riemannian manifold with only one compact doundary oM. Suppose that M is
of mon-negative Ricci curvature and the second fundamental form of oM is non-positive
everywhere with respect to the outer unit normal vector field. Moreover, suppose that
there exists a non-negative function A on M such that (F(¢), $)=A(@, ¢) for all d €
A*(M). If A>0 and bounded away from zero, theve exists no mon-zero harmonic p-
form in LYM) tangential (or normal) to dM. Moreover, if A=0, a harmonic p-form
in L8(M) tangential (or normal) to oM is parallel.

Now, we consider only 1-forms. For an 1-form
¢=di(x*)dx' + 272 ;(x")dx’,

we have

@) =" D=2, pip=0t and pig=2

T oxY T oox!
LevMa 4.2. If ¢=didx'+2023 dsdx’ in LAM)INA' (M) is parallel, then ¢ is zero.
In fact, if ¢ is parallel, then ¢,=C (constant) and ¢;=¢;(x*) by (4.1). Then
[o<#. #>do=["( [ g6 o' )t + vol (a1 ["C at. Therefore, if ¢ € Lu() then
¢=0.

Tueorem . Let M=MUoM be an (n+1)Mn=1) dimensional, connected,
complete riemannian manifold with only one compact boundary M. Suppose that M is
of mon-negative Ricci curvature and the second fundamental form of oM with respect
to the outer novmal vector field is non-positive everywheve. Then there exists no
nontrivial harmonic 1-form in L,(M) tangential (or normal) to M.
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