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･LetKbeaconvexbodyinthe3-dimensionaleuclideanspaceE3andVthe

volumeofthebodyKAssumingthatthestraightlinesGintersectwiththeplane

EinsidethebodyXwehavethefollowingformula(duetoHerglotz):

I""G-2"'v;

whichhasbeenstatedin"VorlesungiiberlntegralGeometrie''(Blashke)without

proof.

hthepresentpaperweshallgiveaproofforthisformulaandthengeneralize

thisformulatothecaseof泥一dimensionaleuclideanspacea@.

Proof

LetPbetheintersectionpointofthelineGwiththeplaneE・Weshall

consideranorthogonalcartesiansystem(P:A,A2A3)withaunitvectorAsonthe

lineG.

Letusdenotebyaぴ脂thelineardiferentialform(orpfafefOrm)whiChisthe

scalarproductofdAjwithAj:

‘ぴ随=(dA@・Aj)=-(dAj。A,)

andput

岬，＝〔‘｡，此2〕

wherethesquarebracketsstandforetheexteriormultiplicationofthetwodiHerentials;

thusdPmeansthesphericalelement.

Setting

A'=("',"#2"@3) (j=1,2,3,)

andconsideringthat

wehave

a12a13 a13a11 a11a12

＝α31， 二＝a329
a22a23 a23a21 a21a22

*D"α"”e"/qfM"肋g”α"Cs

＝α33
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((dP。A,)(dP･A2)]

＝〔(”ユα11＋”2α12＋”3α13）（”,α2,＋”2α22＋”3α23)〕

α12α13α13α 11α11α12

〔”2”3〕＋ 〔”3”,〕＋ 〔”ユ”2〕
α22α23α23α 2 2 α 2 1 α 2 2

＝α31("2"3)+"32("3"2)+"33["1"2]

HencewehavethefollowingdensityforthelinesG:

dG=[伽1（〃・A1)(〃・A2)

＝〔岬,(α3,〔”2”3〕＋α32〔”3”1〕＋α33〔”’”2〕)〕

NowletV(ViVZV3)betheunitvectorperpendiculartotheplaneE;

thenweget

"E=["ユα脇〃VS)+["2dV3〃Vi]+("3dVidVZ]

Hence

because

[dGdE)=(",("3,("2"3)+uz32("'",)+"3/"'"2))

([",dVEdV@)+["2dVSdVi)+("3dVidVZ])]

=(",("3,["dVZdVS)+"32(""V3dVi]+"32(""Via脇])]

〔”，”2”3〕＝”

Let"2bethesphericalelementoftheendpomtoftheunitvectorVperpen-

diculartotheplanea

Thenwehave

dVZdVS=Vidio2, dVSdVi=V@"2

dVidVZ=VSdID2

Hence[dGdE)canbeexpressedbythefollowingformula

[dGdE)=(Via31+VE@Z32+V3"33)(dMD1"2)

=["d仰伽2cos8]

where8istheangledeterminedbytheunitvectorA3andtheunitvectorV.

Since

wehave

I@jI,=2",I"-Vandic｡sM,-",

11船姻一‘伽1‘作2露叩
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Next,weconsideraconvexbodyKinthe冗一dimensionaleuclideanspaceE",

andletthestraightlinesGintersectwiththe("－1)-dimensionalhyperplaneE"_,

insidethebodyKWeshallcalculatethefollowingintegral

IdGcE,-:
LetPbetheintersectionpointofthelineGwiththeplaneam_,,consideran

orthogonalcartesiancoordinatesystem(P;A,,A2,．．...,A")withaunitvector

A"onthelineG.

Nowsetting

dA"=の17zA1+(U2"A2+の3刀A3＋一一一一一十の7z_17zA7z_1

weget

(Aj・dA")=の‘冗

Further,setting

(j=1,2,3,－－－，〃－1)

(j=1,2,－－－，〃－1)Aj=(fzi,zi2"i2.－－－－－αi")

weget
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＋･･----.-.-･･･-－－．－－．．－－－－

Ｊ１１
１くｊ知〃３か．２〃く

加
諏
一
加

ａ
α
一

混

一
一
・
一
忽

一
一
一
一

一
一
一
狸

ｐ
一
一
一

３
３
一
鈴

町
鯉
一
池

２
２
－

ぬ
蝿
一
α

”

一
１
－

Ｖ
耐
恥
一
恥
一一

一
+J

Wherel/signedcolumnsofthedeterminantsarelacking.

NowletA",,A"2－－－－－,A""respectivelybethecofactorsoftheelements

α犯1，α九2，－－－,""",inthedeterminant
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whereOistheangleformedbythevectorA"with

ingthat

thevectorV・Finally,consider-

I"-V(v｡lume｡ftheK)

IdG"-]-vs"s"-1/4

weget
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whereS"istheareaofthesurfaceofthe〃一dimsphere.
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