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OnsomeFormulasofIntegralGeometry.

TakashiNAKAJIMA*

(RecievedOctober20,1964)

M.W.Croftonhasgivenfirstsomeremarkableintegralformulasforplane

convexfigures. RecentlymenyfineintegralformulashavebeengivenbyW.

BlashkeandL.A・Santal6.

Inthepresentweshallgiveanotherproofforsomeoftheseformulasbyan

elementarymethodusedbyW・BlashkeandL．A・Santal6.Thismethodisvery

simpleandlesscomplicatedsothatitbecomeseasiertounderstandtheintegral

geometry.

§1.IntegraIformulasforthechordsofconvexbody.

LetE3bea3-dimensionalEuclidianspace,andletKbeaconvexbodyinthe

SpaceE3・LetGbeastraightlineinE3,Lthechorddeterminedastheinter-

sectionG･KandletsbethelengthofL.Wewanttoevaluatetheintegral
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wheretheintegralisextendedoverallthesstraightlinesGwhichintersectthe

bodyK・NOwletPbeapointonthechordLandconsidertheintegral
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IfweleaveGfixed,

thentheintegralgives

I=ldG"=IscMG
（1．1）

Wemayalsoleavethepoint

Pfixedandweget

I=Iα〃G=2'rl"
=27rV （1．2）

whereVisthevolumeofK.

Combining(1．1)and(1.2)
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wegettheformula
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2 TakashiNakajima

＊ IsdG=2"v [1］

InthecaseofE2,asimilarformulato[1]hasbeenprovedbyW・Blashke

bythemethodusingtwostraightlinesG,,G2WhichintersectinK.

Wewanttoshowthattheformula[1],inthecaseofE3,canalsobeproved

bythemethodsimilartothatofW.Blashke.

第

LetG,andG2betwo

straightlinesinE3andlet

sbethelengthofthein-

tersectionG,。K・

WeaSsumethatthepoint

PofintersectionofGiWith

G2iSinK・NowWeCOnsi-

dertheintegral･

I=ldG,dG｡u3)
G1･G2=PEK

Wheretheintegralisexten-

dedoverG,andG2which

intersectinK・Letthe

thenaboveintegralbecomesplaneEbedeterminedbytwolinesG,andG2,thenaboveintegralbecomes

!@'G,@'G2=1組細(E)"G2(E)I=

where"G,(E)anddG2(E)indicaterespectivilythedensityofthelinesGzand

G2inE.

FirstleaveEandG,fixed,thentheintegralgives

I$紬⑥胆=2"iscMG1J('4)＊＊ I=2

0ntheotherhandtheintegral(1.1)canbeexpressedasfollOws:

I=I(MP"dw',
P匡K

where”,and〃2areelementsOfsphere,andtheintegralisextendedoVerall

pointsPinK・Hencewehave

I"､2")'v""('.5){I=(2")2

Since(1.5)mustbeequalto(1.4),weobtaintheformula

*W.BlashkehasprovedmoregeneralintegralfOrmulaforthepowerSofthechordsofa

convexbody.

**A・Santal6
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IstmG=2"v&

IntheaboveprooftakeaplaneE,inplaceofG2,andletPbetheintersection

G1。E.

Nowconsidertheintegral

!"cM-(L6)I=

FirstifweleaveGfixed,thentheintegralgives

iscIG-(L7)I=7r

：〆

accordingtoW・Blashke'sformula

I""E="'
E･L≠0

whereLdonotesacurvewhoselengthisノand"meansthenumberofintersec-

tionpointsofEwithL.
：、

NextifweleaveEfixed,theintegralof(1.6)gives,

I"@MG="1/MI=

where/istheareaoftheinterseCtionE。K・‘‘：,

ButwehavetheCaushy'sformula

I"E=2"v.＊

Henceweobtainthefollowingformula;

I[WG=2""V.(1:8)＊＊ I=

By(1.7)and(1.8)wehavetheformula
Lq

lsuxG=2"v.

§2.IntegralformulasforthesurfaceareaofaconveXbodyb
'4oj

LetObethesurfaceareaofaconvexbodyKandlet"bethelengthofthe
‘：、

circumferenceoftheintersectionofaplaneEwiththeconvexbodyK・Then

wehavetheformula

I'-¥oJ-tJ"
E･K≠0…

whichwasfirstprovedbyW・Blashke・NowweshallgiveanOtherprooffor

*W・Blashkeprovedthisformulabythemethodofintegralgeometry.

**G.Hergloty'sformula.
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thisformula・LetEandE'betwOplaneswhoseintersectionisastraightline

G・Considertheintegral.

1""'.I=

E･図=G,G･K≠0

FirstifweleavetheplaneEfixedtheintegrelgives

I=1""'=÷I"". （2．1）＊

Ontheotherhandtheintegralcanbeexpressedasfollows:

I=1""'=I@JG"(G)"'(G)

LetのbetheanglebetweentwosupportingplanesforconvexbodyKwhichcon-

tainsthelineG・Thenweget

I=÷I(の塾-Sin2G))dG=十露30. （2．2）

By(2.1)and(2.2)wehavetheformula

1"E=÷羅蜜Q

§3．Integralformulaforcurvesandpartofplane.

LetFbeapartofplaneand/betheareaofFandletLbearectifiable

curveoflengthS・Now

wewanttoevaluatethe

integral

I=1"L
L。F≠0

where"meansthe

numberofintersection

pointsofFwithL.

Sincethekinematic

measureisinvariant

underinversionofthe

motion,WemaycOnsi-

derthatLisfixedand

Fismoved･Hencewe

get

I鋤弘=I'@"I=

L･F≠OL･配≠0

*Blashke'sformula
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OnsomeFormulasoflntegralGeometry. 5

ExpressingthedensitydFintermSOftlmecoordinatesofP(",,"2,"3)andthe

angle8determinedbythetangenttOLatthepointPandthenormalto､Fat
thesamepointweget

＊ "F=ゴカ1α苑2α力3曲1伽2曲3=α先,α難2"scos6．脚伽3

Hencewehave

I""-"!伽典“伽｡s="J｡｡s=2"2/s(a])

Application・LetLbearectifiablecurveoflengthSandletノbethelengthof
theintersectionL。K・

Weconsidertheintegral

I肌．I=

L･K≠0

Inordertoevaluatethisintegral,WetakeaplaneEwhichintersectswiththe

curveLinKandconsidertheintegral

I=1""紐．
L･EEK

(3．2）

where"meansthenumberofintersectionpointsofEwithLinK.Ifweleave

Efixed,thentheintegral(3.2)gives

I"EI=2"2S

where/denotestheareaoftheintersectionE･K.BytheCauchy'sformula

1"E=2"v｡

theintegral(3.2)gives

I=4"3SV （3．3）

OntheotherhandifweleavethecurveLfixed.theintegral(3.2)gives

I-I"@wE="I肌。 （3．4）

By(3.3)and(3.4)wegettheformula

l肌=4露遷SV.

*See,W,BlashkeInPiekinematisheDichtenipRaum.
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