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CONSTRUCTION OF BROWNIAN MOTION ON THE WIENER

MEASURE SPACE

SHUICHI SATO

Abstract� We give a self contained construction of the Wiener probability
space�

�� Introduction

Let W � Wd � C����� be the collection of continuous Rd �valued functions on
the interval R� � ������ In this note we present a self contained construction of
the Wiener probability space �W�F� ��	 where F is a sigma�algebra of subsets of W
and � is the Wiener measure� The mathematical theory of the Brownian motion
is based on this probability space� We follow the methods of �
�	 but we intend to
make our presentation more speci�c� �See also �
�	 ���	 �����


� Definition of the Wiener measure

De�nition ���� We write t � �t�� � � � � tn� � �R� �
n
� if t � �t�� � � � � tn� � �R� �

n �
R� � � � � �R� �n�fold product� and � � t� � t� � � � � � tn� We also write Rd � Rd 	
when Cartesian products of Rd are considered� De�ne �t �W � R

n
d 	 t � �R� �

n
� 	 by

�t�f� � ��t��f�� � � � � �tn�f���

where �tj �f� � f�tj� and R
n
d � �Rd�

n � Rd � � � � � Rd �n�fold product�� Set

Gt �
�
���t �B� � B � B�Rnd �

�
�

where ���t �B� � ff � W � �t�f� � Bg and B�Rnd � denotes the Borel class of Rnd �
Since B�Rnd � is a sigma�algebra	 obviously we have the following result�

Lemma ���� Gt is a sigma�algebra for every t � �R� �
n
� �

We observe the following result on Gt�

Lemma ���� Let t � �R� �
m
� � s � �R� �

n
� with m � n� Let �t � ft�� � � � � tmg� �s �

fs�� � � � � sng� which are sets of positive numbers� if t � �t�� � � � � tm�� s � �s�� � � � � sn��
Suppose that �t � �s� Then Gt � Gs�

Proof� Take ��s� � �s����� s����� � � � � s��n�� satisfying s���� � t�	 s���� � t�	 � � � 	
s��m� � tm with some � � Sn �the permutation group�� Suppose A � Gt� Then

there exists � � B�Rmd � such that A � ���t ���� Let �� � �� R
n�m
d � De�ne

������� � f�x������� � � � � x����n�� � �x�� � � � � xn� � ��g�
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We see that f � ���s ��������� if and only if

��s� �f�� � � � � �sn�f�� � ��������

which means that
��s���� �f�� � � � � �s��n� �f�� � ���

The de�nition of �� implies that this is equivalent to

��s���� �f�� � � � � �s��m�
�f�� � ��

This can be rewritten as

��t��f�� � � � � �tm�f�� � ��

which is equivalent to f � ���t ���� Thus A � ���t ��� � ���s ���������	 and hence
A � Gs	 since ������� � B�Rnd �� �

De�nition ���� Let G�n� � �t��R��n�Gt and G � ��n��G�n��
Lemma ���� G is an algebra of subsets of W �

Proof� We easily see that W � G� Let A � G� Then there is n 	 � such that A � Gt
for some t � �R� �

n
� � Since Gt is a sigma�algebra �Lemma 
�
�	 we have Ac � Gt

and hence Ac � G� Suppose that A�B � G� Lemma 
�� implies that A�B � Gt for
some t� Thus A � B � Gt by Lemma 
�
� Collecting results	 we see that G is an
algebra� �

Let jxj � ���� � � � � � ��d�
��� be the Euclidean norm of x � ���� � � � � �d� � R

d �
De�ne

g�t� x� y� �
�

�
p

	t�d

exp

�

jy 
 xj�


t

�
� x� y � Rd � t 
 ��

　　　We have the following formulas�

Lemma ��	� Z
Rd

g�t� x� y� dy � ��Z
Rd

g�s� a� x�g�t� x� b� dx � g�s� t� a� b��

De�nition ��
� De�ne �t on Gt	 t � �R� �
n
� 	 by

�t�A� �

Z
�

g�t�� �� x��g�t� 
 t�� x�� x�� � � � g�tn 
 tn��� xn��� xn� dx� � � � dxn

with A � ���t ���	 t � �t�� � � � � tn�	 � � B�Rnd ��
Lemma ���� Let �t be as in De�nition 
��� Then� �t de�nes a probability measure

on the sigma�algebra Gt�

Proof� If �t is well�de�ned on Gt	 it is easy to see that �t is a probability measure�
Suppose that A � ���t ��� � ���t ���� with ���� � B�Rnd �� We show that � � ���
To see this	 we notice that �t is a surjection from W onto Rnd � Thus the relation

� � �t�W � � �t�A� � �� � �t�W �

implies � � ��� It follows that �t is well�de�ned on Gt�
To show that �t is a probability measure	 we have to prove

��� �t�W � � ��
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�
� if Ak � Gt	 k � �� 
� � � � 	 and Aj � Ak � �	 j 
� k	 then

�t ���k��Ak� �

�X
k��

�t �Ak� �

Obviously	 we have part ���	 since W � ���t �Rnd �� To prove part �
�	 let Ak �

���t ��k� with �k � B�Rnd �� We note that

���t ��j � �k� � Aj � Ak � �
if j 
� k� This implies that �j ��k � �	 since �t is a surjection� Thus the countable
additivity of �t follows from the de�nition of �t with the countable additivity of
Lebesgue integral�

�

We note that if A � ���t ���	 t 
 �	

�tff � W � f�t� � �g � �t�A� �

Z
�

�

�
p

	t�d

exp

�

jxj

�


t

�
dx��
���

Lemma ���� Let A � G� Then we can de�ne � on G by ��A� � �t�A� with

t � �n���R� �n� satisfying A � Gt�
Proof� Suppose that A � ���s ��� � ���t ���� with s � �R� �

m
� 	 t � �R� �

n
� and

� � B�Rmd �	 �� � B�Rnd �� We show thatZ
�

g�s�� �� x��g�s� 
 s�� x�� x�� � � � g�sm 
 sm��� xm��� xm� dx� � � � dxm

�

Z
��
g�t�� �� x��g�t� 
 t�� x�� x�� � � � g�tn 
 tn��� xn��� xn� dx� � � � dxn�

If m � n	 put �� � �� R
n�m
d 	 s� � �s�� � � � � sm� sm � �� sm � 
� � � � � sm � n
m��

Then �� � B�Rnd �	 s� � �R� �
n
� 	 �

��
s ��� � ���s� ��

�� andZ
�

g�s�� �� x��g�s� 
 s�� x�� x�� � � � g�sm 
 sm��� xm��� xm� dx� � � � dxm

�

Z
��

g�s��� �� x��g�s
�
� 
 s��� x�� x�� � � � g�s

�
n 
 s�n��� xn��� xn� dx� � � � dxn�

So	 we may assume that s� t � �R� �
n
� and ���� � B�Rnd ��

Let �s� �t � fs����� � � � � s��k�g � ft����� � � � � t��k�g	 ���� � � � � � ��k�	 ���� � � � � �
��k� with �� � � Sn� We show that ���� � ����� � �� R

n�k
d for some � � B�Rkd ��

Let

� � f�x�� � � � � xk� � �x�� � � � � xk� xk	�� � � � � xn� � ���� for some �xk	�� � � � � xn� � Rn�kd g�
�� � f�x�� � � � � xk� � �x�� � � � � xk� xk	�� � � � � xn� � ����� for some �xk	�� � � � � xn� � Rn�kd g�
If x � �x�� x��� � Rkd�Rn�kd 	 let 	k�x� � x�� Then � � 	k������	 �

� � 	k����
���� We

can show � � �� as follows� Let �x�� � � � � xk� � �� Then �x�� � � � � xk� xk	�� � � � � xn� �
���� for some �xk	�� � � � � xn� � Rn�kd � Thus

�x�� � � � � xk � xk	�� � � � � xn� � �y����� � � � � y��k�� y��k	��� � � � � y��n��

with some �y�� � � � � yk� yk	�� � � � � yn� � �� Since �s��
��
s ���� � �	 there exists f � A

such that

�f�s��� � � � � f�sk�� f�sk	��� � � � � f�sn�� � �y�� � � � � yk� yk	�� � � � � yn��
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Therefore

�x�� � � � � xk� xk	�� � � � � xn� � �f�s������ � � � � f�s��k��� f�s��k	���� � � � � f�s��n����

Since ���s ��� � ���t ����	 we also have

�f�t��� � � � � f�tk�� f�tk	��� � � � � f�tn�� � ���

Thus
�f�t������ � � � � f�t��k��� f�t��k	���� � � � � f�t��n��� � ������

Since

�x�� � � � � xk� � �f�s������ � � � � f�s��k��� � �f�t������ � � � � f�t��k����

it follows that �x�� � � � � xk� � ��� This proves � � ��� Similarly	 we also have �� � ��
Thus we have � � ���

Next we show that ���� � ��Rn�kd � Let �x�� � � � � xk� xk	�� � � � � xn� � ��Rn�kd �

Then	 since �x�� � � � � xk� � �� � 	k����
��� and �t is surjective from ���t ���� to ��	

we can �nd f � ���t ���� such that

�x�� � � � � xk� � 	k��f�t������ � � � � f�t��k��� f�t��k	���� � � � � f�t��n����

with
�f�t��� � � � � f�tk�� f�tk	��� � � � � f�tn�� � ���

Since s��k	��� � � � � s��n� �� �t	 f can be chosen so that f�s��k	��� � xk	�� � � � � f�s��n�� �

xn for any xk	�� � � � � xn � Rd � Since f � ���s ��� also and s��j� � t��j�	 � � j � k	

�x�� � � � � xk� xk	�� � � � � xn� � �f�s������ � � � � f�s��k��� f�s��k	���� � � � � f�s��n���

with
�f�s��� � � � � f�sk�� f�sk	��� � � � � f�sn�� � ��

This implies that ��Rn�kd � ����� The reverse inclusion is obvious� Also we have

����� � �� R
n�k
d �

If �s � �t � �	 by the arguments above we have � � �� � R
n
d provided that

���s ��� � ���t ���� �� 
� �	 �� 
� ���
We note thatZ
�

g�s�� �� x��g�s� 
 s�� x�� x�� � � � g�sn 
 sn��� xn��� xn� dx� � � � dxn

�

Z
����

g�s�� �� x�������g�s� 
 s�� x������� x�������

� � � g�sn 
 sn��� x����n���� x����n�� dx� � � � dxn�

We show that

�
�
�

Z
����

g�s�� �� x�������g�s� 
 s�� x������� x�������

� � � g�sn 
 sn��� x����n���� x����n�� dx� � � � dxn

�

Z
�

g�s����� �� x��g�s����
s����� x�� x�� � � � g�s��k�
s��k���� xk��� xk� dx� � � � dxk�
To see this we �rst note thatZ
R
������
d

������Y
i��

g�si	�
si� x����i�� x����i	��� dx������ � � � dx����������� � g�s����� �� x��
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with s� � �	 x� � �	 ������ � �� We consider this integral when ���� 	 
�
Similarly	

Z
R
��m������m���
d

��m	����Y
i���m�

g�si	�
si� x����i�� x����i	��� dx������m�	�� � � � dx������m	�����

� g�s��m	�� 
 s��m�� xm� xm	��

for � � m � k 
 �	 where this is considered when ��m� �� 	 ��m� � 
	 andZ
R
n���k�
d

n��Y
i���k�

g�si	� 
 si� x����i�� x����i	��� dx������k�	�� � � � dx����n� � ��

This integral is considered when ��k� � n
 �� Let us denote by F �x�� � � � � xn� the
integrand of the left hand side of �
�
�� Then the integral on the left hand side of
�
�
� equalsZ

�

�Z
R
n�k
d

F �x�� � � � � xk� xk	�� � � � � xn� dxk	� � � � dxn

�
dx� � � � � dxk ��
���

Collecting results above	 we see that the inner integral is equal to

g�s����� �� x��g�s���� 
 s����� x�� x�� � � � g�s��k� 
 s��k���� xk��� xk��

Using this in �
���	 we get �
�
��
In the same way	 we have

�
�
�

Z
�����

g�t�� �� x�������g�t� 
 t�� x������� x�������

� � � g�tn 
 tn��� x����n���� x����n�� dx� � � � dxn

�

Z
��
g�t����� �� x��g�t����
t����� x�� x�� � � � g�t��k�
t��k���� xk��� xk� dx� � � � dxk�

From �
�
� and �
�
�	 it follows thatZ
����

g�s�� �� x�������g�s� 
 s�� x������� x�������

� � � g�sn 
 sn��� x����n���� x����n�� dx� � � � dxn

�

Z
�����

g�t�� �� x�������g�t� 
 t�� x������� x�������

� � � g�tn 
 tn��� x����n���� x����n�� dx� � � � dxn�

since � � ��	 s��j� � t��j� for � � j � k	 and henceZ
�

g�s�� �� x��g�s� 
 s�� x�� x�� � � � g�sn 
 sn��� xn��� xn� dx� � � � dxn

�

Z
��
g�t�� �� x��g�t� 
 t�� x�� x�� � � � g�tn 
 tn��� xn��� xn� dx� � � � dxn�

This implies that � is well�de�ned on G� �

The set function � will extend to the Wiener measure on the sigma�algebra
generated by G�
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�� Countable additivity of the Wiener measure

We �rst prove countable additivity of � on the algebra G	 which along with a
result from the measure theory will imply what we want to show�

Proposition ���� Let � be as in Lemma 
��� Then � is countably additive on the

algebra G�

It is easy to see that this follows from the next result�

Proposition ���� Let � be as in Lemma 
��� Let An � G� n � �� 
� � � � � Suppose

that An � �� Then limn�� ��An� � ��

To prove Proposition ��
 we shall show the following�

Assertion �� Suppose that An � G	 n � �� 
� � � � 	 An � and limn�� ��An� 
� ��
Then limn��An 
� ��

To prove this we assume that An � ���tn ��n� for some tn � �R� �
Nn� and �n �

B�RNn

d �	 where Nn � card �tn� We may also assume that

�tn �

�
t
�n�
� � t

�n�
� � � � � � t

�n�
a�n��

�


n
�




n
� � � � �

n
n


n

�
�

where fa�n�g is a strictly increasing sequence of positive integers	 which can be
seen by Lemma 
��� Let

�t�n �

�
t
�n�
� � t

�n�
� � � � � � t�n�n �

�


n
�




n
� � � � �

n
n


n

�
�

�t��n �

�
�


n
�




n
� � � � �

n
n


n

�
�

which are subsets of �tn� We note that	
j��

�tj �
	
j��

�t�j�����

and Mn � card��t�n� � �n
n���
To prove the assertion we need the following�

Lemma ���� For any 
 
 �� there exists � 
 � such that

�X
n��

�ff � W � �n�f� 
 
�n���g � 
�

where

�n�f� � maxfj�t�f�
 �s�f�j � � � t
 s � 
�n� s� t � �t�ng�
In proving this we apply the following formula�

Lemma ���� Let � � s � t ��� � � B�Rd�� Then

� ff �W � �t�f�
 �s�f� � �g �
Z
�

�

�
p

	�t
 s��d

exp

�

 jxj�

�t
 s�

�
dx�
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Proof� De�ne a continuous function h � R�d � R
d by h�x� y� � y 
 x� Let

��s�t��f� � ��s�f�� �t�f���

Then	 we note that

ff � W � �t�f�
 �s�f� � �g � �f �W � ��s�t��f� � h�����
�
�

Therefore

� ff �W � �t�f�
 �s�f� � �g � ��s�t���
��
�s�t��h

�������

�

Z
h�����

g�s� �� x��g�t
 s� x�� x�� dx�dx�

�

Z
R
�
d

���x� 
 x��g�s� �� x��g�t
 s� x�� x�� dx�dx�

�

Z
Rd

�Z
�

g�s� �� x��g�t
 s� x�� x� � x�� dx�

�
dx�

�

Z
Rd

g�s� �� x�� dx�

Z
�

g�t
 s� �� x�� dx�

�

Z
�

g�t
 s� �� x�� dx�

�

Z
�

�

�
p

	�t
 s��d

exp

�

 jx�j�

�t
 s�

�
dx��

where �� denotes the characteristic function of �� �

Proof of Lemma ���� Note that

���
� ff � W � �n�f� 
 
�n���g
�

	
��t�s���n�

s�t��t�n

ff � W � j�t�f�
 �s�f�j 
 
�n���g�

This in particular implies that the set on the left hand side is in Gtn � G �see the
proof of ����� below�� Since

�ff �W � j�t�f�
 �s�f�j 
 cg �
Z
jxj�c

�

�
p

	�t
 s��d

exp

�

 jxj�

�t
 s�

�
dx�

which follows from Lemma ��
	 by ���
� we have

�ff �W � �n�f� 
 
�n���g �
X

��t�s���n�
s�t��t�n

Z
jxj���n���

�

�
p

	�t
 s��d

exp

�

 jxj�

�t
 s�

�
dx

�
X

��t�s���n�
s�t��t�n

Cd

p
t
 s
n����� exp

�

 ��


�t
 s�
�n��d

�
�
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where Cd �
d���

p
�p

	
and to get the last inequality we have used the estimate

Z
jxj�c

�

�
p

	t�d

exp

�

jxj

�


t

�
dx

�
dX

i��

Z
jvij�c�

p
d

�p

	t

exp

�

v�i

t

�
dvi � d

p

tdp
	c

exp

�

 c�


dt

�
�

with c 
 �� Therefore	

�ff �W � �n�f� 
 
�n���g �
X

��t�s���n�
s�t��t�n



Cd


�n��
n�����
�
exp

�

��





��n��

d
�n

�

�M�
nCd


�n�
��� exp



��
n����d��

�
� ���
�Cdn

�
�n�n�
��� exp



��
n����d��

�
�

Thus

�X
n��

�ff �W � �n�f� 
 
�n���g �
�
���
�Cd

�X
n��

n�
��n�
 exp




n����d��

��
����

and hence taking � large enough depending on 
	 we get the conclusion� �

Choose 
� 
 � so that lim�tn�An� 
 
�� Applying Lemma ���	 take �� 
 � such
that

�X
n��

�tnff � W � �n�f� 
 
�n����g � 
����

Choose a compact set ��n � �n such that

�tn��
��
tn ��n n ��n�� � 
��

�n

�see ��	 p� 
�	 Theorem 
������ There exist a compact set ���n in R
Nn

d such that
���n � ��n and

���tn ���n� � ff �W � �n�f� � 
�n����g � ���tn ����n�������

This can be shown as follows�
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Let h � R�d � R
d 	 h�x� y� � y
x as above� Let B�r� � fx � Rd � jxj � rg� Then

ff �W � �n�f� � 
�n����g �
	

��t�s���n�
s�t��t�n

ff � W � h��t�f�� �s�f�� � B�
�n�����g

�
	

��t�s���n�
s�t��t�n

ff � W � ��t�f�� �s�f�� � h���B�
�n������g

�
	

��t�s���n�
s�t��t�n

ff � W � �tn�f� � ��n� ��� s� t�g

� ���tn

�
BBB


	
��t�s���n�

s�t��t�n

��n� ��� s� t�

�
CCCA

for some ��n� ��� s� t� � B�RNn

d � which is closed and can be written as

��n� ��� s� t� � �


h���B�
�n������� R

Nn��
d

�
with some � � �s�t � SNn � Thus we can take

���n � ��n �

�
BBB


	
��t�s���n�

s�t��t�n

��n� ��� s� t�

�
CCCA �

Next	 we show
n�

j��

���tj ����j � 
� �� n � �� 
� � � � ����
�

To prove this we �rst observe that

An �

n�
j��

Aj �

n�
j��

���tj ��j� �

n�
j��



���tj ��j n ��j� � ���tj ���j n ���j � � ���tj ����j �

�

�
�

 n	

j��

���tj ��j n ��j�
�
A �

�

 n	
j��

���tj ���j n ���j �
�
A �

�

 n�
j��

���tj ����j �

�
A �

We next note that

���tj ���j n ���j � � ���tj ���j� n���tj ����j � � ff �W � �j�f� 
 
�j����g�
Thus

�

�

 n�
j��

���tj ����j �

�
A 	 �tn�An�


nX
j��

�tj



���tj

�
�j n ��j

��
 nX
j��

�tj



���tj

�
��j n ���j

��


 
� 

nX

j��


��
�j 


nX
j��

�tjff �W � �j�f� 
 
�j����g


 
� 
 
��

 
��� � 
��� 
 ��
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from which we can deduce ���
��
Let fn � �nj�����tj ����j �� Since �t��fn� � ���� 	 n � �� 
� � � � 	 f�t��fn� � n �

�� 
� � � �g is a sequence in a compact set ���� 	 and there is a convergent subsequence
f�t��fn���j

�g�j�� in ���� � Next	 �t��fn���j

� is in ���� if j 	 
� Thus f�t��fn���j

�g�j�� con�
tains a convergent subsequence f�t��fn���j

�g�j�� in ���� � We note that f�t��fn���j

�g�j��
is also convergent in ���� � Continuing this	 we have sequences ff

n
�k�
j
g�j�� for k �

�� 
� � � � such that f�tk�fn�k
��

j

�g�j�� is a convergent sequence in ���k if k� 	 k and

such that ff
n
�k��
j

g�j�� is a subsequence of ff
n
�k�
j

g�j�� if k� 	 k�

Consider ffnkg	 nk � n
�k�
k � Then f�tj �fnk�gk�j is a sequence in ���j and con�

verges in ���j for each j 	 �	 since f�tj �fn�j�l

�g�l�� converges in ���j and ff
n
�k�
k

gk�j
is a subsequence of ff

n
�j�
l

gl��� Thus	 if t � �j���tj 	 the limit limk�� fnk�t� exists�

De�ne x�t� on �j���tj by setting

x�t� � lim
k��

fnk�t�� t � �j���tj �
Then	

�x�a��� x�a��� � � � � x�aNj �� � ���j if tj � �a�� a�� � � � � aNj �������

Assertion �� There exists f � W such that f � x on �j���tj �
If we have this	 �tj �f� � ���j � �j for all j 	 � by �����	 and hence

f �
��
j��

���tj ��j� �

��
j��

Aj �

which will prove Assertion ��

Proof of Assertion 
� If f � ���tj ����j �	 then �j�f� � 
�j����� So	 if k 	 j	 we have

j�t�fnk �
 �s�fnk �j � 
�j����

whenever s� t � �t�j and � � t
 s � 
�j � Thus	 letting k ��	 we have

jx�t�
 x�s�j � 
�j���� if s� t � �t�j and � � t
 s � 
�j ������

Since �j���t��j is dense in R� 	 by ����� it will be shown that Assertion 
 will follow
from the next result�

Assertion �� There exists f � W such that f � x on �j���t��j �

To prove this we show the following�

Lemma ���� If s� t � �j���t��j � � � s � t � j and � � t
 s � 
�j� then

jx�t� 
 x�s�j � C
�j���

Obviously	 this implies that x is uniformly continuous on every bounded subset
of �j���t��j �

Proof of Lemma ���� Take j� 	 j such that 
�j
��� � t 
 s � 
�j

�

� It su�ces to
prove the lemma with j� in place of j�
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We can �nd u� � q
�j
��� with � � q � j�
j

�	� such that s � u� � t� We have
s� t � �t��j�	n for some n� We can take n as large as we wish� We have s � k
�j

��n	
t � m
�j

��n with � � k � j�
j
�	n and � � m � j�
j

�	n� Then

u� 
 s � �q
n�� 
 k�
�j
��n�

Since � � u� 
 s � 
�j
�

	 we have � � q
n�� 
 k � 
n� Thus we can write

u� 
 s � �
n��X
p��


p

p�
�j

��n �
n��X
p��


p

��j�	n�p�

with 
p � � or �� Put

sl � s�

l��X
p��


p

��j�	n�p�

for 
 � l � n� � and s� � s� Then sn	� � u��
By de�nition	 sn	� � �t��j�	� and s� � �t��j�	n� Also	 we observe that sl � �t��j�	n�l	�

for � � l � n� For n 	 
	 this can be shown as follows� First	 since sn �
u� 
 
n��
��j

�	��	 we have sn � �t��j�	�� Next	 suppose that sl	� � �t��j�	n�l for
� � l � n
 �� Then

sl � sl	� 
 
l��
��j
�	n�l	�� � r
��j

�	n�l� 
 
l��
��j
�	n�l	��

� �
r 
 
l���
��j
�	n�l	���

where

� � 
r 
 
l�� � 
r � 
�j� � n
 l�
j
�	n�l � �j� � n
 l � ��
j

�	n�l	��

Therefore	 we see that sl � �t��j�	n�l	��
We have sl	�� sl � �t��j�	n�l	� for � � l � n� Also	

� � sl	� 
 sl � 
l��
��j
�	n�l	�� � 
��j

�	n�l	��

for � � l � n� Therefore by �����

jx�u��
 x�s�j �
nX
l��

jx�sl	��
 x�sl�j � ��

nX
l��


��j
�	n�l	���� � c���


�j����

where c� �
P�

m�� 

�m���

Similarly	 jx�t� 
 x�u��j � c���

�j���� To see this we write

t
 u� �

n��X
v��


v

��j�	�	v�

with 
v � � or �	

tl � u� �

l��X
v��


v

��j�	�	v�

for 
 � l � n� � and t� � u�� Then tn	� � t�
We have t� � �t��j�	� and tl � �t��j�	l�� for 
 � l � n� �� To see this	 we �rst note

that t� � �t��j�	�	 since t� � u� � 
�

��j�	�� � �q � 
��


��j�	�� with � � q � j�
j
�	��

Next	 suppose that tl � �t��j�	l�� for 
 � l � n� We write

tl	� � tl � 
l��
��j
�	l� � r
��j

�	l��� � 
l��
��j
�	l� � �
r � 
l���
��j

�	l�
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with � � r � �j� � l 
 ��
j
�	l��� We see that � � 
r � 
l�� � �j� � l�
j

�	l	 which
implies tl	� � �t��j�	l� The desired result follows from this�

We have tl� tl	� � �t��j�	l and tl � tl	� � tl � 
��j
�	l� for � � l � n� So	 by

applying ����� as above to jx�tl	��
 x�tl�j	 we have the estimate as claimed�

Thus jx�t� 
 x�s�j � jx�t� 
 x�u��j � jx�u�� 
 x�s�j � 
c���

�j���� This proves

Lemma ���� �

Since�j���t��j is dense in R� 	 by Lemma ��� and a well�known argument	 we have
Assertion ��

Proof of Assertion �� We write x�t� � �x��t�� x��t�� � � � � xd�t��� For t � R� 	 let
fi�t� � lim


��
sup

�
xi�s� � js
 tj � 
� s � �j���t��j

�
� � � i � d�

and

f�t� � �f��t�� f��t�� � � � � fd�t���

Then	 by Lemma ��� it is not di�cult to see that f is continuous on R� and equals
x when restricted to �j���t��j � �

For any t � �j���tj 	 by ����� and �����	 there exists a sequence ftmg in �j���t��j
such that tm � t and x�tm� � x�t�� Thus f�t� � lim f�tm� � limx�tm� � x�t��
This completes the proof of Assertion 
 and hence that of Assertion �� �

This completes the proof of Proposition ��
 and hence that of Proposition ����
Let F � Fd be the sigma�algebra generated by G� Then	 by Proposition ���	 �

uniquely extends to a measure on F	 which is again denoted by � �see ��	 p� ��	
Theorem ����
���� We also write � � �d� The measure space �Wd�Fd� �d� is called
the Wiener probability space�

Remark ���� We have

� ff �W � f��� � �g � �������

This can be shown as follows� By �
��� we see that

�ff �W � f�t� � B�r�g �
Z
B�r�

�

�
p

	t�d

exp

�

jxj

�


t

�
dx

for all t� r 
 � �recall that B�r� � fx � Rd � jxj � rg�� Letting t� �	 we have

�ff � W � f��� � B�r�g � �

for all r 
 �� Thus ����� follows by taking the limit as r � ��


� Wiener measure of nowhere differentiable functions

Let D be the subset of W� consisting of the functions f for which there exists
at least one point in R� at which they are di�erentiable�

Theorem ���� We have ��D� � �� where � � ���

To prove this we need the following�
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Theorem ���� Let � � t� � t� � � � � � tn and ������ � � � ��n � B�Rd �� Then
�
�
f �W � �t��f� � ��� �t��f�
 �t��f� � ��� � � � � �tn�f�
 �tn���f� � �n

�
� � ff � W � �t��f� � ��g� ff �W � �t��f�
 �t��f� � ��g � � �

� �
�
f � W � �tn�f�
 �tn���f� � �n

�
�

Proof� De�ne a continuous function � � Rnd � R
n
d by

��x�� x�� � � � � xn� � �x�� x� 
 x�� x� 
 x�� � � � � xn 
 xn����

Then�
f �W � �t��f� � ��� �t��f�
 �t��f� � ��� � � � � �tn�f�
 �tn���f� � �n

�
� ���t

�
��� ��� � �� � � � � � �n�

�
�

where t � �t�� � � � � tn�� Thus

�
�
f �W � �t��f� � ��� �t��f�
 �t��f� � ��� � � � � �tn�f�
 �tn���f� � �n

�
� �t

�
���t

�
��� ��� � �� � � � � � �n�

��
�

Z
������	��	


	�n�

g�t�� �� x��g�t� 
 t�� x�� x�� � � � g�tn 
 tn��� xn��� xn� dx� � � � dxn

�

Z
��	��	


	�n

g�t�� �� x��g�t� 
 t�� �� x�� � � � g�tn 
 tn��� �� xn� dx� � � � dxn

�

Z
��

g�t�� �� x�� dx�

Z
��

g�t� 
 t�� �� x�� dx�� � �
Z
�n

g�tn 
 tn��� �� xn� dxn�

which will imply the conclusion if we recall Lemma ��
 and the formula �
���� �

Proof of Theorem 
��� Let DN be the subset of D consisting of the functions f for
which there exists at least one point in ��� N � at which they are di�erentiable� It
su�ces to prove ��DN � � � for N � �� 
� � � � 	 since DN � D� De�ne

Ek�n �

nN	
j��

j	��
i�j

ff �W � j��i����n�f�
 �i�n�f�j � k�ng

for k � �� 
� � � � �n � �� 
� � � � � Then

DN �
	
k��



lim inf
n��

Ek�n

�
�

Thus to prove the claim	 it su�ces to show that limn�� ��Ek�n� � � for every k�
By Theorem 
�
 and Lemma ��
 with d � �	 we see that

�

�

j	��

i�j

ff �W � j��i����n�f�
 �i�n�f�j � k�ng
�
A

�

j	�Y
i�j

�ff �W � j��i����n�f�
 �i�n�f�j � k�ng

�

�



Z k�n

�

�p

	�n

exp

�

 x�


�n

�
dx

��

� �
k�
p

	��n�����
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Thus
��Ek�n� � nN�
k�

p

	��n�����

from which we get the result as claimed� �
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