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A Note on a Homeomorphism Type of an Aspherical Homogeneous Space G/H

Kazuo SAITO

Introduction

Let G be a connected simply connected Lie group and H a closed subgroup of G. In
[3] V.V.Gorbacevi¢ studied the structures of H of the compact aspherical homogeneous
space G/H on which G acts irreducibly , i.e. no proper subgroup of G acts transitively
on G/H.When G is a solvable group,the homeomorphism type of G/H (solvmanifold) is
uniquely determined by its fundamental group([4] [6]).In [8] we studied the homeomor-
phism type of 4 dimensional compact aspherical homogeneous space. ‘

In this note we shall consider the homeomorphism type of G/H where G is a semisimple
Lie group and prove the following

Theorem. let G be a connected simply connected semisimple Lie group without com-
pact factors and H a closed subgroup of G such that G/H is compact and aspherical on
which G acts irreducibly. Let H be satisfying 2(G) C H C z(G)T, where 2(G) and T
denote the center of G and the maximal triangular subgroup of G respectively. Then the
~ fundamental group of G/H determines G/H uniquely up to a homeomorphism.

In section 1,we shall list some basic facts about the structure of G and H ,and in
section 2, we shall prove that G/H is a principal T* bundle over K\S/T, where S is a
product A; x Ay x --- x A (A is the universal covering of SL(2, R)), K is a subgroup
of § whose Lie algebra is maximal compact , and I' is a torsion free cocompact discrete
subgroup of S. In section 3, we shall prove that K\S/T" is uniquely determined up to a
homeomorphism by its fundamental group. We shall prove the Theorem in a final section
4,

In this note we shall use the fdllowing notations.

1. For a Lie group G, G° denotes the identity component of G.

2. The short exact sequence of groups

l1— H—G—K—1

means an exact sequence , unless the contrary stated explicitely.
3. Let G be a group and H its subgroup. Then Ng(H) denotes the normalizer of H.
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W

. T* denotes a k-dimensional toral group.
. |G, G] denores the derived subgroup of G.
For a finitely generated abelian group A, rkA denotes the rank of A.

o o

1. Preliminaries

Let G and H be as in Theorem. We have the follwing several facts.
Fact 1 ([3]). G is a product of A’s, where A is the universal covering of SL(2, R),i.c.
G:Al X oo XAT(AZ:A)

Facts 2 ([3]): H° is solvable and contained in [T, T], where T is a connected maximal
triangular subgroup of G. Note T = T3 X --- X T,(T; is a maximal connected triangular
subgroup of A;). '

Fact 3 ([3]). Let A; : G — A; be the projection. Then dim)\;(H) <1.

Fact 4 ([3]). Ng(H°) contains some maximal connected triangular subgroup T' =
Ty x---xT, )

The normal subgroup of T is of the form
(XiEIlcz—ji) X (Xjefz [I‘?a T|J])a

where I1 Uly C {1,2,---,7} and I; NIz = ¢. As H° being a normal subgroup of T, we
have '
H® = Xjep,[T;,T}]

By renumbering the indics, if necessary, we may assume
HO = XjE{s-}—l,-'-,T} [11], 1—3]

Then we have

Ng(H®)° = A1 X -+ x Ag X Tyyq X -+ x T
Fact 5. Let T be a connected maximal triangular subgroup of A. Then N4 ([T, T] )= ZT,

where Z is the center of A. This fact follows from the structure of A.

Fact 6. Ng(H®) = A1 x---x Ag X Zs+1TS+1 X - X ZyT., where Z; is the center of A;.
This follows from facts 4 and 5.
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Fact 7 ([10]). Let G be a connected semisimple Lie group without compact factors and
I’ a subgroup of G which is discrete and G/T" is compact. Then Ng(T') is also discrete ,
G/Ng(T) is compact and Ng(T)/T is finite.

Fact 8 ([11]). Let S be a connected semisimple Lie group without compact factors. If
I' is a discrete and cocompact subgroup of S x R™, then the image of I by the projection
8 x R* — § is also discrete and cocompact.

2. A principal torus fibration

Let G and H be as in Theorem. Then we may assume

G=A1 X x A, H°=[Toy1,Top1] X - x [T, Ty

LetS; = Ay X --- x Ag, So = Agp1 X -+~ x A, and'p; : G — S; the projection. Then
we have the following '

" Proposition 1. p; (H) is a discrete and cocompact subgroup Si.

PROOF. Define H; = HNg(H®)° and I'= H N H}/(H N H})°. Then T' is a discrete
and cocompact subgroup of G1 = HY/(HNHY)°. Clearly Gy is Sy x R™—%. Tt follows from
fact 8 that ¢(I") is a discrete and cocompact subgroup of S;, where ¢ is the projection
G1 — S1. Note that ¢(I') = p; (HNHY). It is easy to see that p1(H) C Ng, (p(HNHY)).
Fact 7 implies that p;(H) is discrete and cocompact in S;. This completes the proof of
Proposition 1.

Q.ED.

We have the following

Proposition 2. We have homeomorphisms

G/H (G/H°)/(H/H")
((S2/H®) x 81)/(H/H®)
((S2/H N S2) x S1)/p1(H).

PROOF. Define a map h; : G/H — (G/H°)/(H/H°) by hi(gH) = [gH°|, where

-1

[gH?] is the orbit of gH° under the action of H/H° on G/H®° defined by (hH°)(gH®) =
gh™!H°.This is well defined. In fact, we have

gH=¢gH = gldgecH
= ¢ =gh' (heH)
= ¢H°=gh 'H° = (hH°)(gH").
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Clearly hq is a homeomorphism.
Define an action of H/H® on S3/H® x S1 by

(h’HO)(g2HO> gl) = (QZh,‘;lHO 7glh1—1)7

where h = (hl,hg) EHCGZSl X So.
Define a map h : G/H® — S3/H® x S1 by hy(gH®) = (g2H®, g1), where g = (g1, g2)-
Clearly R} is a homeomorphism and H/H°-equivariant. ' ‘
Let hg : So/H® x S1 — S2/H NSy x S1 be the map projection x identity. Note that
p1(H) = H/S> N H. Define an action of p1(H) on S3/H° x Sy by

h(Ss N H)(g2(H N S2), g1) = (gahg *(H N Ss), g1h7 1),

where h = (hl, hz) € H.
The map hj is an equivariant map between H/H°-manifold So/H® x S1 and p1(H)-
~manifold So/(H N S2) x S1. In fact, we have

Hy((hH)(g2H, 1)) = K(g2hy (H N S2), g1h7")
= h(S2 N H)(h3(g2H", g1)),

where h = (h1, hg) € H.
Hence k4 induces a homeomorphism

hg: (SQ/HO X Sl)/(H/HO) = (SQ/(HQSQ) X 51)/p1(H).
This completes the proof of Proposition 2.

QED.

In the following sections we shall assume 2(G) C H C 2(G)T and prove the following
Theorem 1. G/H admits a free T5t2("=%)_qction.

PROOF. We have gotten the homeomorphism
G/H = (S2/Ss N H x S1)/p1(H).

Put Ho = HNSs.
Let K; be the subgroup of S; whose Lie algebra is maximal compact for i = 1,2. We ‘
show that G/H admits a free action of Kj/z(p1(H)). In fact , define an action of K7 on
G/H by V ' '
klgo Ha, g1] = (g2 Ha, kg1,
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where [,] denotes an equivalence class of (S2/S2 N H x S7)under the action of pi(H).
We first prove this action induces an effective action of Ki/z(pi(H)). Let [goHs, q1] =
k[goHo, g1] for any g1 € S1 and any go € S :Then there exists hy € p1(H), h = (hy, hg) €
H satisfying (gohy 1Hy, g1h7?) = (g2Hz, kg1). So we obtain hy € Hy and g1hy g7 = k.
This induces h1 € 2(S7) and k € z(p1(H)). This proves an effectiveness of the action by
K/ o(pa(H)) -

This action induces a free action of Ki/z(p1(H)). In fact,

[g2Hz,kg1] = [g2H2, 1]
= (g2H2,kg1) = (hH2)(g92Ha,01)
= (g2hy"Ha, g1h7")

:} ho € Hy, k= glhl_lgl—l cKi=h € pl(H) NKy= Z(Sl)
=k € z(p1(H)),

where h = (hy, hg).
Next define an action of Ky on Sz/H> by

k(goHz) = (kg2) Hy.

The restriction of this action to H N Ky is trivial, because H N Ky C 2(S2). Moreover
we. can define an action of 75 (a maximal connected triangular subgroup of Sy such that
K>Ty = S3) on Sp/Hy by ‘

v n(g2Hz) = (gan™ ') Ha.

This is well defined. In fact,
g2'gh € HNSy = n(gy 'go)n™" € HN Sy

because H N Sy C 2(S9)Ts. Naturally this action induces an action of To/To N H.
Now we define the action of T2("%) on S2/Hy x S1 where T2(r=s) — Ks/H N Ky X
TQ/TZ N H,by
(71, 72) (92 Ha, 1) = (n1gang  Ha, g1),

where 7if € Ko /H N Ky and 7z € Ty/T5 N H. This is compatible with the action of
p1(H).In fact, note that H° C [T,T], H C 2(G)T = 2(S1)T1 x 2(S2)Ts. Any element
h = (hy,hy) € H is written as a product hy = 2ot2 , where 2o € 2(S2) and t2 € T,
Then we have

(71, m2){hH2(g2 Hz, 91)}

= (71,m3){(g2hy ' Hz, g1k ")}

= (n1g2hy 'ny " Ha, 17 )

= (g2 'ty ny Ha, gihy )

= (n1gaty 'y 'y Ha, g1hi")
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Since [Ty, T3] C Hy, we have
htong = ngta, h € Hy  for every ta,ng € To.
We have then ’ :
(m1gaty 'ny 2 Ha, gihy )
= (nlggnglt;lzz_le, glhl_l)
= hHa{(n1,72) (92 H2, 91) }-
This implies the compatibility.
Next we shall prove the freeness of the action. Assume (71, 72)(92Hz, 1) = (92Ha, 91)-
Then we have :
nigan; ' = gah, (h € Ha)

Since go = kata, h = 2282 (kg € Ko, to €U, s9€Tn, mp € 2(52)), we have

niketa = kotazasameo
= »Z2_1n1]{:2 = k2t232n2t2—1
= kg_lzglnle = t252n2t2_1.

All elements of left hand side being in K3, we have

z2_1n1 = t232t2_1n2h’, (hl e Hg)
= somgh, (W' € HY)

Hence we have zy 1n1 = s9ngh’ in Ko NTy, which implies 25 Yny € 2(S,). Thus we have
shown that 7i7 = 1, which induces 73 = 1. This completes the proof of Theorem 1.

Q.E.D.
It follows from the Theorem 1 that we have a principal bundle;
T2 & G/H — M.
“We have the following |
Théorem 2. M = K;\S1/p:1(H).
PROOF. We have proved that
G/H =2 (Sy/Hz x S1)/p1(H),

and the action of T 2('=5) on G/H is induced by the action of T720"=%) on Sy/Ha. Since
dimSs/Hy = 2(r — s), this action is transitive. Thus we have

(G/H)/(T* x T*C=%) (G/H)/T*"=9)/T*°

(S1/p1(H))/T*.

1R
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Moreover from the definition of the action of T on Sy/p1(H), it follows that

(Si/p1(H))/T?® = K1\S1/p:1(H).

This proves the Theorem 2.

Q.ED.

Thus V\;e have the fiber bundle;
T5+20=8) _, G/H — K1\S1/p1(H).
Hence we have the follovs}ing exact sequence of the fundamental groups;
1 z5t2(r—9) —Zlmrl(G/H) = m(M) — 1.

It follows from a result in[1] that the image of 7. is contained in the center z(mi(G/H)).
We have the following

Proposition 3. rank z(m(G/H)) = s +2(r —s).

PROOF. We know the following facts (see [3]);
(1) H°=1x [Tg,Tg]

(2) Ng(H®)® =S1 xTp.

(3) Ng(Ho) = Sl X Z2T2

(4) H C Ng(H°).

Consider the following exact sequence; .

1 Hy/Hy N H° s H/H° P, p(H/HY) — 1

T i T
1 — (Hy/HyNH°)N2H/H®) — 2(H/H°) — mp(2(H/H?) — 1

Snce (H2/HaNH°)Nz(H/H°) C Z(HQ/HQ N H°) and p1(z(H/H®)) C 2(p1(H/H?)), we
have

rank z(H/H°®) rank p1 (2(H/H°)) + rank((Hg/Hz N H°) N z(H/HO))

< 3—1—2(7'—3)

This completes the proof.
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Q.ED.

Since K7\ S1/p1(H) is a closed aspherical manifold, its fundamental group is torsion free.
Hence we have 7, (25129} = 2(m(G/H)). ‘

Let Hi, H; be the subgroups of G as H in Theorem. Assume 71(G/Hi) = m1(G/Ha).
We have the following

Proposition 4. dim H; = dim Hs.

PROOF. By the assumption, we have cd(H1/HY) = cd(Ha/H3) , where cd( ) is the
cohomological dimension of a group. This means that dimG/H} = dimG/Hj3. Then
dimG/H; = dim G/Hs. This completes the proof.

Q.E.D.
It follows from the arguments in Fact 4 that
Hf = Xjel; [TJ:I’?] (7’ - 1a2) and §I; = #l.

Then we may assume that HY = HS, and that the decomposition of G into the product
S1 % S5 in the above argument for Hy is the same one for H;. Thus we have the following
commutative diagram;

1 — zsv20-8) & m(G/H) — m(Ki\Si/m(H1)) —1
(%) vl al Al
1 — gst2r—s) m(G/Hy) — m(Ki\Si/pi(Hz)) —1,

where a is the given isomorphism, v is the restriction (note that Z°+2"~%) = z(m(G/H,))
and 3 is the isomorphism induced by a. We have the following

PI‘OpOSitiOl’l 5. 1 (Kl\Sl/pl (Hl)) =T (Kl\Sl /pl (HQ))
3. The structure of K\S/T
In this section, we shall prove the following

Theorem 3. Let G be a product A; X --- X Ay, K a subgroup of G whose Lie algebra
is mazimal compact and T' a torsion free cocompact discrete subgroup of G. Then K\S/T
is uniquely determined, up to a homeomorphism, by its fundamental group..

This Theorem is true when dim K \S/T" # 4. In fact, if dim K\S/T' = 2, this is
a classical result. Assume dim K\S/T > 5. Then K\S/T supports the structure of



' kazuo Saito : On a Homeomorphism Type of an Aspherical Homogeneous Space 51

nonpositively curved Riemannian manifold. By a result in [2] the homeomorphism type
of such a manifold is uniquely determined by its fundamental group.

Now we suppose that G = A; x A;. If I is irreducible, it follows from results in [7] that
the homeomorphism type of K\S/T" is uniquely determined by its fundamental group.
Then we may assume that I' is not irreducible, i.e. the image of T’ by any projection
G — A; is cocompact discrete, and hence the intersection I' N Aiis also cocompact
discrete. )

We denote G = Agl) X A§2) where Agi) =4, T;=Tn Agi) and I* = p;(T") where
pi: G— Agi) is the projection. We put U = U/2(U) for any group U. Then we have

. Proposition 6. 1. T; = Tn A{.

2. Tt = (), where B; is the natural map induced by p;.
3. T xTycTTxTI?

4. We have the fiber bundles;

KN\AY T, = K\G/T — K\AP)1%% =12,

where K is a subgroup of A1 whose Lie algebra is mazimal compact.

We note that K1\AD /T; = KN\AY /T and K\ AP /T = B\ AP /T

PROOF. We omit the proof since it is not difficult to prove this Proposition.
Q.E.D.

Since K\G/I'is as.pherical, the fiber and the base are also aspherical and hence T, T% are
torsion free. Let IV be an another cocompact discrete subgroup of G which is isomorphic
to I and 6 the isomorphism. In the following the natural isomorphism I" — T induced
by 0 is also denoted by 6. It follows from a result in[7] (Theorem 4.1 in[7]) that I” is also
not irreducible. I and I are also torsion free. »

We have the following exact sequence;

1 —T;, —-T —T61%) —1
and
1—>ﬁ—>ﬁ—>m——>l

Put T7 = 0(T%). We have the following commutative diagram;
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1 1 1
- £ b

1 - Linly - I - Ps_i(T}) — 1
l | L

() 1 — T; -~ T - =) 1

o N T

1 — TyTinT] — T/T] — TEA/p (T7) — 1
l l l
1 1 1

We have the following

Lemma 1. T/I‘_’J’ 1s torsion free.

PROOF. This follows immediately from the following commutative diagram;

LT o T T
g| 0| g1
1—>F—;-’—+ T —>T/Fd;{—>1

where 0 is the restriction of 6.

Q.E.D.

Since the surface group I'G—%) has a trivial center, it contains no non-trivial normal

finitely generated subgroup of infinite index,and hence Fi3;(I'}) is trivial or a finite index
in TG-19), ,

Suppose the Py (T7) is trivial. Then we have I'; N T7 =T%. The group I'1/T1 N T is
also finite. It follows from Lemma 1 that this group is trivial. Thus we have the following

commutative diagram;
1 5T - " - T2 — 1
1 -7y - T - Iy — 1,

where 6 is the restriction of # and the vertical maps are isomorphisms.
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Note that manifolds K\G/T" and K\G/I" are considered as 4 dimensional codimension

2 foliated manifolds with all leaves compact. The diagram () shows that the isomorphism

0 : m(K\G/I") — m1(K\G/T) restricts to an isomorphism § : m1(F") — m1(F), where

F, F' are typical fibers. Then the argument of the proof of Theorem(5.3) and Theorem
- (4.1) in [9] shows that K\G/T and K\G/I" are homeomorphic.

Next we suppose that pa(I') # 1. Since T2 is a surface group of genus > 1, po(TY) is

- a subgroup of I'? of finite index and T; NTY is trivial. Then the diagram (k) is now as

follows;

1 1
L
1 - T3 B p) —1
L 1
1 - I; & T &Y Ind — 1
ql ql ql
1 - T 5 T B Dy — 1
! | !
1 1 1

Assume T; NTY = 1. Then we have i(T1) N ¢(T%) = 1. In fact, let z = i(§(z1)) = q{=z2),

ie. q(z2) = q(i(x1)), where 5 € T} and z; € Ty. Since TTNTY = 1 and T/ NT% =1, ¢|T%
and ¢|i(T7) are injective. Hence we have o = (1), which implies Ij N Ty # 1, which
contradicts the assumption. Thus Py |¢(T) is infinite. But T'2/p2(T%) is finite. This is a
contradiction. Thus we have proved that T NTy # 1. We have the diagram;

1 1 1
L 1 L

1 - Iinly — T — pI5) — 1
! I 1

1 — Ty — T — 12 — 1

1 L

1 —» Iy/Thunly — T/TY — I?/p(I15) — 1
L ! !
1 1- 1

Since T N I‘—’z' # 1, we have T /T, NT% = 1. Thus we have the following diagram;
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1l - I - 1" = 2 —1
6] 6] 6
1 - Iy - T — T =1

By the same argument as above, we have a homeomorphism K\G/T" & K\G/I'. This
completes the proof of Theorem 3.

4. The Proof of Theorem

In this section, we shall prove the Theorem in Introduction. We use the same notations -
in section 2. It follows from Theorem 3 and Proposition 5 that we have the following

_ Proposition 7.
Ki\S1/p1(Hy) =2 K1\S1/p1(Ha).

Since the principal fibration

Ts+2(r—s) _, G/H;, — K:i\S1/p1(H;),i=1,2

is uniquely determined up to anve’quivalence by. its characteristic class
c € H2(K:\S1 /p1(H;); Z°+20=9)),

It follows from a result in[5] that this class is naturally identified with the characteristic
class corresponding to the exact sequence;

1 Zs+2('r’—5) N 7.(-1((;’/]-':[7‘) — ’/Tl(Kl\Sl/pl(Hl)) —1

The diagram () in section 2 shows that two fibrations over K1\S1/p1(H;)

Ts+2(r_s) — G/Hz — 'Kl\Sl/pl(Hi),i =12
are equivalent, which means G/H; and G/H, are homeomorphic. This completes the

proof of the Theorem in Introduction.
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