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Abstract

In this work, the stability of the shallow water equations (SWEs) with a transmission boundary condition

is studied theoretically and numerically using a suitable energy. In the theoretical part, using a suitable energy,

we begin with deriving an equality which implies an energy estimate of the SWEs with the Dirichlet and the

slip boundary conditions. For the SWEs with a transmission boundary condition, an inequality for the energy

estimate is proved under some assumptions to be satisfied in practical computation. In the numerical part,

based on the theoretical results, the energy estimate of the SWEs with a transmission boundary condition is

confirmed numerically by a finite difference method (FDM) and Lagrange–Galerkin method (LGM). The choice

of a positive constant c0 used in the transmission boundary condition is investigated additionally. Furthermore,

we present numerical results by a LGM, which are similar to those by the FDM. The computation of the SWEs

with the transmission boundary condition are also made for the Bay of Bengal by a LGM with the triangular

mesh. To see the performance of the LGM we have investigated the experimental order of convergence for the

LGM with a suitable choice of exact solutions for five different cases of boundary setting for the norms several

norms. The results are satisfactory. In order to see whether the transmission boundary condition is independent

of its position or not, simulations are made in the Bay of Bengal, setting the transmission boundary condition in

two different places. We have computed the mass and L2-norm of η and the results shows that the transmission

boundary condition works well numerically it is almost independent of its position.

1 Introduction
The shallow water equations (SWEs) can be considered as a coupled system of a pure convection equation for the function ϕ of
total wave height and a simplified Navier–Stokes equation for the velocity u = (u1, u2)T obtained by averaging function values
in x3-direction, which are often used for the simulation of tsunami/storm surge in the bay.

Figure 1: The Bay of Bengal

In such simulation there are some boundaries in the open sea, see
Figure 1. In a real situation, if wave propagates towards such boundaries in
the open sea, then there should not be any reflection on these boundaries.

In this study, following [?], we employ a transmission boundary con-
dition on the boundaries in the open sea which is capable to remove this
kind of artificial reflection.

It is to be noted here that our final goal is to develop a storm surge
prediction model for the Bay of Bengal. For such models researchers,
usually employ a radiation type boundary condition on the boundaries in
the open sea, see, e.g., [?,?,?,?], which is very similar to the transmission
boundary condition used in [?].

The transmission boundary condition of the form

u(x, t) = c(x)
η(x, t)

ϕ(x, t)
n(x) (1)

is often used on ΓT , where c(x) is a given positive function and η(x, t) =
ϕ(x, t)− ζ(x) is the elevation from the reference height for a given depth
function ζ.

In this paper, in order to understand the transmission boundary con-
dition mathematically, we study the stability of the SWEs in terms of a
suitable energy, and confirm the stability numerically by a finite difference
method (FDM) and a finite element method (FEM).

It is to be noted here that we can show a (successful) energy estimate of the SWEs, when only the Dirichlet and the slip
boundary conditions are employed, cf. Corollary ??-(ii), where such discussions have been done under the periodic boundary
condition, e.g., [?,?]. As far as we know, however, there is no mathematical results on the energy estimate of the SWEs with
the transmission boundary condition.

Although, at present, the mathematical results do not derive the stability estimate of the SWEs with the transmission
boundary condition directly, we have good information and can study the stability numerically by using the theoretical results.

It is known that the FEM is more suitable than FDM for a domain of irregular shape. As the shape of the Bay of Bengal
is very irregular, the simulation of the SWEs with the transmission boundary condition are also made by a Lagrange–Galerkin
method (LGM) for this domain. The LGM is a FEM based on the time discretization of the material derivative,

ϕk+1(x)− ϕk(x− uk(x)∆t)

∆t
.
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2 Statement of the problem
In this section, we state the mathematical problem to be considered in this paper. Let Ω ⊂ R2 be a bounded domain and T a
positive constant. We consider the problem : find (ϕ, u) : Ω × [0, T ] → R× R2 such that

∂ϕ

∂t
+∇ · (ϕu) = 0 in Ω × (0, T ),

ρϕ
[∂u
∂t

+ (u · ∇)u
]
− 2µ∇ · (ϕD(u)) + ρgϕ∇η = 0 in Ω × (0, T ),

ϕ = η + ζ in Ω × (0, T ),

(2)

with boundary conditions

u = 0 on ΓD × (0, T ), (3)

(D(u)n)× n = 0, u · n = 0 on ΓS × (0, T ), (4)

u = c
η

ϕ
n on ΓT × (0, T ), (5)

and initial conditions

u = u0, η = η0 in Ω, at t = 0, (6)

where ϕ is the total height of wave, u = (u1, u2)T is the velocity, η : Ω× [0, T ] → R is the water level from the reference height,
ζ(x) > 0 (x ∈ Ω) is the depth of water from the reference height, see Figure 2, D(u) :=

(
∇u+ (∇u)T

)
/2 is the strain-rate

tensor, n is the unit outward normal vector to the boundary of Ω, Γ := ∂Ω is the boundary of Ω, we assume that Γ consists
of non-overlapped three parts, ΓD, ΓS and ΓT , i.e., Γ = ΓD ∪ ΓS ∪ ΓT , ΓD ∩ ΓS = ∅, ΓS ∩ ΓT = ∅,

Figure 2: Model domain

ΓT ∩ ΓD = ∅, the subscripts “D”, “S”, and “T” mean Dirichlet,
slip, and transmission boundaries, respectively, ρ > 0 is a constant which
represents the density of water, µ > 0 is a constant which represents the
viscosity, g > 0 is the acceleration due to gravity, and c(x) := c0

√
gζ(x)

with a positive constant c0. In the rest of paper, we assume ζ ∈ C1(Ω). It
is important to note here that the equations in (??) are derived in [?] by
considering one-layer viscous SWEs. It is of interest to note here that [?]
studied about the existence, uniqueness and [?] studied about the con-
vergence of a finite element scheme for linearized SWEs but there is no
theoretical results, as far we know, for the existence, uniqueness or regu-
larity for the model (??)–(??) yet. Also it is pertinent to point out here
that ϕ(x, t) > 0 for all x ∈ Ω and t ∈ [0, T ] can not be shown theoretically
for (??)–(??), but for this problem with ΓT = ∅, we have the following
Remark.

Remark 2.1. (Remark 3.1.1. in thesis) If Γ ∈ C2, u · n ≥ 0 on Γ , ϕ(x, 0) > 0 for all x ∈ Ω, then by the characterstic
method it can be shown that ϕ(x, t) > 0 for all x ∈ Ω and t ∈ [0, T ].

3 Energy estimate
In this section, we define the total energy and study the stability of solu-
tions to the problem stated in Section ?? in terms of the energy. For a solution of (??) the total energy E(t) at time t ∈ [0, T ]
is defined by

E(t) := E1(t) + E2(t), (7)

where E1(t) and E2(t) are the kinetic and the potential energies defined by

E1(t) :=

∫
Ω

ρ

2
ϕ|u|2dx, E2(t) :=

∫
Ω

ρg|η|2

2
dx.

Let symbols Ii(t;Γ ), i = 1, . . . , 3, and I4(t;Ω), t ∈ [0, T ], be integrals defined by

I1(t;Γ ) := −
ρ

2

∫
Γ
ϕ|u|2u · nds, I2(t;Γ ) := −ρg

∫
Γ
ϕηu · nds,

I3(t;Γ ) := 2µ

∫
Γ
ϕ
[
D(u)n

]
· u ds, I4(t;Ω) := −2µ

∫
Ω
ϕ|D(u)|2 dx.

These are used in the rest of this paper. Let us assume

ϕ ∈ C1(Ω × [0, T ] : R), u ∈ C1(Ω × [0, T ] : R2), (8)

and
∂i∂ju ∈ C1(Ω × [0, T ] : R2) for i, j = 1, 2. (9)
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Theorem 3.1. (Theorem 3.2.1. in thesis) Suppose that a pair of functions (ϕ, u) : Ω× [0, T ] → R×R2 satisfies (??) with
(??) and (??). Then, we have

d

dt
E(t) =

3∑
i=1

Ii(t;Γ ) + I4(t;Ω). (10)

We prove Theorem ?? using the following lemma.

Lemma 3.2. (Lemma 3.2.2. in thesis) For the functions ϕ : Ω × [0, T ] → R and u : Ω × [0, T ] → R2 satisfying (??), we
have the following.

(i)
∂

∂t
(ϕu) +∇ · [(ϕu)⊗ u] =

(
∂ϕ

∂t
+∇ · (ϕu)

)
u+ ϕ

(
∂u

∂t
+ (u · ∇)u

)
,

(ii)

∫
Ω
(∇ · [(ϕu)⊗ u]) · udx =

1

2

∫
Γ
ϕ|u|2u · nds+

1

2

∫
Ω
[∇ · (ϕu)]|u|2dx.

Proof of Theorem ??. Differentiating (??) with respect to t, we get

d

dt
E(t) =

d

dt
E1(t) +

d

dt
E2(t). (11)

We compute d
dt
E1(t) and d

dt
E2(t) separately.

Firstly, d
dt
E1(t) is computed as follows. From Lemma ??-(i) and the first equation of (??), we have

ϕ
[∂u
∂t

+ (u · ∇)u
]
=

∂

∂t
(ϕu) +∇ · [(ϕu)⊗ u],

which implies

ρ
[ ∂
∂t

(ϕu) +∇ · [(ϕu)⊗ u]
]
− 2µ∇ ·

[
ϕD(u)

]
+ ρgϕ∇η = 0. (12)

Multiplying (??) by u and integrating with respect to x over Ω, we get

ρ

∫
Ω

[ ∂
∂t

(ϕu)
]
· u dx+ ρ

∫
Ω

[
∇ · [(ϕu)⊗ u]

]
· u dx− 2µ

∫
Ω

[
∇ · (ϕD(u))

]
· u dx

+ ρg

∫
Ω
ϕ∇η · u dx = 0. (13)

From the equation (??) above and the next two identities:

ρ

∫
Ω

[ ∂
∂t

(ϕu)
]
· u dx+ ρ

∫
Ω

[
∇ · [(ϕu)⊗ u]

]
· u dx

= ρ

∫
Ω

(∂ϕ
∂t

|u|2 + ϕ
∂u

∂t
· u

)
dx+

ρ

2

∫
Γ
ϕ|u|2u · n ds+

ρ

2

∫
Ω

[
∇ · (ϕu)

]
|u|2 dx

(from Lemma ??-(ii))

= ρ

∫
Ω

(1

2

∂ϕ

∂t
|u|2 + ϕu ·

∂u

∂t

)
dx+

ρ

2

∫
Γ
ϕ|u|2u · nds (from the first eq. of (??))

=
d

dt

[ρ
2

∫
Ω
ϕ|u|2 dx

]
+
ρ

2

∫
Γ
ϕ|u|2u · nds =

d

dt
E1(t)− I1(t;Γ ),

−2µ

∫
Ω

[
∇ · (ϕD(u))

]
· u dx = −2µ

∫
Γ
ϕ
[
D(u)n

]
· u ds+ 2µ

∫
Ω
ϕ|D(u)|2 dx

= −I3(t;Γ )− I4(t;Ω),

we obtain

d

dt
E1(t) = I1(t;Γ ) + I3(t;Γ ) + I4(t;Ω)− ρg

∫
Ω
∇η · (ϕu) dx. (14)

Secondly, d
dt
E2(t) is computed as follows:

d

dt
E2(t) =

d

dt

[ρg
2

∫
Ω
|η|2dx

]
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= ρg

∫
Ω
η
∂η

∂t
dx

= ρg

∫
Ω
η
∂ϕ

∂t
dx (from the third eq. of (??))

= ρg

∫
Ω
η
[
−∇ · (ϕu)

]
dx (from the first eq. of (??))

= −ρg
∫
Ω
∇ · (ηϕu)dx+ ρg

∫
Ω
∇η · (ϕu) dx

= I2(t;Γ ) + ρg

∫
Ω
∇η · (ϕu) dx. (15)

The result (??) follows by adding (??) and (??) and recalling (??).

Corollary 3.3. (i) (Corollary 3.2.3. in thesis) Suppose that a pair of functions (ϕ, u) : Ω × [0, T ] → R× R2 satisfies (??)
with (??)-(??), (??) and (??) . Then, we have

d

dt
E(t) =

3∑
i=1

Ii(t;ΓT ) + I4(t;Ω). (16)

(ii) Furthermore, if Γ = ΓD ∪ ΓS and ϕ(x, t) > 0 ((x, t) ∈ Ω × [0, T ]), we have

d

dt
E(t) = I4(t;Ω) ≤ 0. (17)

Proof. On ΓS , from the first equation of (??), there exists a scalar function w : Ω × [0, T ] → R such that D(u)n = w(x, t)n,
which implies [

D(u)n
]
· u = (wn) · u = w(u · n) = 0.

Hence, the result (??) is established from Theorem ?? with (??) and (??).
When Γ = ΓD ∪ ΓS , i.e., ΓT = ∅, the identity (??) implies (??).

It is to be noted here that the definition (??), Lemma ??-(ii) and Corollary ??-(ii) can also be found in [?], where u ·n = 0
is assumed.

Theorem 3.4. (Theorem 3.2.4. in thesis) Suppose that a pair of functions (ϕ, u) : Ω × [0, T ] → R × R2 satisfies (??)
with (??)-(??), (??), (??) and an inequality

ϕ(x, t) > 0, (x, t) ∈ ΓT × [0, T ], (18)

and that there exists α ∈ (0, 1) such that

η(x, t) ≥ −αζ(x), x ∈ ΓT , t ∈ [0, T ], (19)

0 < c0 ≤
√

2

α
(1− α). (20)

Then, we have the following estimates:
I1(t;ΓT ) + I2(t;ΓT ) ≤ 0, (21)

in particular,
d

dt
E(t) ≤ I3(t;ΓT ). (22)

Proof. We prove (??), then (??) and (??) imply (??), since I4(t;Ω) is always non-positive. We have

2∑
i=1

Ii(t;ΓT ) = −ρ
∫
ΓT

ϕ(u · n)
[
gη +

1

2
|u|2

]
ds

= −ρ
∫
ΓT

ϕc
η

ϕ

[
gη +

1

2
c20gζ

η2

ϕ2

]
ds

= −ρg
∫
ΓT

cη2
[
1 +

c20
2

ζη

(ζ + η)2

]
ds.
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Let f(r) := r/(1 + r)2. From f ′(r) = (1 − r)/(1 + r)3, it holds that f(r1) ≤ f(r2) for −1<r1 ≤ r2 ≤ 1. If η < 0, then since
−1 ≤ −α ≤ η/ζ ≤ 0, we obtain f(−α) ≤ f(η/ζ). Again if η ≥ 0 then we also have f(−α) < 0 < f(η/ζ). In both cases we
obtain f(−α) ≤ f(η/ζ) i.e.,

−
α

(1− α)2
≤

ηζ

(ζ + η)2
,

which implies that
2∑

i=1

Ii(t;ΓT ) ≤ −ρg
∫
ΓT

cη2
{
1−

c20α

2(1− α)2

}
ds ≤ 0

from the condition (??).

Remark 3.5. (Remark 3.2.5. in thesis) We observe numerically that I2(t;Γ ) is dominant and
∑3

i=1 Ii(t;Γ ) is negative,

while I1(t;Γ ) and I3(t;Γ ) may be positive, cf. Subsection ??. Although the sign of d
dt
E(t) is as yet unknown due to I3(t;ΓT ),

from the numerical results we can say that the transmission boundary condition (??) is reasonable under the conditions (??)-(??)
to be satisfied in practical computation.

Remark 3.6. (Remark 3.2.6. in thesis) The condition (??) is not strict in the practical computation, where α and c0 are

chosen typically as, e.g., α = 0.01 and c0 = 0.9 [?]. These satisfy (??), since
√

2/α (1− α) ≈ 14.

4 Numerical results by a finite difference scheme
In this section, we present numerical results by a finite difference scheme for problem (??)–(??) with Ω = (0, L)2 for a positive
constant L, T = 100, ζ = a > 0, µ = 1, g = 9.8× 10−3, ρ = 1012, η0 = c1exp(−100|x− p|2) (c1 > 0, p ∈ Ω). These values are
in km (length), kg (mass) and s (time). We set ΓS = ∅ for simplicity. We consider five cases of ΓT :

(i) ΓT = ∅, (ii) ΓT = Γtop, (iii) ΓT = Γtop ∪ Γright ∪ {(L,L)},
(iv) ΓT = Γtop ∪ Γright ∪ Γleft ∪ {(L,L)} ∪ {(0, L)}, (v) ΓT = Γ,

for Γtop := {(x1, L); 0 < x1 < L}, Γright := {(L, x2); 0 < x2 < L}, Γleft := {(0, x2); 0 < x2 < L}, and set ΓD = Γ \ ΓT . For the
above cases (ii)-(v), c0 = 0.9 is taken following [?].

(i)

t = 0 t = 25 t = 50 t = 75 t = 100

(ii)

t = 0 t = 25 t = 50 t = 75 t = 100

(iii)

t = 0 t = 25 t = 50 t = 75 t = 100
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(iv)

t = 0 t = 25 t = 50 t = 75 t = 100

(v)

t = 0 t = 25 t = 50 t = 75 t = 100
Figure: 3 Color contours of ηkh by finite difference scheme for the five cases (i)-(v) discussed in Subsection ??.

4.1 Numerical results for five cases of boundary settings
Numerical simulations are carried out by FDM for L = 10, a = 1, u0 = 0, c1 = 0.01, p = (5, 5)T , N = 1, 000 and
∆t = 0.05 (NT = 2, 000). Figure 3 shows color contours of ηkh for k = 0, 500, 1, 000, 1, 500 and 2, 000, which correspond to
times t = 0, 25, 50, 75 and 100, respectively, where (i)-(v) represent simulated results for the cases (i)-(v) stated at the beginning
of this section. It can be clearly found that the artificial reflection is almost removed on the transmission boundaries for the
cases (ii)-(v) (see Figure 3).

4.2 Numerical study of energy estimate
We study the stability of solutions to the problem (??)-(??) numerically by FDM in terms of the energy E(t) defined in (??).

Using solution {(ukh, ϕ
k
h)}

NT
k=1 with {ηkh}

NT
k=1 the values of E(tk) ≈ Ek

h and Ii(t
k;Γ ) ≈ Ikh , i = 1, 2, 3, I4(tk;Ω) are computed.

The results are presented in Figure 4 and 5.

(i)

(ii)

(iii)

(iv)

(v) Fig-

ure: 4 Graphs of Ek
h versus t = tk (≥ 0, k ∈ Z) for the five cases (i)-(v).
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(i)

(ii)

(iii)

(iv)

(v) Fig-

ure: 5 Graphs of
∑4

i=1 I
k
hi ≈ d

dtE(t) versus t = tk (≥ 0, k ∈ Z) for the five cases (i)-(v).

5 Numerical results by an LG scheme
In this section, we present an LG scheme for the problem described in Section ??.

Let Th = {K} be a triangulation of Ω, and Mh the so-called P1 (piecewise linear) finite element space. We set Ψh :=Mh

for the water level η, and

Vh(ψh) :=

vh ∈M2
h;

vh(P ) = c(P )
ψh(P )− ζ(P )

ψh(P )
n(P ), ∀P : node on ΓT ,

vh(Q) = 0, ∀Q : node on ΓD


for the velocity u. The LG scheme is to find {(ϕkh, u

k
h)}

NT
k=1 ⊂ Ψh × Vh such that, for k = 1, . . . , NT ,



∫
Ω

ϕkh − ϕ̃k−1
h ◦Xk−1

1h γk−1
h

∆t
ψh dx = 0, ∀ψh ∈ Ψh,

ρ

∫
Ω
ϕkh

ukh − ũk−1
h ◦Xk−1

1h

∆t
· vh dx+ 2µ

∫
Ω
ϕkhD(ukh) : D(vh) dx

+ρg

∫
Ω
ϕkh∇η

k
h · vh dx = 0, ∀vh ∈ Vh,

ϕkh = ηkh +ΠFEM
h ζ,

(23)

where Xk
1h(x) := x− ukh(x)∆t, γ

k
h : Ω → R is defined by

γkh(x) := det
(∂Xk

1h(x)

∂x

)
,

the symbol “ ◦ ” represents the composition of functions, i.e., [vh ◦Xk
1h](x) := vh(X

k
1h(x)), Π

FEM
h : C(Ω) →Mh is the Lagrange

interpolation operator, and

ψ̃h(x) =

{
ψh(x), x ∈ Ω,

ψh(Px), x ∈ R2 \Ω,

where Px ∈ Γ is the “nearest” nodal point from x. In each step, firstly, ϕkh ∈ Ψh is obtained from the first equation of

scheme (??). Secondly, ukh ∈ Vh is obtained by using ϕkh from the second equation. In the first equation of (??), the idea of
mass conservative Lagrange–Galerkin scheme [?] is employed.
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A numerical simulation is carried out by LG scheme (??) for the Bay of Bengal (see Figure 5).

Figure: 6 Simulation of SWEs by LGM in the Bay of Bengal with transmission and Dirichlet boundary
conditions, here ΓT and ΓD represent the transmission and the Dirichlet boundaries, respectively

6 Conclusions
Energy estimates of the SWEs with a transmission boundary condition have been studied mathematically and numerically. For
a suitable energy, we have obtained an equality that the time-derivative of the energy is equal to a sum of three line integrals
and a domain integral in Theorem ??. The theorem implies a (successful) energy estimate of the SWEs with the Dirichlet
and the slip boundary conditions, cf. Corollary ??-(ii). After that, an inequality for the energy estimate of the SWEs with
the transmission boundary condition has been proved in Theorem ??. In the proof, it has been shown that a sum of two
line integrals over the transmission boundary is non-positive under some conditions to be satisfied in practical computation.
Based on the theoretical results, the energy estimate of SWEs with the transmission boundary condition has been confirmed
numerically. It is found that the transmission boundary condition works well numerically and that the transmission boundary
condition reduces the energy drastically via the term Ikh2. Furthermore, we have presented simulated results for the Bay of
Bengal by an LGM (see Figure 6), which shows that the transmission boundary condition works well. As far as we know, there
is not a single model using LGM, for the prediction of storm surge in the Bay of Bengal, therefore we strongly believe that our
results will be helpful to develop an appropriate storm surge prediction model using LGM for the Bay of Bengal in the near
future.
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