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A note on the unit index in a CM-field

Hiroshi YAMASHITA

Abstract.

Let K/k be a totally imaginary quadratic extension of a totally real

algebraic number field. Such a field K is called a CM-field. Let Ex and Ey be the
unit group of K and k, respectively. Let px be the group of every power roots of

unity contained in K. An index |Ek : Expig| takes a value in 1 or 2, and is called
the unit index of the CM-field K. We study relations between the value of the unit
index and the cohomology group H*(Gal(K/k), ux).

1. Introduction. Let k be a totally
real algebraic number field and K be its to-
tally imaginary quadratic extension. The
ratio of the class number of K by that of
k is a positive integer called the relative
class number of K. As reviewing briefly in
the next section, this number is described
with residues of Dedekind’s zeta functions
at s = 1 and special values of an L-function
at s = 0,1. In the formula of the relative
class number, a constant taking its value
in 1 or 2 appears. This constant is called
the unit index of K/k. The problem of de-
termining the unit index was originated by
(1], and was pointed out the incorrectness
of Satz 29 by showing counterexamples in
[2]. They studied the case of imagiary

quadratic fields of type (2,2,2) in [3]. The
problem was studied in CM-fields gener-
ally in [4].
mermeyer’s theorem (Theorem 1 in [4])

We shall reformulate Lem-

from the aspect of classical Galois coho-
mology in §3. In the present paper, we
shall show that a special 1-cocycle gener-
ating H*(Gal(K/k), px) has an important
role to determine the unit index, where px
is the torsion subgroup of the unit group
Ey of K. The unit index equals 2 if and
only if the generating cocycle becomes a
coboundary by regarding it as a 1-cycle of
G(K/k) with coefficients in Ex. We shall
study this vanishing in connection with ca-

pitulation of ideal classes of k.
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2. The relative class number for-
mula. Let J be the Galois group of K/k
generated by an element 7. The complex
valued characters of J are consisted of the
unit character £ and a non-trivial charac-
ter x. We regard x a Dirichlet character
of k with a conductor f. The L-functions
relative to these characters are functions
obtained from functions

=TT (1)

P
w0 =T 5)
pif

defined in the region satisfying Rs >
1 by continuing analytically to mero-
morphic functions in the whole complex
plane,respectively, where p’s in products
runs through the set of prime ideals of k.
We notice that L(s, €) is the Dedekind zeta
function (i (s) of k. We may consider these
two functions as Artin’s L-functions rela-
tive to one dimensional representations of
the group J. Since the character of the reg-
ular representation of the group ring CJ
by left multiplication is € + y, the corre-
sponding Artin’s L-function relative to the
regular representation satisfies

1) L(s,e + x) = L(s,€)L(s, x)-
By dividing the infinite product in the def-

inition of L(s, x) into two parts at values
of x(p), we obtain

(2) L(s,e+x)=

L0-5%) I (-me)
x(p)=1 Nps x(p)=—1 szs

We see the right hand side of this equation
is equal to the Dedekind zeta-function on
K. Thus, by (1) and (2), we have

Ck(s)
Lex) = Ce(s)
Here, since the zeta functions have single
poles at s = 1, the value of L(1,x) equals

the ratio of residue of the poles:

—ﬁLhKRK‘

lexlvIldkl|
L(l,X)=%"—,
s e Rk

where n is the degree of k over Q, di

and dg denote the discriminants of k and
K, respectively, and where hy (resp. Ry)
and hg (resp. Rk) are the class numbers
(resp. the regulators) of k (resp. K). We
note that formulas |dx| = &2Nf and Rx =
|Ex : Expk|2" 'Ry hold, c.f. Chap. 3 of
[6]. Therefore,

hi _ |uxl|Ex : Bepk|(N)?
@y

hk - L(17X)

Denote by hy the relative class number.
We use the functional equation of L(s, x)
and transform the above formula to a fa-

miliar one. Put
1+s

A(s) = di(NF)in =2

T(32)"L(s, X)-
The functional equation is an equation
(3) A1 - s) = W(x)A(s),



Hiroshi Yamashita : A note on the unit index in a CM-eld . 113

which holds on the whole complex plane,
where W{x) is a complex number

W) = V=T "r()(Vf)?
containing the Gauss sum 7(x) with
respect to the Dirichlet character ¥,
c.f. Chap. 0 of [5]. Set s =0, we obtain

(1, )=m§—)L(o, )

(NVf)2

and furthermore,

_ W) Bk : Bepl - k]
2’!7.

We note W(x)? = 1 is obtained if we set
s = 1 in (3) and compare with the re-

hk

L(0, x)-

sult obtained by setting s = 0. The factor
|Ex : Egpix| in this formula is called the
unit index of K. We denote by gx the unit
index in the sequal.

3. Some exact sequences. Let f be

an integral ideal of K. Denote by Ex(f) a
subgroup of the unit group Fx defined by

Exk(f)={r€ Ex:z=1 mod f}.

Let 2! be the highest power of 2 dividing
luk|. Put ¢ = e2V=1/2', We suppose f
is chosen so that Ex(f) contains ¢. It is
of a finite index in Fx and the quotient
group Ek(f)/px is isomorphic to Z™ '
When z € Ek(f), 277! is an element of
px, because K is a CM-field. This means
the group J acts trivially on the quotient
group. We can determine the Tate co-
homology groups of J with coefficients in

Ex(F)/pk:

(4) H"(J,Ex(f)/ux) =
(Z/2Z)"! ifnis even,
{0 if n is odd.
By a short exact sequence of ZJ-modules
1 - px = Ex(f) = Ex(f)/px — 1,
we have the long exact sequence of the Tate
cohomology groups:
-« = H™'(J, Ex (§)/ux) = H°(J, uxc) =
H°(J, Ex(f)) = H°(J, Ex (§)/nx) = H'(J, ux)
~ H'(J, Ex(f)) —» H'(J, Ex(D)/nK) = -+ -
This sequence yields the following short ex-
act sequence
(5) .1~ Ex())/Ex(f) uxc — H'(J, px) =
HY(J,Ek(f)) = 1.
Since py is of finite order, the Herbrand
quotient is one:

Bl _ |
'Hl(*L “K)l

We see HO(J,ugx) = {*1}.
HY(J,uk) = Z/2Z. Define

g = |Ex(f) : Ex(f)” uxl.

Note ¢; coincides with gx when f = 1. By

Hence,

the exact sequence (5), we obtain the fol-

lowing lemma:

LEMMA 1. ¢ - |HY(J,Ex(f))| = 2. In
particular, qg = 2 if and only if the coho-
mology group H'(J, Ex) vanishes.

Let Ky be the completion of K with
topology defining from the P-adic valua-
tion. Let II be a prime element in Ky and
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U be the unit group of the valuation ring.
Let Ug) be a subgroup of Uy defined to be

U,g)={a:€Usp:zEI mod IT'}.

Uq(si) is a subgroup of a finite index in Ug.
We define a subgroup Uk(f) in the idele
group of K to be

Uk() = [JUs? x [J v x (C*)*
=1 PIf

for the factorization § = [],_, ) where
B in a product runs through the set of
ideals of K not dividing f. When § = 1,
this group coincides with Ugk: the group
of unit ideles. We choose an émbedding of
K™ into the idele group Jx of K and fix it
once for all. By virtue of this embedding,
we regard Ex(f) as a subgroup of Uk(f)
and obtain an exact sequence

1= Ex(f) = Uk(f) = Uk (f)/Ex(f) - 1

of ZJ-modules.
long exact sequence from this short exact

We take a cohomology

sequence:

1 Ex(f)’ = Uc(f)) > Uk ()/Ex($)’
25 H\(J,Ex () = H\(J, U () > - -

where § is the connecting homomorphism.
Let = be an element of Uk(f) such that
27! € Eg(f). Let ¢ be a l-cocycle in
coefficients Ex(f) which sends o € J to
z°~!. The connecting homomorphism §
maps zEk(f) to the cohomology class con-
taining . Let Ji be the idele group of k.
The quotient group Cli(f) = Ji./k* Uk ()’

is a finite abelian group. Let Clk(f) be the

ray class group of K defined with mod-
ulo f: Clk(f) = Jx/K*Uk(f). When
f =1, Cli(f) and Clk(f) are the ideal class
groups of k and K, respectively. Let jx/x
Cli(f) — Clk(f) be the homomorphism
induced from an inclusion J; — Jgx. Now,
by virtue of Hilbert’s Theorem 90, there
is @ € K such that ™! = 27! holds.
Then, we see 7y = za~! is J-invariant.
Since jr/e(zo(k*Uk(§)”)) = K*Uk(F), we
obtain a mapping of (Uk(f)/Ex(f))’ to
Ker jk/x. This mapping is a homomor-
phism of groups. Let zo(k*U(f)’) be an
element of Ker jx/;. There are o € K*
and z € Uk(f) such that zo = az. We
ovserve a € Ek(f) and 277! = o!™" ¢
Ek(f). Since za™! € Ugk(f)!, we ob-
tain Ek(f)Uk(f’) € Coker :.. We notice
that zEk(f) belongs to the kernel of the
mapping if z € Uk(f)’. Conversely, let
zEk(f) € (Ux(f)/Ek(f))’ be an element
which becomes trivial in Ker jg/x. There
are a € K* and 7o € k*Uk(f)’ such
that 77! = a!~" and zy = az. Since
To is a product of elements ay € k* and
z; € Uk(f)’, we see ax = agz,. This im-
plies aga™! € Ex(f) and z € Ex(f)Ux(f)”.
Namely, Ek(f) € Im ¢. The kernel of the
mapping coincides with Im ¢. Therefore,
Coker ¢ = Ker jg/x.

LEMMA 2. We have an exact sequence
(6) 1— Ker jg/, — H'(J, Ek(f))
— H'(J,Uk(f)-
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The kernel of jg /i for f = 1 is the capitula-
tion kernel of CI;, relative to the extension
K/k. We denote by & the capitulation ker-
nel.

The third exact sequence is obtained
from a short exact sequence

1 EK(f) — Ex — EK/EK(f) — 1.

We take a cohomology long exact se-
quence:

1 - Ex(f)? = Ex — Ex/Ex(f) -
H'(J, Ex(f)) - H'(J, Ex).

By shortening this sequence, we obtain an
exact sequence

(1) 1— Ex/Ex(f)Ex — H'(J, Ex(f))
— HY(J,Eg).

Combining the exact sequences (5), (6)
and (7), we have the following commuta-
tive diagram:

1
!
Ex/pxEx
4
Hl(K’/‘K)
{
1 K - HYJ,Ex) — HYJ,Uk)
t ) 1)
1 — Ker jK/k i d HI(J, EK(f)) — Hl(.], UK(f))
t
Ex [Ex(f)Ex
t
1

REMARK 1. Since Ek(f) contains pg, we
see qr = 2 if Ex/Ex(f)Ey is not trivial. We
also have gi = 1 if the image of Ker jg i into

K is not trivial.

4. The value of gx. Put g = (+
¢! = 2coszEy. Notenm = =2, 1 =0
and 3 = v/2. We see

€-1"=-¢"¢- ).

For I > 2, we define a function ¢; of J to
be ¢)(0) = (( —1)°7! for 0 € J. This
function is a l-cocycle of J with taking
values in pg, which generates the coho-
mology group H(J, ux). We define ¢, to
be ¢1(0) = /=m’ " for o € J, where m
is a totally positive element of k satisfying
K = k(y/=m). When [ = 1, ¢; generates
H! (‘]’ NK)'

PROPOSITION 3. Let Lj be a totally real
extension of k. Put L = LoK and suppose
|pr : px| is odd. Then, qr, = 2 if gk = 2.

Proof. We notice that ¢; generates
HY(J,px) and H'(J,ur) under the as-
sumption. Suppose gx = 2. The image of
¢y into H*(J, Ex) is trivial by Lemma 1.
Hence, the image into H(J, EL) through
H(J, Eg) is also trivial. This proves q; =
2 by virtue of Lemma 1. O

REMARK 2. We note that gx¢ = 1 dose not
implies g1 = 1 even if |z, : px| is odd. See
Remark 4 in the bellow.

The cohomology group H(J, Uk) is eas-
ily determined from the ramification of
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prime ideals in K/k. Let {B1,--- , B} be
a complete set of prime ideals of K rami-
fied over k. Let II; be a prime element of
Kg,. Let ¢; be a 1-cocycle of J defined by
¢i(0) =11, (o € J). The cohomology
group H*(J, Uy,) is a cyclic group of order
2 which is generated by the cocycle ¢;. We
have an isomorphism

HY(J,Uk) = [[ H(J, Uy,).

We notice an isomoer)lhism HY(J,Uy,) =
(Kp,/Up) ® Z/2Z holds. Let wy, be a
normalized additive valuation of Kg,. We
observe that gx = 1 holds if there is a ram-
ified prime ideal 9B; satisfying wy, ((—1) =
1 mod 2, because ¢; dose not vanish in
HY(J,Uy,).

Assume I > 2. ( — 1 is a prime element
in Q(¢) and 2 — 7, is that in its maximal
real subfield. Let
(8) 2—m)=p7"p
be the primary decomposition of the prin-
cipal ideal (2 — ;) in k. Suppose a prime
factor p; in (8) is restriction of a prime
ideal *B; onto k. Let wy, be a normalized
additive valuation of k;,. Let ¢ be the ram-
ification index of p; in K/k. We see

2, (¢ — 1) = by, (2~ m).
Hence, we obtain 2wg, (¢ — 1) = te; There-
2 and
wyg,(( — 1) = e;. In this case, the prime

fore, if e; is odd, we have t =

ideal 3; is ramified over k and ¢x = 1.
c.f. Theorem 1 in [4].
We also consider the ideal (m) generated

by a totally positive element m of k such
that K = k(v/—m) holds. Let

(9) (m) =pi*---pyr

be a primary decomposition in k. Since
values of the cocycle ¢; are contained in
{=£1}, the cocycle is a coboundary if I > 2.
We consider it in the case of [ = 1. The
cohomology group HY(J, uk) is generated
by 1. We observe gx = 1 holds if and only
if @1 is not a coboundary in Ex. If e; is odd
in (9), the prime ideal p; is ramified in K.
Let 5B; be a prime ideal of K lying above p;.
We have weg, (v/—m) is odd. Thus, g = 1.
c.f. Kap.III of [1].

THEOREM 4. If an odd exponent ap-
pears in (8) or (9), the unit index gx equals
one.

COROLLARY 5. If a ramified prime ideal
of K over k is tamely ramified, we have
g =1

The unit index is not determined when
K /k satisfies the following condition:

(*)  The principal ideal generated by a
totally real element m of k satisfying
K = k(v/—m) is a square of an ideal
m of k, and the ideal (2—n,) is a square
of an ideal a of k if [ > 2.

THEOREM 6. Under the condition (*),
the necessary and sufficient condition for
gk = 2 is that the ideal a and m are prin-
cipal ideals of k.
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Proof. We observe a = (( — 1) or m =
(y/m) holds in K. If a or m is not princi-
pal, the capitulation kernel k is not triv-
ial. This implies g = 1. Suppose these
ideals are principal. When | > 2, there is
a € k such that a = (a), and hence, there is
z € Ex such that { — 1 = az. This means
the 1-cocycle ¢; is a coboundary and the
homomorphism H(J, ux) — H'(J, Ex) is
We have, g = 2. When I = 1,
the 1-cocycle ¢, generates H!(J, ux). By

null.

the similar argument in the case of [ > 2,
gx = 2 follows from the assumption that
m is principal. O

REMARK 3. Let I > 2. Let ¢’ be a 2/F1th
root of unity such that ¢’2 = ¢. Suppose K/k
satisfies (*) and Ky = Q4(¢’) for a prime ideal
P of K dividing 2. The cocycle ¢y is cobound-
ary in Uy, because of (1) = ((¢' — 1)7)2'-2,
By applying Theorem 6, we have the unit in-
dex equals one if and only if a is principal.
Put L = K(¢'). ¢’ — 1 is a prime element of
Kg(¢'). Hence, g = 1. Note |ur : pkl| is

even.

5. The capitulation kernel. Let E;}
be the group of totally positive units of k,
E;f is isomorphic to Z n=1 where the group
J acts trivially. Since Ex/E; is of finite
order, we have

|0, Ex)| _ [EYLED] _ g
|[HY(J,Ex)|  |HYJ,E})I
from Herbrand’s lemma. By setting f =1

in Lemma 1, we obtain

gn
|H°(J, Ex)| = 2" |H'(J, Ex)| = s

Let By, -+ -, P, be ideals of K ramified in
K/k. The subgroup I7 of the ideal class
group I of K is generated by these ramified
ideals and natural extension of ideals of k.
Denote by B the subgroup I/P/P of the
ideal class group Clg, where P is the group
of principal ideals contained in K. Since
J is cyclic, the quotient group Clj,/B is
isomorphic to the first unit knot wg /i, =
E.n NK/kKX/NK/kEK. Thus,
foneul = 115
| B

On the other hand, the value of |Cl¥]| is
given by the genus number formula

P2 |we k|

J_
G| = 3807, B

= h 2 gklwic k-

From these two formulas, we have the for-
mula of the order of B:
|B| = 2" hiqk.

Since the quotient group B/jx/k(Cli) is
generated by ¢ residue classes containing
the prime ideal $B;’s and since P?’s are
natural extension of ideals of k, there is
an integer 6 > 0 such that B/jk/x(Cli) =
(Z/2Z)*° holds. Therefore, a formula

t—4&
\B| = 28 %hy,

follows. Equating these two formulas con-

|x|

cerning the order of B, we have
gk |kl = 219,

We observe § = 0 or 4 = 1 holds in

this equation. The value of § is one if

and only if there is a non-empty subset

{Bi,, -, B, } of the set of ramified prime

ideals {%Pi,--- ,P:}, an element o of K
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and an ideal b of k satisfying a relation

By - Pi, = ()b

THEOREM 7. We have gglx| =2if § =
0, and have g = |k| =1if 6 = 1.

This theorem is a reformulation of Theo-
rem 1 in [4] from the aspect of genus theory
in class field theory.

COROLLARY 8. If K/k is unramified in
the narrow sense, we have qx|k| = 2.

REMARK 4. Let p be an odd prime num-
ber such that p = 1 mod 8. We show how
the unit index is determined for Q(v/—2, /2p)
‘and Q(v—1, v2p) from our theorems. We
note this problem had settled in Proposition
1 of [3] completely. Set £k = Q(v/2p) and
put K1 = k(v/-2), Kz = k(v/-1). We see
|ux;| equals 2¢ and the prime ideal (2) of Q
is ramified in K;. Let p = (2,4/2p) be the
prime ideal of k dividing 2. We observe ev-
ery exponents in (7) and (8) are even and
the ideal m or a in (*) is coincided with p.
Put oy = v/=2 and a3 = /-1 -1. We
Let ¢’ be an eighth
root of unity. It follows from Theorem 6 that

see p = (o) in K;.

qk; = 2 if and only if p is principal, because of

Q:(V=2,v2p) = Q,(v-1,v2p) = Q,(¢").
The genus number of k/Q is
22
2|Eq : EqQ N NyqUil )

Since p = 1 mod 8, —1 is locally norm and

the genus number is two. We study the unit
knot We/Q = Egn Nk/QkX/Nk/QEk with re-
spect to the extension k/Q. Let q be the an-
other prime ideal of k£ ramifiyng in k/Q. Note

9 = (p,v2p) and pg = (v/2p). Denote by
By/q the subgroup of the ideal class group
of k generated by cl(p) and cl(q). We have
Wi/ = le/Bk/Q, where G is the Galois
group of k/Q. Since the order of le is two
by the genus number formula, we observe the
order of By,q is one if and only if wy/q # {1}
Our proof is concluded by the observation
that an eqality |wy/q| = (3 — Ni/qex)/2 for
the found&mental unit £ holds. :
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