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HiroshiYAMAsITA

Abstract・LetＫ/片beaGaloisextensionofalgebraicnumberfieldswithaGalois

groupG・ＬｅｔｒｂｅｔｈｅｓｅｔｏｆａＵｔｈｅｓｕｂｇｒｏｕｐｓｏｆＧ・LetSbeafinitesetofprimeideals

oMDenotebyhS(Ｈ)theS-classnumberofKH､Let‘'Hbetheinducedcharacter

fromthetrivialcharacterofHIfaZ-linearcombinationEHErnHwequalsO，

weshallshowafbrmulagivingthevalueofJ(hs)＝mYErhS(Ｈ)協圃(Brauer，sclass
numberrelation)andshallstudyitsapplicationswhenGisanabelianp-groupfbra

primeｎｕｍｂｅｒｐ．

fields、ＬｅＭ(Ｈ)denotetheclassnumber

oftheintermediatefieldcorrespondingto

asubgroupHThen，associatedwiththe

characterrelation(1),wedefineJ(h)ｂｙ

1．Introduction・Thetrivialcharacter

lHofthesubgｒｏｕｐｏｆａｈｎｉｔｅｇｒｏｕｐＧｉｎ－

ｄｕｃｅｓａｃharacterofG1whichiscalledan

inducedcharacter・Wedenotethischarac-

terbWﾉﾉH・Moreconcretely,itisthecharac‐

teraHbrdedwithaQ[G]‐moduleQ[G/Ｈ]＝

Ｑ[G]②Q[H]QIfaZ-linearcombinationof
JHisequaltoOasafimctiononG,wecall
arelation

Ⅱh(Hｗ
ＨＥｒ

J(h)＝

Theclassnumberrelationwithrespｅｃｔｔｏ

(1)isafbrmuladescribingtheValueJ(ｈ)，

comingfromArtinM-fimctionsL(Ｍ↓'H)'s、

Namely,itiswell-knownthatL(ＷＨ)CO‐
incideswiththeDedekind，szetafhnction

〈KH(8)andhasamultiplicativeproperty

(1) Ｚ岫吻＝０，
HEr

acharacterrelation,whereristhesetcon-

sistingofeverysubgroupofG・Ｗｅａｒｅｉｎ‐

terestedinthisrelationifitisnon-triviaL

Letゆ十（花SpM-）bethepartialsumof

nHwsuchthatnＨ＞０（花SP.〃く０)．

Wehave⑫＋＝⑫_・

ＷｅｓｕｐｐｏｓｅＧｉｓｔｈｅＧａｌｏｉｓｇｒｏｕｐｏｆａ

ＧaloisextensionK/Aofalgebraicnumber

L(Ｍ/)Ｈ＋蝿)＝Ｌ(物)L(此)，

c・川8,ChapterOITherefbre,weobtaina

relationofArtin，sL-function，andfnrther

obtainedthatofzetafimctionsTheclass

numberrelationyieldsbytakingresidueat

平成２１年９月３０日受理
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s＝1,ｃ・川5,§llThisclassnumberrela‐
tioncontainsatermconcerningregulators

ofsubfieldsKH，s、Thistermcanbere-

movedForinsta､Ce,ｗｈｅｎルーＱ,thereis

auniteofKsuchthatZ[G]E=Ｚ[G]/ZsG

holdsfbrsc＝ＺひeGaThus,theunit
groupEofKcontainsasubgroupMwhich

isisomorphictoZ[G]/Ｚ８G．Inthiscase，

thefbllowingfbrmulaofJ(h)wasobtained：

Ｇ,wherepisaprimenumber、Thisrelation

isageneralizationofthecharacterrelation

fbrG＝(Ｚ/pZ)mstudiedin[1OII､§6,we

givetwoexamplesofclassnumberrelations

deducingfromthischaracterrelation．

２．ＡｓｙｍｍｅｔｒｉｃＺ[Gl-module・Ｌｅｔ

Z[G]bethegroupringofafinitegroupG

overtheringZofintegers・Afinitelygen-

eratedtorsionfreeＺ[G]-moduleiscalled

aZ[G]-latticeThecontragredientmod‐

ｕｌｅｏｆａＺ[G]‐latticeMisaZ[G]-lattice

Hom(Ｍ,Ｚ）WeidentifyM**toMcanon-

ically,ｃ・川2,§10,]ＬｅｔＶｂｅｔｈｅＲ[G]‐

moduleobtainedbyextensionofcoefIicients

tothefieldRofrealnumbers：Ｖ＝Ｍ②

Ｒ・TheRPcontragredientV＊isthedual

spaceasanBlinearspace・ＡｎＲ[G]－

homomorphismhV：Ｖ－十Ｖ＊definesaG-

invariantbilinearBｆｂｒｍｏｎＶ×Ｖ,ｗｈｉｃｈ

ｉｓｇｉｖｅｎｂｙ

(2)６(ん)＝Ⅱ([EHMH][G:H])"卿
ＨＥＴ

c､メ[9,Theorem41]・Itwasprovedin[9］
ｔｈａｔｔｈｉｓｆｂｒｍｕｌａｉｓａｌＳｏｖａｌｉｄｆｂｒａnarbi-

traryGaloisextensionK/lcin[9I

Ontheotherhand，anothergeneraliza-

tionwasshowedin[5｝LetSbeafinite

setofprimeidealsofk．DenotebyS(Ｈ）

ｔｈｅｓｅｔｏｆｅｖｅｒｙｐｒｉｍｅｓｏｆＫＨｌｙｉｎｇａｂove

everyprimescontainedinS・ＴｈｅＳ－ｉｄｅａｌ

ｃｌａｓｓｇｒｏｕｐｏｆＫＨｉｓｔｈequotientgroupof

theidealclassgroupofKHbyasubgroup

generatedbyeveryprimeidealscontained

inS(Ｈ).Denotebyhs(Ｈ)theorderofthe

S-idealclassgroup、Then,ｉｔｗａｓｓｈｏｗｎｉｎ

[5,Theorem27]thataclassnumberrela-

tionholdsfbrtheS-classnumber・However，

itcontainstermsconcerningS-regulators・

Ｔｈｅａｉｍｏｆｔｈｅｐｒｅｓｅｎｔｐａｐｅｒｉｓｔｒａｎｓfbrm

thisclassnumberrelationtothesimilarfbr‐

muladescribing６(hs）ａｓ（２）byapplying

thetheoryofhermitianＺ[G]-modulesde‐

velopedin[5）ThefbrmulaisgiveninThe-

orem3ｉｎ§4below.Ｉｎ§5,weobtainaspe‐

cialcharacterrelationfbrabelianp-group

(3)（Ｍ>＝んv(u)(Ｕ)，ＭＥⅨ

Thisfbrmisnon-degenerateifandｏｎｌｙ

ｉｆｈｖｉｓａｎＢｉｓｏｍｏｒｐｈｉｓｍ・Conversely，

ifVhasaG-invariantfbrm，ａｎＲ[G｝

homomorphismhvisdefinedby(3)．This

notionwasgeneralizedtoZ[G]‐modulesin

[5ILetMbeafinitelygeneratedZ[G]‐
module、ＷｅｄｅｎｏｔｅｂｙＭｏｒｔｈｅｍａｘｉｍａｌ

ｔｏｒｓｉonsubmodule・Weseethequotient

moduleM＝Ｍ/ＭｌｏｒｉｓａＺ[G}lattice・Ｓｏ

ｗｅｏｂｔａｉｎａｎＲ[q-moduleV＝Ｍ②Ｒ，
whichcontainsMasafnUsublattice、Since

anisomorphismofM②ＲｏｎｔｏＶｉｓｉn-

ducedfromthecanonicalmapj：Ｍ→Ｍ，
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weidentifyM②RwithVbythisisomor-

phism，IfthereisaZ[G}homomorphism

h：Ｍ－＞Ｖ*，jfactorsh・ＩＨｋｅｔｈｅｍａｐ

ｈ：Ｍ→Ｖ＊ｓｏｔｈａｔｈ＝ｈｏｊｈｏｌｄｓ・

Thus,ａｎＲ[G]-homomorphismhV：Ｖ－〉

Ｖ＊isyieldedAbilinearBfbrmisob-

tainedbymeansof(3)fromＺ[G]‐lattice

M･Weabusenotationanddenoteby

h(Ｍ)thisGLinvariantbilinearBfOrmon

V・Accordingto[5,Definition２１]，the

pair(Ｍ,A)iscalledqmR-Uqluedherm伽〃

Ｚ[G]-moCMe・HoWever,wesay(Ｍ,/､)isqn

R-UqJuedWmMrjcZ[G]-,0(MeorqsZ/m-

metrlicZ[G]-modMeinshort,becausewe

studythecasethattheRfbrmb(Ｍ)isa

symmetricfbrm・Wenotethatthisfbrmis

non-degenerateifandonlyifhisilljective・

LetrbetherankofMIfhisilljective，

theGrammatrix

ＲＩｆ◎isanisomorphism，wecallitan

isometryandsaythat（Ｍｉ,h,）isisomet‐

ricto(ＭＭＤ2)．Adirectsumandaten‐

sorproductoftwomodulesaredefinedby

meansoffimctorialisomorphisms：

〃
Ｈ⑭

ｊ
Ｗ

Ｗ
［
｜
｜

酬鞆峨
呼
砒
吋

■
一
一
門
｜
｜
弓
一
一

＊
＊

１
１

賜
賜
＄
Ｅ

旧
い
！

c､メ[2,PropositionlO301Weidentify(V１＄

Vb)*(reSP.(Vi②R昭)*withＷ＄府(reSp．

Ｗ⑭ＲＶ；)bytheseisomorphisms.ｈ,and

h2induceZ[G]-homomorphisms

ＭｉＳＭ２→ｗｅ好

Ｍ１⑭Ｍ２→ＷＤＲ”．

ｈ１ｅｂ２

ｈｌ⑭ｈ２

ThesesymmetricZ[G]‐modulesisdenoted

by(Ｍ１①Ｍ２,ｈ1$ｈ2)and(Ｍ１②Ｍ,ｈ１②恥)，

respectively・ＬｅｔＨｂｅａｓｕｂｇｒｏｕｐｏｆＧＪＪｖ

ｍａｐｓｔｈｅｓｕbmoduleVHofH-invariantel-

ementsintoV*H・WehaN,e(VH)*＝(い)Ｈ
ｂｙ[2,Proposition10.28lSinceMHisa

submodule(〃)Hoffiniteindex,ｗｅｈ…
ＭＨ②Ｒ＝(〃)Ｈ②Ｒ＝VHThus,ifwe
defineahomomorphismhHby

古hM圏→v辮廷
thepair(ＭＨ,ｈＨ)isasymmetricZ[(1)]－
module・DenotethissymmetricZ-module

by(Ｍ,h)Hinshort,Ｑｆ[5,Notation48］
Thegroupringisprovidedwithinvolu-

tion

（三M丁一三町『［

(ｈ(ｍ八ｍj))'三j,j≦『

isdefinedfbranarbitraryZ-basis{ｍｉ：１二

i≦r}ofMThediscriminantofthesym-

metricZ[G]-module(Ｍ,ｈ)isdefinedtobe
theabsolutevalueofthedeterminantofthe

Grammatrix,andisdenotedbydisc(Ｍ,ｈ)．

Ingeneral,thediscriminantofasymmetric

Z[G]-module(jWl)isdefinedtobe

(4)disc(ZWD)＝disc(Ｍ，ｈ）
｜Ｍｍｌ，

c・川５，Definition2.3]、Amorphismof

asymmetricZ[G]-module（Ｍ１』）ｉｎｔｏ

(Ｍ２,ｈ２）ｉｓａＺ[G]一homomorphism◎：

Mi→Mhsatisfyingtherelationh,(Ｍ)＝

h2(ＣＭＵ)ｆｂｒＭＥＷ,whereVi＝Ｍ１⑭
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(Ｚ[G]eH勘)isunimodular,ｃ・川5,Not汁

tion5141

Thefbllowinglemmaisaconsequence

fromCorollary414in[５１Weshallgive

anelementaryprooffbllowingtotheproof

ofPropositionlO31in[2１

Wehave(叩)＊＝Ｗ*fbrproductoftwo

elementszandZ/ofthegroupringAnon-

degenerateGLi､variantsylnmetricbilinear

Bfbrm<`１Ｗ>ｏｎＲ[G]isdefinedfromthe
trivialcharactｅｒｌＧｏｆＧ：

<Ｍ>＝1G(ずz）(5)

ＬＥＭＭＡ１・ルォ（Ｍ,h）ｂｅｕｎｑｒｂ伽rZ/

ｎｏ〃de9ie"ｅＭｅｓＺ/mmetrjcZ[G]‐module．

Ｔ/Ｗｚ，ｕﾉｅ/Ｗﾉe<■qnjsometrZノ

Hereafter,wedenotebythesymbolVthis

symmetricRspaceR[GlVisselMual，
thatisV＊＝Ｖ・WCdenoteasumofevery

elementcontainedinasubsetAofGbysA

ors(A).Anidempotentelementassociated
tothesubgroupHinthegroupringR[G］
iｓｄｅｆｉｎｅｄｔｏｂｅ

(Ｚ[G]ｅＨ⑭Ｍ,ｈＨ⑭ｈ)Ｇ→(Ｍ,h)Ｈ、

PmqfLet[G/Ｈ]bethecompletesetof

representatiｖｅｓｏｆｒｉｇｈｔｃｏｓｅｔｓＴｈｅｓｅｔ

{ｏｅＨ：ｏｅに/Ｈ１}isaZ-basisofthefree

Z-moduleZ[G]eHThus,eachelementzis

writtenuniquelyaｓａｓｕｍ

l

eH＝面SH．(6)

DenotebyZ[G]ｅＨａＺ[G1-submodulegen-

eratedbyeHPｕＷＩＦＲ[G]eH・Wedefine

anon-degenerateG-invariantsymmetricbi-

linearRfbrmｈＨｂｙ

釦＝乙吻伽嚴，ｍ蕨ＥＭ，
ヮe[G/Ｈ］正

where5denotestherightcosetぴＨ・Ifzis

G-invariant,ｗｅｓｅｅｈＨ(０Ｍ)＝|Ｈ|＜Ｍ＞

，鯵＝ZgoeHwmケー、ｏｎＶｉｒ、ＷｅｓｅｅｈＨ(◎eH,◎eH）＝ｌａｎｄ

ｈＨ(◎eH,ＴｅH)＝Oifo｢ｅＨ≠γeH・Thus,we
haveVirisselfLdualwithrespecttohH､The

fbrmhHisconsidereditisinducedfromin-

clusionZ[G]ｅＨ→Ｖｈ・Theinclusionmap

givesasymmetricＺ[G]-modulestructure
WealsodenotethisstructurebyハＨ：

び

ｆｂｒｅｖｅｒｙｇＥＧ・SincethecoeHicientm5

ofeach◎isuniquelydeterminedfbrz，ｗｅ

ｈａｖｅｍＤ＝９ｍI．Inparticular，ｉｆｗｅｓｅｔ
ｇｅＨ，ｗｅｈａｖｅｍｌ＝９，１．Thus，ｂｙｓｅｎｄ－

ｉｎｇｚＥ(Ｚ[G]eH⑭Ｍ)ＧｔｏｍＩｅＭＨ,anin-
jectivemappingisdefined､Itiseasytover-

ifythismappingisasuljectivehomomor‐

phism・Therefbre,(Ｚ[G]ｅＨ②Ｍ)Ｇ=MH
asZ-modules、Ｗｅｓｈａｌｌｓｈｏｗｔｈｉｓｉｓｏｍｏｒ－

ｐｈｉｓｍｉｓａnisometry・Ｌｅｔｚａｎｄｙｂｅｔｗｏ

(7)ｈＨ：Ｚ[G]ｅＨ→VkI＝(肋)*．

Moreover，since｛DeH｝ｉｓａＺ－ｂａｓｉｓ

ｏｆＺ[G]eH，thesymmetricZ[G]-module



HirosmYAMASIⅡTABrauerIsclassnumberrelationfbrtheS-idealclassnumberofanalgebraicnumberfield27

elementsof(Ｚ[GにＨ⑭Ｍ)G： j＊ｂｅｔｈｅａｄｊｏｉｎｔｏｆｊｗｉｔｈｒｅｓｐｅｃｔｔｏＲ

ｆbrmsoｎ匹．Namely,ｊ＊isdefinedby

(9)ｈ+(”),U)＝ん-(u,パリ)）

j*isanR[G]-isomorphismofVE+onto［・

Ｂｙ［５，§5.4]，thefimdamentalinvari-

ant6(Ｍ+,Ｍ;Ｍ）isdefinedfmanar-

bitrarynon-degeneratesymmetricZIG]‐

module(Ｍ,h）Wewriteitas5(Ｍ,ｈ)ｏｒ

J(Ｍ)ｉｎshort・Thefbllowingdiscriminant

melationholdsfrom[5,Theorem61]：

('0)`(M卜鶚|(裟釜:芒::}:＋
Ifwedefineafimctionノｏｎｒｂｙ（Ｈ)＝

disc((jWz)H),wehavebyvirtueofLemma
lafbrmula

６(M)＝Ⅱ/(H)施圦
HEr

VVegeneralizethisnotiontoanarbitrary

fimctionノtakingvaluesinnon-zeroreal
numbers・WedefineafUnctionalJonsuch

/，sｔｏｂｅ

６(/)＝Ⅱ/(H)"丘
HEr

ThisfUnctionalismultiplicative・Ｗｈｅｎ

ノisaconstantfunction,ｗｅｓｅｅＪ(/）＝

/(1)ＥｎＨ、However,thisvaluM(/)equals
tol，becausewehave

〈'G,Ｅ〃w,)G＝Ｅ町('Ｍ１">Ｇ
ＨＥｒ ＨＥｒ

＝ＺｎH<'H,'">Ｈ
Ｈ

‘＝Ｚｏｅ"⑭川
びＥＣ/Ｈ

ツーＺｏｅＨ⑭ﾜｎ
ヶＥＣ/Ｈ

ｆＯｒｎＭＤｅＭＨ・Ｄｅｎｏｔｅｂｙｍａｎｄｎｔｈｅ

ｉｍａｇｅｓｉｎｔｏＭ⑭ＲＷｅｈａｖｅ

古･ｂＨ帥(z)(z/）

＝尚Ｚｎ"(…昨圃Ｍ(･抗)(『繭）
ワ,Ｔｅに/Ｈ］

＝古Ｚｎ(o､)(ｏｎ）
ＯＥＦ/Ｈ］

＝尚"(､)(何)．

Thisshowstheisomorphismisanisometryb

□

ThesubsetconsistingofeveryHsuch

thatnH＞Ｏ(reSp.〃くＯ)isdenotedby

r＋(泥spT-).AsSociatedtothesesubsets，

wedefineZ[G]-modulesM士ｔｏｂｅＭ士＝

①HET±(Ｚ[G]eH)|"H|・Thenon-degenerate
symmetricZ[G]-modulestructuresarede-

finedonM士ｂｙ

「

(8)（M士,h±)＝①(Z[G]ｅＭＨＷ
ＨＥｒ±

from(7)．Sincethecharacterrelation(1)

assertsthereisanQ[G}isomorphism

Ｍ+②Ｑ二Ｍと⑭Ｑ，

thereisaninjectiveZ[G]-homomorphismof

MintoM+②ＱＰｕｔ胆＝Ｍ士⑭RLetj

beanR[G]‐isomorphismofIintolZ卜ob-

tainedfromthisZ[G]-homomorphismLet

fromtheHobeniusreciprocitylaw,ｃ・川１，

(4)]．
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zEAargreestothevaluelzLDenoteby

MH)theorderoftheS-idealclassgroup

ofKH・ｈＳ(Ｈ)isafunctiononT・Ａｎｅｌ－
ｅｍｅｎｔｚｅＫｉｓｃａｌｌｅｄａｎＳ－ｕｎitifanar-

bitraryprimedivisoroftheprincipalideal

(z)belongstothesetofvaluationidealsof

placescontainedinSO(Ｋ).Thesubgroupof

K×generatedbyeveryS-unitofKiscalled

thegroupofS-unitsofKandｉｓｄｅｎｏｔｅｄｂｙ

ＥｓＷｅｓｈａｌｌｇｉｖｅｔｗｏｎｏn-degeneratesym-

metricZ[G]‐modulestructuresonEsWe

abbreviatetheidempotenteGidefinedby

(6)toei､Ｐｕｔ

ＲＥＭＡＲＫＬＩｆＭｉｓａＺ[G]-moduleof

finiteorder,ithasatrivialsymmetricZ[G]‐

modulestructure，ｂｅｃａｕｓｅｏｆＭ②Ｒ＝O

Wedenotethisstructureby(Ｍ*).Ｎｏｔｅ

‘(肌辮)=碁,M会,澱‘
fromthedefinition(4)．

３．ＴｈｅｇｒｏｕｐｏｆＳ－ｕｎｉｔｓ・Ｗｅａｓｓｕｍｅ

ＧｉｓｔｈｅＧａｌｏｉｓｇｒｏｕｐｏｆａｆｉniteGaloisex-

tensionK/AofalgebraicnumberfieldsLet

Ｓｂｅａｆｉｎｉｔｅｓｅｔｏｆｐｌａｃｅｓｏｆｋｃｏｎｔａｉning

allthearchimedianplacesDenotebySO

thesubsetofeverynon-archimedianplaces・

SupposeS＝（u,,…ハ}、Wechoosea

prolongationontoKofeaｃｈｕｉａｎｄｆｉｘｉｔ

ｏｎｃｅｆｂｒａｌＬＤｅｎｏｔｅｂｙｕﾉitheselected

placeLetGjbethedecompositiOngroup

ofu）i・ＥｖｅｒｙｐｌａｃｅｏｆＫＨｌｙｉｎｇａｂｏｖｅｕｊｉｓ

ｏｂtainedfromthedecompositionintotwo

sidedcosets：

Ｓ

ＬＳ＝＝①Z[G]e`，
ノー１

Ｓ

Ｖｂ＝＝＄Veか
ｉ＝１

Anon-degeneratesynlmetricBfOrmｏｎＶｂ

ｉｓｄｅｆｉｎｅｄｂｙ

ＳＳ Ｓ

('1）〈Ｚ迦i,Ｚ⑳`>＝ＺｈＧルガ,坊）
ｉ＝１ｉ＝１ｉ＝１

TheinclusionnlapofLsinto略isgivenby

bS＝＄た1/０Gt：Ｌｓ→Vb＝噂，

G＝U;＝,Ｈｏ`jGか

LetuiberestrictionofLoiontoKH，There

aresiplacesのｊｕｈｊ＝１，…，sioveruiDe-

notebySO(ＫＨ)theunionofallsuchplaces
fbreverｙｕｉｅＳＯＬｅｔ７ＤＡｂｅｔｈｅｓｅｔｏｆｔｈｅ

allplacesoMDenotebyl・lUbethenor-

malizedmultiplicativevaluationfbruEアル

sothattheproductfbrmulaholds・Namely，

whichisanon-degeneratesymmetricG-

invariantZ[G]‐modulestructureonLs、

Let[G/GJbeacompletesetofrepresenta-

tivesofG/G`Putα`＝s([G/G`])L9isa
freeZ-moduleonabasis{α向：１≦ｊ三s}、

Put〃＝(α,e,,…,αse｡)ＥＬＦ・V1F1coL
tainsaone-dimensionalsubspacegenerated

by〃．ＳｉｎｃｅＬｓｎ％＝Ｚ〃,thereisan

injectiveZ[G]-homomorphismLS/Ｚり→

Ⅱ|鰯ｌＦ１
ＵＥアハ

ｈｏｌｄｓｆｂｒｅｖｅｒｙｚｅＡｘ、Fnrther，weas-

sociateamultiplicativevaluationll・川ｔｏ

each山sothatthevaluell"||"`fbrevery
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WVh・Moreover，喝hasanorthogonalhomomorphismdefinedtobe

complementVI，,,ｉｎ略：

'い)-(三h償い川峨)…ｖlｦ,,＝{ｕｅ昭：<Ｍ>＝o｝

Ｗｅｓｅｅ

withrespectto(11）Weobselve

川｣昭(叫峨鵬）
Theproductfbrmulaofthemultiplicative

valuationsnormalizedtothealgebraicnum-

berfieldKassertsｔｈｉｓｖａｌｕｅｉｓｅｑｕａｌｔｏ

Ｏ、Hence，ltakesvaluesinVb,,、SinceS

containseveryarchimedianplace，Ｋｅｒｌ＝

且｡『、Thus，ZlG]-module（ES,Disa
non-degeneratesymmetric・Ｗｅｃｏｍｐｕｔｅ

(ｌ(u)川)>andobtain

８ s

〈ＺＺＭｅｉ,〃>＝ＺＺα”
ｊ=１びiE[G/Ｃｆ］ｊ=１ｍｅ[G/Gi］

Thus，ifwedefinelul＝〈Ｍ>，ｗｅｓｅｅ

ｕｅＶｂ,lisequivalenttolul＝OWecon‐

sideｒ昭,,asasymmetricspacebyrestrict-

ingtheBfbrmonVb、Sincethissymmetric

fOrmisG-invariant,wehaN'e噸,＝VEi,ｌａｓ
Ｒ[G]-moduleswithrespecttothesymmet-

ricfbrm・Ｌｅｔｈｓ,，bethecompositemapof

thecanonicaｌｍａｐＷ１/ｉ一十Ｖ1,,,induced

fromtheprojectionontoVb,，andtheho-

momorphismofLS/Z〃intoW1/;ｒＰｕｔ

Ｌｓ,，＝Ｌｓ/Z〃．Ｔｈｅｐａｉｒ(Ls,1,hs,,）isa

non-degeneratesymmetricZ[G]-module

WeapplythegeneralizedDirichlet-

HerbrandtheoremonS-units,ｃ′[4,The-

oreml371ThereisaQ[G]-isomorphism

(13）〈l(u),バリ))＝
Ｓ

ZE1Ogllo71uhlOgll⑰r1UhlGml
f=１Die[G/GJ

Thisshows〈l(u),l(u)〉coincideswiththe

fbrmpS(Ｍ)definedin[5,(8.1)IWere‐

stateherethefbllowingfbrmulaobtained

in[5,Theorem27]：

(12） ＥＳ⑭Ｑ→Ｌｓ,'②Ｑ， THEoREM2(Kani)．Ｌｅ川ｂｅthe/Wmc‐

t伽o〃ｒｄＱ/Mto6eu(H)＝|E鼻.γ｜
Then，ｕﾉｅ/ＺｑＵｅ

‘(げ－，(蜑総ｙ
ＲＥＭＡＲＫ２１ｆＨｉｓｃｙｃｌｉｃ，ｗｅｈ帥ｅ

Ｊ(Ｚ[G]eH）＝１ｂｙ[5,Example213．ａ)]、

TherefOre,５(Ｚ[G]q）＝lifuiisarchime‐

dianWesee6(Ls)＝J(LS｡)．

Thus,ＥＳ⑭Ｒ二Ｖb,,､SinceEsismapped

intoEs②Ｒｂｙｚ－＋〃②１，ｔｈｅｒｅｉｓ

ａＺ[G]‐homomorphismhofEsinto昭l

ThismakesEsanon-degeneratesymmet-

ricZ[G]-module

Esisprovidedwithanothernon-

degeneratesymmetricZ[G]-modulestruc-

tureLetルＥｓ－＞ＶｂｂｅａＺ[G]－
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PｍｑｆＬｅｔＬ（vwesp．‘土）beidentitymap

(Ｗ・identitymaps)ｏｎ噸，（Ｗｌｆ）
Smcetheadjointmapj*in(9)isanisomor-

phism,j*⑭`isanisomorphismoMD庇暇，
ontoVEi§⑭Ｒ噸,Denoteby(j*⑭I)(G)re‐
strictionof(j*⑭!)ontheG-invariantsub‐

modules、Ｌｅｔａｂｅａｎａｕｔｏｍｏｒｐｈｉｓｍｏｎ

噸,whichisinducedfromanisomorphisｍ
ｌｏｈ－１：ｈ(ＭＳ)－>I(ＭＳ)ofsublatticesWe
abbreviateL±⑭αｔｏα±inshortanddenote

byα±(G)restrictiononto(唖⑭ｎ噸,)Ｑ
Ｗｅｈａｖｅ

ＲＥＭＡＲＫ３・WedefineafUnctionnGon

rtobenG(Ｈ)＝|Ｇ:ＨｌＷｅｈａｖｅ

Ｊ(Z)＝Ⅱ|H'一噸＝J(町)，
ＨＥｒ

ｃ・メ[5,(2.7)］

ＲＥＭＡＲＫ４Ｌｅｔｕ）２ｂｅｔｈｅ２－ｐａｒｔｏｆｕ)．

WehaﾊＭ(u）)＝J(u）2)from[1,§2.51

４．Brauer，sC1assnumberrelations・

VBl;,＝Ｖｂ,,containsaZ[G]-latticeisomor-
phictoLs,,＝Ｌｓ/Z〃Theinverseimage

M'ｂｙｈ：ＥＳ→噸,ofthelatticeisa
submodulecontainingEs,tｏ『・SinceKerh＝

ＥＳ,tor，Ｍ'|ＥＳ…|istorsionfreeandisisomor-
phictoLsjHence,EscontainsaZ[G]－

submoduleisomorphictoLS,,、LetMSbe

anarbitrarysuchZ[G]‐submodule・Byre‐

strictingthetwosymmetricZ[G]‐module

structuresofEs,MSiisalsoprovidedwith

twostructures・Wedenotethemby(Ｍｓ’ん）

and(Ｍ８，J),respectively、Weshallprove

thefbllowingclassnumberrelationholds：

THEoREM3・Ｗｅｄ飯nｅ（MiLnction

jEs,MSO"rtoMEs,MS(H)＝[E霊:Ｍ;II
Then，ｕﾉｅｈｑＵｅ

６(んS)＝６(iEs,MS)6(､G）
６(LSO）．

α+(G)＝(j*⑭L)(G)-1.α_(G)。(j*肌)(G)．

Thus,detα+(G）＝deta-(G)．Concern‐

ingtwosymmetricZ[G]-modulestructures

(ｈ士⑭ｈ)･and(h±②I)Ｇon(Ｍ士⑭ＭＩＳ)G,we
haN7ethefbllowingcommutativediagram：

(M士⑭M,)G77互冒77戸(唾⑭vIii1)d
し．Ｉ･±(｡）

(M±⑭M白)GT7H二三7戸(唾⑭恩')G･
Thus,arelationbetweentheGrammatrices

disc((Ｍ士⑭ＭＳＩ,ｈ±⑭l)G)＝

（deta士(G))2disc((Ｍ士⑭Ｍｓ,〃±⑭")G)．

isobtainedHence,itfbllowsJ(ＭＭ)＝

J(Ｍ白,Ｉ)from(10）□ThistheoremisageneralizationtoS-

classnumbersofBrauer)sclassnumberre-

lationprovedin[9,Theorem4・lIThekey

oftheproofisthefbllowinglemma：

ＬＥＭＭＡ４､６(Ｍ３,h)＝J(MSJ

P7woq/qjlT/Deo7wemaThequotientmodule

Es/MSisoffiniteorder、Itisatriv-

ialnon-degeneratesymmetricZ[q-module

(ＥＳ/Ｍ白,*）Thus,ｗｅｈａｖｅａｎｅｘａｃｔｓｅ－
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quencemthecategoryofsymmetricZ[G]‐Therefbre,weobtain
modules：

ｌＩｍＪＨｌ１

（'6）［E宴:Ｍ:']－'(ES/Ms)H「(14）１－＋(ＭS,ｈ)一十(ＥＳ,/Z）

→(ＥＳ/Ｍ５，*)→1．ａｎｄanauxiliaryfbrmula

ForeachHeT,thefbllowingsequenceis（17）Ｊ(ＥＳ/ＭBi)V'＝6(iE３，Mｓ)~’
exact：

Moreover,sinceLs/Ｚ〃二Ｍs,wealsohave
l→Ｚ[G]ｅＨ⑭Ｍ９→Ｚ[G昨Ｈ⑭ＥＳ

→Ｚ[G]ｅＨ⑭ＥＳ/Ms-今１．（18）６(Ls)＝J(､G)J(Ｍ9,ｈ）

Wehaveacohomologylongexactsequencefrom，，exactsequencefbrmula"・CoInbining

l-÷(Z[G]eH⑭Ｍ白)Ｇ→(Z[G]eH⑭ES)Ｇ→（15),(17)and(18),ｗｅｈａｖｅ
５(ＥＳ,b）５(Ls）(Z[G]eH⑭ＥＳ/MS)Ｇ弩Ｈ１(G,Ｚ[G]eH⑭Ｍ，）
Ｊ(⑩）Ｊ(､G)J(iEs,Ｍ３)２

fifomthissequence・Ｗｅｃａｎａｐｐｌｙ''exactbecauseof5(ES,ｆｏｒ）＝６(u))-1．Moreover，
sequencefbrmula，，，ｃ･川5,Theorem621]、inaccountofLemma4,wecansubstitute
Wehave

J(ＥＳ,ｈ)fbrJ(ES,J)inthefbrmulaofThe-

(15）６(ES,ｈ)6(ＥＳ,to『)＝、orem21nconsequence,wehaveafbrmula
6(Ｍ３,/Z)5(ＥＳ/ＭｇＷ,2,6(ｎs)2=J(､G)26(iEs,jvs)2

６(Ls)２．

where
ThisProvesthetheorem． □

妙＝ⅡlIm6Hl岨
HEr

VVeshallgivetwoapplicationsｏｆＴｈｅｏ－

Ｗｅｎｏｔｉｃｅｔｈａｔｔｈｅｆｉｒｓｔｔｈｒｅｅｔｅｒｍｓｉｎａｒｅｍ３・
cohomologylongexactsequence

ＬＥＭＭＡ５､６(hs)isqiMmt/Zerm9Zp

qfp-adjcjnte9ersんreuerZ/prjnzenw刀berp

"oMMdm91Gl．

'→噸→Ｅ吾→(ES/Ms)亙

竺Ｈ１(ＨＭＳ）

ａｒｅｅｑｕａｌｔｏｔｈｏｓｅｉｎｔｈｅａｂｏｖｅｃｏｈｏｍol-

ogyexactsequencebyvirtueofLemmaL

Hence,lIm6Hl＝|ImfHland

llmJHl lImfHl

PmqfLetpbeaprimenotdividinglGl

WeseM("G）ＥＺ;・Bythefbrmulaof
J(Ｚ[G/H])ｉｎ[5,Example21,ｂ)],wehave

J(Z[G]e`)ｅＺ；fbrj＝１，…,３．ＬｅＭｂ
ｂｅａｆＵｎｃｔｉｏｎｏｎｒｄｅｈｎｅｄｂｙ九(Ｈ）＝|(ES/us)H｜｜(恥/ＭＢＯＨ「
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|(ES/Ｍ３)HlSincepllH1(H,ＭＳ)|，we
havefrom(16)thatＪ(jEs,Ms）isap-adic
integerifandonlyifJ(ん)isalsoLetYbe

thep-primarysubmoduleofEs/ＭｓｈＬｅｔ

ｐｍｂｅｔｈｅｅｘｐｏｎｅｎｔｏｆＹ、Ｐｕｔ脇＝Ｙｐ"
fbrn＝０，…,7乃脇-,/ＹｈｉｓａｎＦｐ[G]‐

ｍｏｄｕｌｅＬｅｔＸ〃bethecharacterofGafL

fbrdedwithanFlIG]-moduleYh-,/YhLet
〈(1),…，<（７）beabasicsetofirreducible

Qp-ChamctersofG,whereQpdenotesthe
fieldofp-adicnumbersSincepllGl,an

Fp-irreduciblecharacterisobtainedfrom
each（(j）byreductionwithrespectto

modpDenｏｔｅｂｙ（(`)theFp-irreducible
character、X7zisalinearcombinationof

((j)'sWithnon-negativeintegralcoeflicients：
７

ｘ"＝Ｚｃｉ(('１
ｊ＝１

ThedinlensiOnof(】/h-,/Yh)ＨｏｖｅｒＦｐｉｓ
ｇｉｖｅｎｂｙｔｈｅｖａｌｕｅｏｆ

ｒ

Ｚα<（(`),”>GdimF,Ui，
ｊ＝１

whereUiaresimpleFp[G1]‐modulesaf1[brd-
ingthecharacters（(i)，s・Wesee

ZMim歴,(ＹＭ/Yh)H＝Ｏ
ＨＥｒ

ｆｒｏｍ(1)．Thus,ifwedefineafilnction九

onrby九(H)＝|(Yh-ハ)H|,wehave
J(ん)＝LSince九(H)＝、L,九(H),we

seepl6(iEs,Ｍ３）□

CoRoLLARY6Leth蟹)(H)Mhehj9hest
MﾉerqﾉﾉZS(Ｈ)ｕﾉjthrespecttoqpr畑ｅｐ．

〃pllGl,ＭｍＭ(ん普))＝1

ＷｅａｓｓｕｍｅＫｉｓａＣＭ－ｆｉｅｌｄａｎｄＡｉｓａｔo-

tallyrealsubfield・TheGaloisgroupGcon-

tainsthecomplexconjugationmapT・Ｂｙ

Ｌｅｍｍａ８ｉｎｔｈｅｎｅｘｔｓｅｃｔｉｏｎ,thecharacter

relation(1)holdsifandonlyif

Z附置"＝Ｏ
ＨＥｒ

ｈｏｌｄｓＤｅｎｏｔｅｂｙＨ＋asubgroupgenerated

byHandTPute+＝;(l＋γ）since

ｅＨ＋＝ｅＨｅ＋，

wehaveZHernHEH＋＝０fromtheabove
idempotentrelation、Thus，byLemma81

acharacterrelationO＝EHErnHw十is
yieldedHence，

('9）０＝Ｚ町(”一物+）
HEr

Letr1beasubsetofrconsistingofHsuch

thatH≠Ｈ+・Wedefinefimctionsノ士from

anarbitraryfimctionノｏｎｒｔｏｂｅ

ハH1-器｡､1八Ｈ１=川
Then,thefUnctionaM'definedfrom(19）

satisfies5'(/+)＝1,J'(/)＝J'(ﾉｰ)and

Ｊ(ﾉｰ)＝6'(/)＝Ⅱﾉｰ(Ｈｗ
ＨＥｒｌ

ＳｕｐｐｏｓｅＳｉｓｔｈｅｓｅｔｏｆａｌｌｔｈｅarchimedian

places､WeputEき＝E5T>SinceE評(1)Ｃ
町,wecanchooseM3fromasubgroupof
町.Weobsemveanindexrelation

jEs,Ms(H)＝[曙:似畏町H仰長吋Ｈ:Ｍ白］
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holds,whereノリKisthesubgroupofEscon-

sistingofeveryrootofunity、ＬｅｔＱｂｅａ

ｆＵｎｃｔｉｏｎｏｎｒｗｈｏｓｅｖａｌｕｅｉｓequaltothe

unitindexofKHifT笹Handwhichtakes
lwhenH＝Ｈ＋、Ｗｅｈａｖｅ

ｚＥｓ,雌(Ｈ)＝Ｑ(Ｈ)⑩(Ｈ)dEs,Ms(Ｈ+）
２

PutEH＝六Ｅ`EGe此_ＷＶｅＭ,ｅ

Ｚｘ(。)｡-1＝Ｚ町ＥＨ
ＤＥＧＨＥｒ

Ｌｅｔ｛（(1),…,<(r)｝bethebasicsetofir-
reducibleC-charactersofGPutz＝

EHErnHEiH・Weha八'ｅ

1M(鋤)｡=古三x(`)州'）
＝古く(や(｡)･－１）
＝古く叩I

By[２，Proposition9.23]，ｗｅ伽eevery

classfmctiononC[G]takesvalueOaM

if<X,（(`)>Ｇ＝Ofbrj＝1,…,γ・Filrther-
more,thisconditionimpliesz＝０，because

zisanelementofthecenterofC[GICon-

versely,ｉｆｚ＝0,ｗｅａｌｓｏｈａｖｅＸ＝OThus，

ｗｅｈａｖｅ

Therefbreweobtain

CoRoLLARY7、ＬｅｔＫｂｅｑＣｌｊＷＭｄ

ｕﾉﾊjchliscuGqlojseztensjononqtotqllZ/ｒｅｑｌ

Ｓｕ航eMk．〃ＳｉＳｔｈｅｓｅｔｑｆｑ川heqmc/Zj-

medjqnpldces，ｔｈｅｎｕﾉｅ/Ｗﾉｅ

６(ｎ百)＝6(Q~)6(⑩~)6(､5）

伽tﾊﾂ･especttothec/MMrqcter'℃Ｍｏ〃(1)．

REMARK5・ＥａｃｈｏｆＪ(Q~),Ｊ(uﾉｰ）ａｎｄ

J(､5)takesavalueofanintegralpowerof
２．

５軒Characterrelations・Theinduced

characterUjHisdefiｎｅｄｔｏｂｅ

物(･'一古三M`-'四）
ｗｈｅｒｅｌＨｉｓａｆｉｍｃｔｉｏｎｏｎＧｔａｋｉｎｇｖａｌｕｅ

ｌｆｂｒｅｖｅｒｙｅｌｅｍｅｎｔｏｆＨａｎｄｔａｋｉｎｇOfbr

elementsinGlH,℃・川2,(10.3)ILetXbea
linearcombinationofwwithintegralco-

efIicieｎｔｓｎＨ・Ｗｅｈａｖｅ

ＬＥＭＭＡ８Ｔ/ｊｅｃ/ｗＭｅｒシ℃Jqtion（１）

hoMsが`Ｍｏ"JZ/li/EHErnHGiH＝O・

REMARK6（normrelations)LetＵ(G）

beasubsetofZlrlconsistingofα＝(αH）
ｓｕｃｈｔｈａｔａＨｓＨ＝ＯＴｈｉｓｓｕｂｓｅｔｉｓａｓｕｂ－

ｍｏｄｕｌｅａｎｄｉｓcalledthemoduleofnorm

relationsｉｎ[7］Let△Hbethesubsetof

rconsistingofeverycyclicsubgroupofG

Denoteby△Ｈ,ufbreachcyclicsubgroupU

thesubset{Ｎｅ△Ｈ：ｊＶ三Ｕ}Ｉ、[7,Satz

l],anelement7HofU(G)wasdefinedby

三川トー(皇…'ル
ー=鵲二三Ｗ〃１．－Ⅲ
‐二鵠旱筐禺､｡-Ⅲ
＝ＺｍＨＺｇ１剛－１
Ｈｇ n房し“w脳ⅢｉｆＵ＝Ｈ，








