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Abstract

In this study, we consider the hyperbolic type of free boundary problems. There are two types of
these problems which we will present. The first one is the obstacle problems for the wave equation
which are introduced by Schatzman, K.Kikuchi and Omata from differential viewpoints. The type
of problems introduced by K.Kikuchi and Omata can be said the time evolutional variant of Alt—
Caffarelli type free boundary problems, and whose treatment is based on the calculus of variations.
During the past of couples decades, K.Kikuchi, Omata, Svadlenka, Ginder have developed many
mathematical tools for the mathematical modeling of the vibration motion of the film and volume
constrain problems. e.g. Discrete Morse Flow method which is based on minimizing movement
method and can be an effective numerical tools. In this work, we present the new numerical scheme
based on discrete Morse flow method which maybe gives improvement the numerical simulation.
The second one is the hyperbolic variant of the moving boundary problems, especially the mean
curvature accelerated flow, so-called, hyperbolic mean curvature flow. When a family of smooth
surfaces evolves with the acceleration that is equal to their mean curvature, we call it the mean
curvature acceleration flow. These type equations correspond the mathematical modeling of the
oscillation of interface e.g. the melting or crystalizing of Helium crystal or the motion of soap
bubbles. There are few mathematical results e.g. the graph solutions by LeFloch-Smoczyk, etc.
and numerical computation by Ginder—Svadlenka. However, the solution of this equation dose not
have the energy preserving property. Here, the energy means the sum of the surface area and the
kinetic energy which corresponds to the energy of the solution of the wave equation. In this thesis,
we propose the new hyperbolic mean curvature flow equation whose solution conserves the energy

in some sense and study their properties.



Contents

I Hvyperbolic Alt—Callarelll1 type Iree boundary problems

I_Preliminaries |l

IL.1  Regularity theory for elliptic equationd . . . . . . . . . . . . . . . ... .. ....

IL.o  Formulation ot hyperbolic Alt—Carftiarelli type free boundary problemyg . . . . . .

IL.4  Previous researches ol hyperbolic Alt—Caliarelll type iree boundary problems

2 Crank-Nicolson minimization scheme |l

.1  HEnergy conservation Propertyl . . . . . . . o o i i e e e e e e e e e e e e e e

2 Minimizing method . . . . . . . . . . . e e e e e e

b.2  Numerical results for the one-dimensional problemy . . . . . . . . . . . ... ...

b.o  Numerical results for higher dimensions and more general problemy . . . . . . . .

Ll__Mean curvature accelerated flow

4 _Prelhiminaries 1l

A.1  Theory of moving NYyPErsuriaCe . . . . . .« v v v v v v v e e e e e e e e e e

a2 Previols research of mean curvature accelerated tiowl

o _ Acceleration and surface evolutional energy

p.l  Properties of acceleration . . . . . . . . . . . . . L e e e e e

b Energy conserving mean curvature accelerated tow,

ol Motivation

b2 ___Exact solutiond

13

14
14
16
22
24

28
29
30

39
39
42
45

49

50
50
52

55
55
60
61

64
64
67



CONTENTS

b.o  Graph expression . .

b.4  Numerical approach

Conclusion

IAKnowledgement|

Ibibliography|

72
73

78

79

80



Introduction

The free boundary problems, which are one of the important subjects in the field of partial differ-
ential equations, have many connections to other mathematical fields e.g. real analysis, differential
geometry, geometric measure theory. These problems also correspond the mathematical model
for real phenomena, melting ice, a film with an obstacle, soap film or bubbles, fire burning, grain
boundaries, etc. There are many types of the free boundary problems (see [21], [249], [30] for general
references), we focus on the following three types as an introduction to this thesis.

The first type is Alt—Caffarelli type the free boundary problems which is introduced by H. W.
Alt, L. A. Caffarelli and A. Freedman in [4], [5] with describing following the variational problem.

Minimize / (F(IVul?) + Qxuso) ALY
Q
on {ue L% () :Vue L*(Q),w=u"onS}

loc
where Q is a connected Lipshitz domain in N-dimnesional Euclidian space RY. F = F(u) is a
given function belong to Holder space C?1[0, 00) with F(0) = 0 and some technical conditions. @
is a given bounded positive measurable function, and x.~¢ denotes the characteristic function of
{u>0}:={z € Q:u(x) >0}, dZ" means the integration by N-dimensional Lebesgue measure.

0

u® is a given non-negative function belonging to L2 (Q) with Vu® € L?(Q) and S is a subset of

loc

09 with positive (N — 1)-dimensional Hausdorff measure #¥~1. They showed the existence and
the regularity of the minimizer, and the free boundary d{u > 0} is smooth in some sense by using
the blow-up method, and the framework of geometric measure theory. This problem is related to
the mathematical model of the jet flow. Let us explain a little details of this problem in the case
of F' is the identify function i.e. F(t) = t¢. Then, the first variation for the above functional leads

that the minimizer u satisfies the following condition:
Au=0 in QN{u>0}, |Vu/=Q on QnNo{u>0}.

The second equation is called the free boundary condition which gives the information on the
free boundary. As other important consequence, Au > 0 holds in the distribution sense, and this
leads Aw is a positive Radon measure whose support is contained the free boundary. From this
fact, after the delicate arguments, the above two equations, we can rewrite to the one equation as

follows (see [d] for more details):

Au= QAN Oeaf{u >0} in Q,
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where Opeq{u > 0} is the reduced boundary of {u > 0} that we can consider the normal vector in
appropriate sense (see [80] Section 14 for precise definition). Additionally, S. Omata [72] and S.
Omata and Y. Yamaura [75] got the same results for the non-linear version of the above problem
in the case of N = 2, F(|Vul|?) replaced by a”(u)D;uD;u where a*(z) is a given smooth function
with some elliptic condition. Moreover, Y. Yamaura [86] treated the following problem which is

the above problem for the minimal surface equation with some generalization.

Minimize / 1+\Vu|2+/ szu>od$N+/ lu — u®| doN 1
Q Q S

on BV (Q),

where the first term of the above functional should be interpreted as Radon measure on €2, and
BV () denotes the space of functions of bounded variations, that is, whose distributional deriva-
tives are Radon measure on 2. In this case, because of the lack of the compactness of the space
WL it is useful for the framework of the theory of the functions of bounded variation. See [39].
[6] for the theory of BV functions and applications.

The second type is hyperbolic variants of the above Alt—Caffarelli type free boundary problems,

so called the wave type of obstacle problem which is described as follows:

Problem 0.0.1. Find u: Q x [0,7) — R such that

2
XWUH_AU :—mﬁNLa{U>O} in Q x (O,T),
u(z,0) =wup(x) in Q, (0.0.1)
ut(x,0) =vp(z) in Q,

under suitable boundary conditions, where Q C RY is a bounded Lipschitz domain, 7" > 0 is
the final time, ug denotes the initial condition, vy is the initial velocity, and {u > 0} is the set
{(z,t) € 2 x (0,T) : u(x,t) > 0}, Du := (Vu,us), Q is a given constant. .

We understand the first line of (I0) expresses the wave equation uy —Au = 0 in {u > 0}, the
Laplace equation Au = 0 a.e. t in {u < 0}. We also have the free boundary condition, it can be
formally shown that, in the energy-preserving regime, the solutions for (I0) fulfill |Vu|? —u? = Q?
on d{u > 0}. Formally, when we consider the case of that u; = 0, then the equation (OT) is
reduced the Alt-Caffarelli type free boundary problem Au = Q=1 9{u > 0} in Q. Therefore,
in this sense, we call the equation (I00) the hyperbolic Alt—Caffarelli type free boundary problem.

Physically, the characteristic function XTuso0y which is the coefficient of the acceleration term,
means the locally coefficient of restitution is equal to zero. This problem is a natural prototype
for explaining phenomena involving oscillations in the presence of an obstacle, e.g., an elastic
string hitting a desk or soap bubbles moving atop the water. There are other approaches and
mathematical formulations for these phenomena e.g. Amerio and Prouse [9], Schatzman [79],
Citrini [24]. Recently, there is a review and some extension for these materials by Real and Figalli
[78].

Similar types of problems have been treated in [53], [88], [61], [37], and that the recent paper
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[74] has established a precise mathematical formulation. These papers revealed that the discrete
Morse flow (also known as minimizing movements), a method based on time-discretized functionals,

is an effective tool for this type of problem. More precisely, we consider the following functional:

I,(u) := / [u = 2un—1 + un_2|2xu>o dx + 1/ |Vul|? d +/ flu)de (n=2,3,---)
Q 2h? 2 Jq Q

on an appropriate function class K e.g. H&(Q) if zero Dirichlet boundary condition is required.
Here, h > 0 is the time discretized parameter, u; := wug + hvg, and the function f : R — R
corresponds the term —Q? Du|~1#N|0{u > 0} in (IOCD). Actually, since it is not easy to
consider this measure term as a functional, in the previous researches this measure term has been
treated after some smoothing e.g. f(u) := Q?B.(u)/2 where ¢ > 0 is smoothing parameter and
B.(u) is expected that it approximates x,>o. The existence of minimizer ,, in many cases,
can be proved by the direct method of calculus of variations. After cutting off this minimizer,
that is, defining u,, := max{y,,0}, we make two types of approximate solutions #" and u" by
time-interpolating these cut off minimizers u,. Roughly speaking, @” is a flat type interpolating,
and u” is a zigzag type interpolating. Formally, tending h — 0+, we expect the limit function
of the approximate solution (u”) is weak solution for Problem 0.0.1 in some sense. To pass this
limit process, it is key point to get the energy estimate which gives the uniform boundedness of
Hu?’(t)HLQ(Q), ||Vuh(t)||L2(Q) with respect to h.

On the other hand, the discrete Morse flow method can be used in the numerical simulation
for the hyperbolic Alt-Caffarelli type free boundary problem. For this direction, we can refer the
work by Ginder and Svadlenka [37].

We also point out that there are interesting work by Bonafini et al. [, IR, I9]. They construct
the weak solution for the fractional wave equations and its obstacle problems by using the discrete
Morse flow method.

In this thesis, following [1], we provide the new type discrete Morse flow method by using the
following functional for the application to Problem 0.0.1 in the case @ = 0:

U — 2Up_1 + Up_2|? 1
In(u) == /Q | 572 | X{u>0}Ufun—1>0}Ufun >0y 42 + 3 /Q (Ve + Vo] da.

One of the features of this type functional is to have an energy conservation property in some sense
if the absence of the free boundary, that is, the characteristic function X {y>0}Ufu,_1>0}U{un_2>0}
does not appear in the above functional. To best our knowledge, we have never seen before such as
the applications and the mathematical and numerical analysis of such as functional to hyperbolic
free boundary problems. Moreover, this energy conservation property of this functional gives some
effect for the numerical computation for not only the problem without free boundary but the
problem with free boundary as we will see.

By using this new functional, we can get the following main result of this thesis same as the

standard discrete Morse flow method.
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THEOREM 0.0.1 (Main result 1). Let  be a bounded domain in R, and @ = 0. As-
sume that ug,vy € H&(Q) and wug is non-negative. Then Problem 0.0.1 has a weak solution
u € HY((0,T); L*(2)) N L*°((0,T); HE(R)) in the following sense:

T
/ / (st + by daclt — / vod(z,0)dz = 0 Yo € C=(Q x [0,T) A {u > 0}),
0 Q Q

v=0 in {u <0}

Here, we remark that u is continuous on €2 x (0,7") by Sobolev imbedding in one-dimension.

The third type of free boundary problems is the hyperbolic variant of moving boundary prob-
lems. One of the simple examples of this type of problem is the mean curvature accelerated flow
so-called hyperbolic mean curvature flow. Let (I't)o<i<r (T € (0,00]) be a family of time de-
pendent of (N — 1)-dimensional hypersurfaces in RY. Then, the hyperbolic mean curvature flow
equation is described

a=K on I, (0.0.2)

where a, k are the acceleration and the mean curvature of the surface at the point in I'; respectively.
We sometimes call this equation(I02) the HMCF equation for shortly. It is implied that the
equation (OM2) such as the curvature dependent acceleration, is one of the mathematical models
of the motion of the soap bubbles by Kang in his thesis [49] and the melting or crystallizing of
helium crystal by Gurtin and Guidugli [40]. The feature of the equation (O00IZ) is including the
acceleration term of the surface. Here, we have to define the acceleration of the surface. One can
define it by second time derivative of the position 7 where (-, t) is a parametrize representation
for T'y ( [36], [@9]). In this case, the equation (I0032) is precisely a vector type of the hyperbolic
mean curvature flow equation,

Vit = KT

where n is the unit normal vector. Similar formulation is used in [43], [61], they define the
acceleration as the time second derivative Fi; where F' is a mapping on fixed hypersurface M times
the time interval. What they have in common is to deal with the surface as mapping. However, the
parametrize representation of surfaces gives restriction of the class of surfaces too much. It is not
convenient to consider a more general setting. More precisely, we can not take more complicated
surfaces as initial surfaces which can be considered as multi babbles in real phenomena. On the
other hand, another one can define it by the normal time derivative of the normal velocity v ([40],
[7R]), which is the time derivative of the normal velocity along the normal path to the surfaces.
This notion is considered from the general principle in the motion of the surface, that is, the
normal velocity of the surface play an essential role in the motion of the surface. The notion of
the normal time derivative is introduced by Hayes [44], and Thomas [83] independently (see also
[22], [66] for mathematical formulation). We remark that this notion is defined only for the family
of hypersurfaces. The normal time derivative of the normal velocity, denote D;v, has following

variational formula and it characterizes this notion.
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THEOREM 0.0.2 (Main result 2). Let I';, ¢ € [0,00) are smooth hypersurfaces in R, and
compact for all £ > 0. Assume that the normal velocity v is smooth. Then, for any ¢ € CL(RN x
(0,00) : R>p), we have

d N-1 2 N—1
— [ vopdH = [ Dwo+v(wVe-n+ ¢) — pv°rdil .
dt Jr, I,

Although the essential part of its derivation is the transport identity which gives the time
derivative of the integral quantities over the time depending surfaces, this variational formula
suggests us the weak notion of Dv. For this reason and some expectations, we adopt the normal
time derivative of the normal velocity as the definition of the acceleration of the surface.

Next, we briefly review the previous researches for the hyperbolic mean curvature flow equation
(002). Gurtin, Guidugli firstly treated the following equation for plane curves as the mathematical

model for the melting or crystallizing of helium crystal in [40],
Dw+cv=xk on T} (0.0.3)

where v is the normal velocity, ¢ is a given constant. Rotstein, Brandon, and Cohen gave the
crystalline algorithm for the same equation (B=22) for the closed polygonal curves in [[78]. As
mention above, Kang treated the type of the equation (I0I2) with various situations with numerical
results by the level set method [A9]. In this method, however, it is not clear how the ideas can
be extended more general settings. After about twenty years of this researches, it was started to
generalize these equations in the point of view of the differential geometry by He, Kong, Liu, and
LeFloch, Smoczyk independently. First, He, Kong, and Liu prove the unique short time existence
smooth solution of (I0IX) in [43]. LeFloch, Smoczyk start by deriving the equations by calculating
the first variation of the action containing kinetic and internal energy terms in [61]. Although

LeFloch-Smoczyk’s equation is different from (O02) or (B=23), they give the weak solution in

the sense of graph solutions for another type of hyperbolic mean curvature flow equations with
one-dimensional setting. Another approach for the equations (III2) is the numerical treatment
including the multiphase settings by two of the present authors, Ginder, Svadlenka in [36]. Their
method is called hyperbolic MBO-algorithm which is based on Merriman-Bence-Osher algorithm
for a numerical scheme of mean curvature flow equations via level set approach developed in [63].
They provided formal justification and the error estimate in the case of a circle for the hyperbolic
MBO-algorithm. At the almost same time, the another numerical simulation for the another
type of relativistic hyperbolic mean curvature flow equation which is related to the motion of the
relativistic string,
Dy = (1 -1k,

is treated by Bonafini [6]. We can also find the study of the weak Lipschitz evolution from square
in the plane by Bellettini et al. [I3].

There are two purposes for this part. The first one is to establish the hyperbolic mean curvature
flow with some variational property for a larger class of surfaces. By the analogy of the relationship

between the mean curvature flow equation v = k and the heat equation u; = Auw, it is expected that
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the hyperbolic mean curvature flow equation has some relations with the wave equation uy; = Aw.
One of the famous properties of the wave equation is energy conservation. In the wave equation,

the energy is defined by
1 1
/ ]Vu\2d$N+/(ut)2d.$N
2 Ja 2 Ja

for functions u : Q x [0,00) — R, Q € RY, where .Z" denotes N-dimensional Lebesgue measure,
and the solution of the wave equation conserves this energy under the zero Dirichlet boundary

condition. Similarly, we define the notion of an energy of surface I';, denoted by E(t) as follows;

E(t) == V"1 1) + % / v? doN 1 (0.0.4)
Iy
which is expected to be conserved for the solution of the equation(IT2), where V=1 denotes
(N — 1)-dimensional Hausdorff measure (see [80] for the definition). The quantity E(¢) is the sum
of surface area and the normal kinetic energy. Usually, kinetic energy is defined by also a mass,
that is surface density, but, in this stage, we do not consider the distribution of mass on a surface.
This means that we consider only the case of constant of surface density, especially, we take the
unity as surface density. It is known that this is appropriate when we consider the modeling of the
motion of soap bubbles and films. Recalling that the normal velocity plays an important role in
the evolving surfaces, the quantity F(t) is corresponding the energy for the wave equation in this
sense, and we call E(t) the surface evolution energy. We also give another physical motivation of
the surface evolution energy by using the phenomenon of the shifting acrylic rod by soap film.
However, if we take the time derivative—strictly, the normal time derivative denoted by Dy,
see section 4.1—of the normal velocity v as the acceleration a, that is, a = D,v, the solution of the
equation (002) dose not conserve the energy E(t) in general. To derive the governing equation, we
usually calculate the first variation of the action integral corresponding the energy E(t). When all
I, is parametrized, that is Ty = {y(9,t) : ¥ € RVY~1} in the same spirit of LeFloch and Smoczyk’s

work [61], we can calculate the first variation of the following action integral:

J(7) = /OT /w t)(‘”j - 1) ds d.

Moreover, under the assumption that the tangential velocity is equivalently equal to zero, we get

the equation of motion for closed curve:

. 1 .
Vet o — (§|%| + 1)’i =0,

here & = k(¥,t) is the mean curvature. As we will see in Section 6.1, the solution of this equation
has the energy conservation property (Proposition 6.1.1). To extend the notion of a solution of this
equation, we need to rearrange its formulation. One way to realize it, is the use of the framework
of the moving hypersurface (see Section 4). Since the time derivative of the normal velocity ©
in parametrize presentation can be translated the normal time derivative of the normal velocity

v which is a function of the position on the hypersurface, we can rearrange the above governing



INTRODUCTION 9

equation as follows:

Dt’U
—— =K 0.0.5
1+ J0? ( )

By using the first variation of the surface evolution energy (Proposition 5.3.1), since the solution
of this equation, if exists, conserves the surface evolution energy E(t), we call this equation the
energy conserving hyperbolic mean curvature flow (shortly, E-HMCF') equation. That is, as second

part of this thesis, we treat the following initial problem for the equation (IOTI3).

Problem 0.0.2 (Energy conserving HMCF). Let I'y be a given (N — 1)-dimensional hyper-
surface in RY, vy be a given C! function on Ty, and T € (0,00] be a given. Find a moving
hypersurface in RV, M := Uo<t<r(I't x {t}) such that

DtU

— =k on [.0<t<T,
e

v(+,0) =vo(-) on Ty,
where e := 1+ %02.

Our second purpose is to analyze an initial problem for the energy conserving hyperbolic mean
curvature flow equation (OTIH). One of our ultimate goal is to give the weak solution of this
equation (IOI3) with no restriction to the class of surfaces as much as possible. When the surfaces
are represented by the graph of function, we get the graph representation of the energy conserving

hyperbolic mean curvature flow equation (I0I3) as follows:

Wit wiVw wV2wVw - _ w? . Vw
JTENVel (T V)P <1 + [Vwl? szt) - (1 oy |Vw|2)>dIV (W>

(0.0.6)
The equation (E233) coincides the following LeFloch-Smoczyk’s equation which appears in [61,

Section 5] up to the coefficient of mean curvature part. LeFloch and Smoczyk showed that, in
one dimensional setting, the global existence of weak solution in the sense of distribution with the
entropy condition in [61]. For also the equation (62323), it can be expected to get the same results
by using the method in [61]. We will check about this in Section 6.4. However, it still remains the
restriction of the class of surfaces, and it seem to be difficult to extend to higher dimension because
their methods relied on the speciality of one dimension. Although, unfortunately, we do not reach
either the definition or the existence of a weak solution for the equation (IC0ZH) we believe that our
formulation, and the variational formula for acceleration (Main Theorem 0.0.2) has the potential
to weakly formulate the equation (ITIH).

We conclude this introduction with the organization in this thesis. This thesis is consisted
of the main two parts, named Part I, and Part II. Part I provide the hyperbolic Alt—Caffarelli
type free boundary problems, which is divided into three sections. Section 1, we will provide
some preliminaries for the hyperbolic Alt—Caffarelli type free boundary problems including its
previous researches. It also includes the review of the regularity theory for elliptic equations by

Ladyzhenskaya and the discrete Morse Flow. From section 2 to Section 3, we will deal with the new
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type of discrete Morse flow method by using the new functional for constructing a weak solution
of the hyperbolic Alt—Caffarelli type free boundary problem, based on our paper. We will show
the numerical results in sections 3.2 and 3.3. Part II provides the mean curvature accelerated flow,
which is also divided into three sections. Section 4, we will prepare some notations and review
previous researches of the mean curvature accelerated flow. In section 5, we will consider the
acceleration of the surfaces. The variational formula of the acceleration, this is the main theorem
in this thesis is also provided in this section. In section 6, we will provide some consideration and
progress about the energy conserving mean curvature accelerated flow including the exact solution,

graph solutions, the numerical results.

Notation

e R Q, N means set of all real numbers, all rational numbers, all natural numbers respectively.
RY denotes N-dimensional Euclidian space, R>o is a set of all non-negative real number,
RN >XN2 (N7 x N3) denotes the set of all real matrices.

e |a| (o : multiindex)...multiindex of order. That is, for a multiindex o = (a1,...,an) (o is

non-negative integer), defined by || := a1 + -+ + an.
e Si\ Sy...set whose elements belonging to S; but not Ss.
e Xg...characteristic function of a set S, that is, yg(z) =1 for x € S, xg(x) =0 for x ¢ S.
e idg...idenity map on a set S.
e 0S...boundary of a point set S.
e S...closure of a point set S.
e 4;; (i,j € N)...Kronecker’s delta, that is, 6;; = 1if i = j, =0 if i # j.

e B,(z)...open ball in RY with radius p, center z. We also use BZ)V (x) for indicating the space

dimension N. Sometime we use this notation for also closed balls if no ambiguity.

e wy...volunme of the unit ball in RY, ?;7121) Here, I' denotes Gamma function. We also
2
define w, := F(%fl) for any positive real number s.
2

e N (N € N)...N-dimensional Lebesgue measure.
o J° (s € R>p)...s-dimensional Hausdorff measure.

e W CcC U..W,U are open sets in RN, W C U and W is compact set.

e spt f...support of a function defined on some set X that is, {x € X ; f(x) # 0}

e O ..bounded domain in RY with Lipschitz boundary.

|Q2|...Lebesgue measure of (2.
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e diam ()...diameter of 2, defined by sup, ,cq [T — y|.

e Qr (T € (0,00] is given)...Q2 x (0,T).

e wuy...partial derivative of a function v with respect to time variable ¢, := %.
e u, ...partial derivative of a function u with respect to space variables z;, := 88;2"
e D (o= (a,...,an) : multiindex) ... defined by %
PERENT IS
e Vu...The gradient of a function u, that is, Vu := (ug,, ..., Uszy)-
. . . . L 82
e V2u..Hessian matrix of a function u, that is, (V2u);; := (mial;j).
e Au...Laplacian of function u, defined by trace V2u, that is, Au := % 4o+ 88;3 .
1 N

e C(Q)...set of continuous function on Q, also denoted by C%(Q).
e Ck(Q) (k € N)...set of k-times continuously differentiable functions on €.

e C*(Q) (k € N)...set of functions in C*(Q) all of whose derivatives of order < k have continuous
extension to . That is, for any multiindex o with |a| < k, there exists U :  — R such

that U? is continuous on 2 and U%|q = D%u.
e C°°(Q)...set of infinitely differentiable functions that is, := (), C*(Q).

o (C2°(Q)...set of function belonging to C'*°(£2) with compact support.

o C(Q;RN)...set of functions u : Q@ — RN u(z) = (ui(z),...,un(z)) with u; € C®(Q) for
eachi=1,..., N.

e C(2 x [0,T))...set of C>([0,T] x Q) functions whose support is compact in Q x [0,7).

Remark that the function in this space does not necesary vanish on Q x {0}

o LP(Q) (p € [1,00))...space of Lebesgue measurable functions which is p-th power integrable
on Q with norm ||ul| (o) == (fq, [ul? dx)/P.

o [>°(Q)...space of Lebesgue measurable functions which is essential bounded on €2 with norm

lul| oo () = ess supg|ul.

e WHEP(Q) (p € [1,00].k € N)...space of functions belonging to LP(2) whose all weak deriva-
tives order < k belong to L” with norm [ullyxs ) = (3 a<k Jo 1 DYul? dz)"P (p < o),

[ullwrce (@) = 2 |aj<k €8S Supq|Dul.
e H*(Q) (k € N)...other notation for W*2(Q).
e HE(Q) ...closure of C2°(2) with respect to W12(€).

o LP(0,T;Z) ...space of measurable functions u : [0,7] — 2 ((Z,] - ||2-) : Banach space)

with ||ul[zeo,7;27) = llull 2l ze(0,7)) < o0



INTRODUCTION 12

o WkP(0,T; %) ...space of LP(0,T; 2) functions such that the weak derivative u; belongs to

0, T; Z).
e 27*...Dual space of Banach space (2, | - || 2-), that is, a set of bounded linear functional on
(250 ll2)-

o LP(X,u) (p €[1,00))...A set of u-measurable functions on a measure space function (X, X, u1)

which are p-th power p-integrable.

e Sometimes we omit the parentheses for denoting the functional space in the one dimensional
settings e.g. C*®[a,b) := C*([a,b)), LP(a,b) := LP((a,b)) etc..

HVUHB(Q) means H\VU’HLQ(Qy
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Chapter 1

Preliminaries 1

1.1 Regularity theory for elliptic equations

In this section, we will review the regularity theory for elliptic equations with focus on Holder
regularity which is developed by O. Ladyzhenskaya and N. Uraltseva according to [6Y]. This
theory will be used in the justification for the first variation of the minimizing functional with free
boundary in Section 1.3. More precisely, when we tale the first variation of the functional with free
boundary, to get the equation in the positive part of minimizer, i.e. {u > 0} := {z € Q : u(x) > 0},
we should take the support of a test function to be in {u > 0}. To do this, we have to ensure the
set {u > 0} is an open set in RY, and the regularity of minimizer is needed.

Throughout this section, we assume that Q C RY is a bounded domain with Lipschitz boundary.

First of all, we recall the definition of Holder continuity.

DEFINITION 1.1.1 (Ho6lder continuity). Let 0 < 7 < 1. We say a function u : Q@ — R is

Hélder continuous in 2 with exponent - if there exists a constant C' such that
u(z) —u(y)| < Cle —y[" (2,5 € Q).

In particular, we say u is Lipschitz continuous in the case v = 1. We denote the set of functions
which is Hélder continuous in  with exponent v by C%7(Q). We also use the notation C’I%g(Q)

which is the set of locally Holder continuous functions, that is, u € CE);’(Q) if ue CY(Q) for any
Q'cc.

Since we now assume that Q is bounded, it holds that C%7'(Q) ¢ CO(Q) if 0 < v < ' < 1.
Indeed, for any u € C%7'(Q), we have

[u(z) = u(y)| < Cle = y[" = Clz —y'lz — y[" " < C(diam®Q)" |z - y|”

provided = # y. The final inequality holds also for x = y. Thus, u € C%7(Q).
It has been important problem to show Holder continuity of the weak solutions of elliptic partial
differential equations. One of the famous criterion to get Holder continuity is to show that the

function belongs to the next class of functions, that is, De Giorgi class.

14
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DEFINITION 1.1.2 (De Giorgi class B,(, M,~,d, %) ([®9, Section 2.6])). Let M,~,d be
arbitrary positive numbers, and p € (1, N] and ¢ > N > 2. We say a function u € W1P(£2) belongs
to the class B,(Q, M,~,d, %) if u satisfies the following conditions.

(i) supgq |u] < M.

(ii) For w = +u,

1 _N
/ IVw|P dz < v[ﬁ sup(w — k)P +1 |Ak,7"’1 0
A p(1—)

k,r—or (0‘7" BT

for all o € (0,1), B, C 2, and k with £ > maxp, w — d, where A, := {z € By;w(z) > k},

and B, is a ball of radius r.

In this definition, we also include the case ¢ = co. Then, we shall write simply B,(2, M, ~, d)

and the inequality in the above definition (ii) becomes

1
/ |Vw|P dz < 'y[ sup(w — k)P + 1} | Ak .
Abr—or (or)P B,
Especially, in the case of p = 2, and setting p := r — or, we can also rewrite

1
/ |Vw|? dz < 7[72 sup(w — k)% + 1} | A -
Ag,p (r—=p)* B,
The important theorem by O. Ladyzhenskaya and N. Uraltseva (called by also De Girorgi’s

embedding theorem) is described as follows:

THEOREM 1.1.1 (De Girorgi’s embedding theorem ([569, Section 2, Theorem 6.1])).
For any u € B,(2, M, ~,d, %), and for any B, (zg) C 2 with pg < 1, the following statement holds.
For any B,(xo) with p < po,

p (07
osc u<cl— 1.1.1
Bp(zo) <P0> ( )

where ¢ and « depend only N, M,~,d,q.

Theorem 1.1.1 tell us that a function belonging to the class B,(£2, M, ~,d, %) is locally Holder
continuous. Indeed, for fixed xg € €, we chose po := 37! min{ dist (2, dQ), 1}. Now we have only

to show that for any p < pg, we have u is Hélder continuous on B,(x¢). Fix z,y € B,(x¢), we have

Ix—yl)a

lu(z) —u(y)| < osc u< c( %

Bjg—y|(z)

Here, in the last inequality, we applied Theorem 1.1.1 for B,_,(z). It is valid because Bj,_,(z) C
ng(l’) C ng(xo) C Q.

REMARK 1.1.1 (Other definition for De Giorgi’s class). In the original De Giorgi’s work
([75]) or other material (e.g. [34]), we see a slightly different definition for De Giorgi’s class. Main

difference with Ladyzhenskaya’s method is that the boundedness of function is not required. More
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precisely, we say, the function u € W12(Q) belongs to the class DG() if there exists a constant
¢ such that for any z¢ € 2, and 0 < p < r < dist (zg, 992), the following inequality holds

/.

for any k € R where Ay, := {z € B,;u(x) > k}. In this case, if both of v and —u belong to

c
Vul?de < ———— — k|*d
[Vul $_(7"—,0)2/A,m’u |“ dz

P

the class DG(2), we get similar result with Theorem 1.1.1([34, Theorem 8.13] for precise claim).
Roughly speaking, it appears as multiplier in the right hand side of (IT0) that the oscillation of
u in the ball with radius pg. In the end, we have Hélder continuity of u € DG(2).

Finally, the following lemma will be need.

LEMMA 1.1.1 ([33, V. Lemma 3.1]). Let f = f(¢) be a nonnegative bounded function defined
in [rg,r1],70 > 0. Suppose that for ro <t < s <1y we have

ft) <{A(s—t) >+ B} +0f(s)

where A, B, a, 0 are nonnegative constants with 6 € [0,1). Then, for all p, R € [ro,r1] with p < R,
we have
f(p) < {A(R—p)™" + B}

where c is a constant depending on «, 6.

1.2 Discrete Morse flow

In this section, we see a review for the discrete Morse flow method, sometimes write DMF. This
is a spacial case of the minimizing movement method, but there are many applications for various
evolution equations. The minimizing movement method, is developed by E. De Giorgi [26] for the

constructing solution for the following evolution equation, so called a gradient flow equation ;
u'(t) = —=VF(u(t)) (t>0) (1.2.1)

where u(t) belongs to some class £ C X, X is a Banach space, F' : X — R is a given smooth

functional, V denotes the Gateaux differential, or we also call the first variation, that is,

d
(VF(u), ) = £F(u + £p) - for any ¢ € X,

where (-, -,) denotes a dual pair, that is, VF(u) is defined as a bounded linear functional on X.
For the resent development and more general setting in gradient flow and minimizing movement
method, refer to [[d, 27]. One of the motivation of the study for these type equation, is to find
a stationary point of F on X. The method which is to find the stationary point of F' by taking
the limit ¢ — oo in the solution of (IZ2) is called the gradient flow method or Morse semi flow
method.
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The prototype of the discrete Morse flow method, has been developed by K. Rektorys [77] for
constructing the solution of the parabolic equations. In 1991, N. Kikuchi [64] rediscovered this
method and suggested that this method, that is, the discretize version of the gradient flow method
could be applied for many evolutional equations.

Let us explain the basic idea of the discrete Morse flow method. We consider the following

minimization problem:

[Ju — un—IH?X

1mimize oh

+ F(u) among all u e K

where the notations F, K, X are same. || - | x denotes a norm in X, u,_1 is given, n € N, and
h > 0 is time discretization parameter. The first term of this functional corresponds the time
discretization part. This time discretization part can be changed by the problem settings. The
formal calculation tell us that the minimizer of this functional if exists, say u,, satisfies the following

equation:
Up — Up—1

h
The equation (ICZH) can be regarded as the time discretized version of the gradient flow equation
(=27D), for this reason, (uy)nen is called the discrete Morse flow. Although the term discrete Morse

semiflow has been used in other materials, we omit the term ’semi’ for short. Now, we define two

= —VF(u). (1.2.2)

types of the approximate solutions #" and u” for (I_Z) by time interpolating minimizers as follows.

_h uo, t=20
a"(t) == (1.2.3)
Un, t€((n—1)h,nh], n=1,---

Uup, t=20

h
u'(t) =9t — (n—1)h h—t (1.24)
(nh ) un—l-n o Un—1, te((n—1)h,nh], n=1,--

The first type is the flat type approximate solution, and the second type is the zigzag type ap-

proximate solution. By using these notations, we can rewrite the equation (I"22). If we get some
convergence results about u,’} and @" with respect to h — 0, we can construct the solution for the
equation (I2). To get the convergence results, it is a key point that the energy estimate which
gives the bounds for ||ul'(t)||x, ||[F(@"(t))||x with respect to h.

The discrete Morse flow method has many application e.g. the construction the gradient flow
for the harmonic maps by Bethuel et al. [T2], and the analysis of Alt—Caffarelli type free boundary
problems by Omata and Nagasawa [69, /0], the evolutional problem corresponding to elastic-
plastic energy by Zhou [89], the evolutional problem corresponding to free discontinuity problem
by Yamaura [87]. The last two materials are related on the theory of the functions of bounded
variation.

The discrete Morse flow method can be also applied for the hyperbolic equations. In this case,

we consider the following minimization problem:

[ = 2up—1 + up—2|l%
252

Minimize + F(u) amongallue K, n>2
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for constructing the solution for the following initial value problem of the second order equation,

u'(t) =—-VF(u), t>0,
ul(O) = 2, (125)
u(0) = up.

In the above setting, we set u; := ug + hvg, and assume ug,u; € K. We will explain briefly the
discrete Morse flow method for this type equations under the setting convex set X C L?(£2) where

Q) is bounded domain in RY. It then turns out to consider the following functional.

dr + I(u)

2h?

where we changed the notation for the second part of the functional. A minimizer of I,,, denoted

by wu,,, satisfies the following equation

n — 2Up—1 + Up—2
h2

= —VI(uy),
and the energy estimate

‘un_un—ﬂ 1/ 2
_— < — . 2.
/Q s o+ 1(w) < 5 [ ool da+ () (1.2.6)

Let us give laugh explanation for second inequality(I2d). By convexity of I, the function

Oup, + (1 — @)up—1 is also in K where 6 € [0, 1), therefore, by the minimality of w,,, we have

I () < I (Ot + (1 — 0)tpm—1)
/ {9 Um — Um— 1) + Um—1 — 2Upm—1 + Umf2}2

572 dx + I(0um + (1 — 0)upm—1)

/ {0(um um_1)2;2um_1 + U2} d + 01 (un) + (1 — )T (1),

Here we use the convexity of the functional I in the last inequality. After arranging the last

inequality, we have

’um Um— 1’ / ’um—l - um—2’2
Tuy) < I(Um—1).
/ 2h2 dx + (U ) = g oh2 dr + (u 1)

To conclude this, after letting 8 1" 1, we have only to sum this inequality from m = 2 to n.
If the functional J has appropriate properties (e.g. convexity), we can get the convergence
results for the approximate solution u” and @" with respect to h — 0, and construct the weak

solution for the problem (CZ3F). We now explain the details for the wave equation as example.
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EXAMPLE 1.2.1 (Discrete Morse flow method for wave equation). We consider the

initial boundary value problem for the following wave equation.

u(z,t) = Au(z,t), (z,t) € Qr:=Qx(0,7),
u(x,0) =uvo(x), z€Q,

u(z,0) =wug(z), z€q,

u(-,t) =0, on 90Qx(0,7)

(1.2.7)

where Q C RY is bounded domain with smooth boundary. We set the initial conditions ug, vy €
H&(Q) We construct the weak solution of this problem by using the discrete Morse flow. Firstly,
we define the weak solution for (I"Z7). We say a function u € H'(Qr) is the weak solution for the
problem 277 if it satisfies that for any ¢ € C°(Q2 x [0,T)),

T
/ /(—utgot + Vu-Vo)drdt — / vop(z,0) dx = 0. (1.2.8)
0 Ja Q

Strictly, although we have to also require that initial and boundary conditions, we omit this since
we want to focus finding function satisfying (I"ZR).

Next, to apply the discrete Morse flow, we consider the functionals

|u 2up 1 +Un—2| / 2 L 1/ 2
/ 572 dx + = [ |Vul®dz, (I(u) =5 Q\Vu| d:1;>
on K = H}Q

for any n = 2, ---ng. Here, the natural number ng is decided by T" = ngh. These functional, since
the first part is continuous in L?(Q2), and the second part is lower semi continuous with respect to
weak convergence in H'(€2), there exists minimizer of I,,, we name w,. Since u, is a minimizer of
I,,, the first variation of I,, at u, is equal to zero. That is, for any ¢ € H&(Q)

I,(up + ep) — Ln(uy)

d .
0= d—gln(unva) 5:0_?36 6 :

continuing the calculation of the right hand side,

(2un +ep —4up_1 + 2Un—2)

T (%2 . 1 . 2

= ilg(l] A 57,2 dﬂ:+31£r(1)2 Q(2Vun Vi +¢e|Vpl?)de
Up — 2Up—1 + Up—2

:/Q 2 gpdm—i—/QVun-Vgodx.

Now we define the approximate solution from these minimizers same as (I"23), (I"Z4). Then, we

can rewrite the above first variation formula by using these notation (I"Z3), (I"Z4) as follows.

/ [u?(t) - Z?(t - h)<p 4 vah(t) - vgo} dz=0 aete(0,T) Ve H(Q).
Q
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Since this relation holds for any function belonging to L?((0,T) : H}(Q)), we have

/ / LB )+ V() V()] dedt =0 Ve I2(0,7): HY(®@).  (1.2:9)

Now, we want to tend h — 0+ in (CZ9) to reach (I”ZH). To do so, we need more estimates
regarding to approximate solutions. Fortunately by general theory as we mentioned before, we

have the energy estimate (IZ20),

n— U 1
/ ]u dx—l—[(un _2/ lvo|? dz + I(uo),
Q

rewriting this inequality by using the notions u”, a",

|yuﬁ(t)|yL2(Q)+\|Va()||L2 <Cp ae te(0,7) (1.2.10)

where the constant Cg is depend only Q, ug, vg. By virtue of (I"210), direct calculation leads the

following results.

[a"(t) — u" ()] p2() < Ch forae. te(0,T), (1.2.11)
h
HuhH%%QT < Huh”L2(QT) §HU0HQL2(Q)7 (1.2.12)
_ h
HVuhH%2(QT) < HVuhH%Q(QT) + §||VU/OH%2(Q)) (1.2.13)

For [Z11, we have only to keep in mind that u/(t) — a"(t) = %(un — Uup—1) and the energy
estimate (I210). For IZT2 and XT3, we have only to calculate the difference the left hand

side and the first term of the right hand side respectively. Moreover, since u”(t) € H(Q) for
any t € (0,7, Poincaré’s inequality and its integration of the both sides over (0,7") lead the next

inequality :

[ 2207y < CIVU | 12(g) (1.2.14)

where the constant C'p depends only the space dimension N and 2. Thanks to the estimates
710, 213, and ["ZI4, up to extracting subsequences, there exists u € H'(Q7) such that

a" — u  strongly in  L*(Qr), (1.2.15)
Vi = Vu weakly in  (L*(Qr))Y, (1.2.16)
ul' ~ u;  weakly in  L*(Qr), (1.2.17)

as h — 0+. We are now position of the limit process h — 0+ in (I29),

/ / _“tt_h)gwwh-w}dxdt:o
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with restriction ¢ € C°(Q x [0,7)) to fit our definition of the weak solution(I"Z8). Indeed, for
the gradient term, by 218, we have

//Vu -Vpdxdt = //Vu Vgod:z:dt—//Vu -Vpdxdt
—>/ /Vu Vpdxdt,

here we remark that the second term vanishes tending h — 0+ by the boundedness of Va" with

respect to h. For the time discrete part, we calculate as follows.

T h T k(s _
/ /ut t )wdxdt:/ /gzutét)w(',t)dxdt+/}1 /Qut(}tb h)w(-,t)dxdt
T—h r . h
/ / (tgo )dxdt+/ / ut(t)go(-,t+h)da:dt
Q
T
/ / tgp da:dt—/ / t) dx dt
o Ja h
T . h _ h
+/ / u () ap(-,t+h)dxdt+/ / t(t)go(-,t-i-h)dxdt
o Ja h r—ntao h
T . —_— .
0 Q
h h _
+/ ut}ft)go dwdt+/ / ui (-t + h) dz dt
0 Q T—h
T
—>/ /—utgotd:z:dt—/vogo(-,O)daz h — 0+,
0 Q Q

where we use three facts in the limit process h — 0+. For the first term, u converges u; weakly in

L2(Q2) and (p(-,t+ h) — @(-,1))/h converges ¢; strongly in L?(2). For the second term follows by
ul(t) = (uy —ug)/h = vg for t € (0,h). For the final term, we use (-, +h) = 0 for t € (T —h,T).
In this end, we construct the weak solution in the sense of (I"ZR) for the wave equation (I"Z1) by

<
Sk

5
/Eb

£

using the discrete Morse flow method.

The first application of the discrete Morse flow method to the hyperbolic equations was given by

Tachikawa [81] to construct the weak solution for the system of the following hyperbolic equations:
ugy — Au+ [ufPPu=0 (p>1).

One of the advantage of the discrete Morse flow method is to be able to deal well with more
complicated problem e.g. volume constrain problems and free boundary problems. Here, we
would like to mention the application to the volume constrain problem of the wave equation by
Svadlenka and Omata [85]. They constructed the weak solution for the following wave equation

with the volume preservation:

up(z,t) = Au(z, t) + A\ (t) (x,t) € Q@ x (0,T) (1.2.18)
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under the suitable initial and boundary conditions. The real number A, (¢) corresponds the volume

preservation and has the following expression:

Ml = 1 /Q (as -, (e, ) + [V, 1)) e,

where V' is a given positive number. One can check a solution u for [CXT8 preserves the volume of

the graph of u, that is,
/ u(-,t)de =V forany te (0,T).
Q

For this problem, Svadlenka and Omata applied the discrete Morse Flow method by using the

following functional .

B e 1 )
I,(u) := /Q 572 dx + 2 J; |Vul|* dz,

on £ := {uGHl(Q) : u|ag:g,/uda@:V},
Q

where ¢ is a given function belonging to L?(992). The functional itself is exactly same as the
simple wave equation which we explain in Example 1.2.1. We do not have to add the extra term
for the functional, have only to add the volume preserving condition to the admissible space.
Although we need some little modifications, we can same results as Example 1.2.1 for this volume
preserving problem. We also point out that there is an interesting applications the discrete Morse
flow method to the contact problem of the elasticity by Y. Akagawa et. al [2], they gives the
extension the discrete Morse flow method to the vector valued functions. For the applications to

the hyperbolic free boundary problems, we will review in Sections 1.4.

1.3 Formulation of hyperbolic Alt—Caffarelli type free boundary

problems

Here we will introduce a hyperbolic variant of Alt—Caffarelli type free boundary problem according

to [] . To derive the equation, we calculate the first variation of the following action integral:

T
Jwyi= [ [ (0o - IV = @rgusny ) dode
0 Q

where () is a constant which expresses an adhesion force. When energy is conserved, i.e., when
the function u does not change its value from positive to zero as time passes, we can, under ap-
propriate assumptions, calculate the first variation, as well as the inner variation, of the functional
J. However, if energy is not conserved, we can calculate neither the first variation nor the inner
variation due to the presence of the Q?-term containing the characteristic function. To overcome
this difficulty, we consider a smoothing of the characteristic function within the adhesion term by a
function B, defined by B.(u) = [, B:(s) ds, where f.(u) := 13(%), and 8 : R — [0,1] is a smooth

T e

function satisfying 3 = 0 outside [—1,1], [ B(s)ds = 1, and B(0) = 3. After smoothing, we can
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calculate the first variation to obtain an expression for the following problem:

;

X{usoy Uit = Au—3Q%*B.(u) inQx(0,T),
u(x,0) =wup(x) in €,

ut(z,0) =vg(z) in Q,

u(z,t)ogo = Y(x,t) with ¢ (z,0) = ug on 0%,

where ug, vg are the same as in Problem 1.1, and v is a given function. Now, we set the following

hypotheses:
(H1) The existence of a solution u. to (P.).

(H2) The existence of a function u : Q x (0,7)) — R such that u. — u in an appropriate topology
as € | 0 and such that the following holds:
(H2.1) uy — Au=01in Q x (0,7) N {u > 0}.

(H2.2) The free boundary d{u > 0} is regular, V(D N d{u > 0}) < oo for any D CC
Q x (0,7) ¢ RY x (0,T), and |[Du| # 0 on Q x (0,7) N d{u > 0}. Here, Du =

(Ugy s ooy Ug yy» Ut), and FE N is the N-dimensional Hausdorff measure.

(H2.3) w is a subsolution in the following sense:

T
Xrasor Ut ¢+ Vu - V(| drdt <0
; Jyomm w9 )

for arbitrary nonnegative ¢ € C2°(Q2 x (0,7)).
Starting from (P.), and employing (H1), (H2.1) and (H2.2), we can show that the limit function
u satisfies the following free boundary condition as in [[74]:

|Vul> —u? = Q% on Qx (0,T)Nd{u >0} (1.3.1)

Now, for any D CcC Q x (0,7), we define a linear functional f on CZ°(D) corresponding to

Au — X{uso7 Utt 8s follows:

f(Q) = _/D<X{“>O} UttC—l-Vu-VC) dx dt.

Since f is a positive linear functional on C°(D) by (H2.3), f can be extended to a positive linear
functional on Cy(D). Riesz’s representation theorem asserts there exists a unique positive Radon

measure pf on D such that
7€) = [ <y (1.3.2)

In this sense, we can say that Au — XTusoy Utt is a positive Radon measure on D.
On the other hand, we can calculate the value of f(¢) from (IZ3). By splitting the integral
domain into four parts, DN {u > 0}, DN o{u > 0}, DNI{u=0}°, DN {u = 0}°, noting that all
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terms vanish except for D N d{u > 0} by the integration by parts, and X{uso) = 1 on 9{u > 0},

we can calculate

/ (gusoy ¢ + V- V¢) dadt = / (- (X{u>0} Qe + V- V¢ ) dudt

—Vu

t
Vi ——
TV Dy

v
Dma{u>o} X>0r &% Dyl

2
Dna{u>0} |DU|

_Q2
= / CdaN  (by (TXD)).

DNO{u>0} | Du|

) AN

Here, we assume that the regularity of X{uso} with respect to t. From the above and the definition

of f, we observe that
_ N
f(O) = /D Dul ¢Cd"™ | 0{u > 0}. (1.3.3)

By (I=3™), (=333), we have

h = b ,% [9{u > 0) (1.3.4)

In this sense, the positive Radon measure Au — Xfuso} Ut has its support in the free boundary
O{u > 0}. Formally, we can rewrite (I-34) as follows:

Q2

N u 0.
~Du |j’f |0{u > 0}. (1.3.5)

XTu>oy Utt — Au =

Summarizing the above, starting from the smoothed problem (P.), under the hypotheses (H1)-
(H2), we formally derive a hyperbolic degenerate equation with adhesion force. This equation
(I=33) includes all information about the hyperbolic free boundary problem, that is, the wave
equation uy — Au = 0 in the set {u > 0}, the free boundary condition |Vu|*> —u? = Q? on
Q% (0,7) N o{u > 0}, and the Laplace equation Au = 0 in the set {u < 0} a.e. t € (0,7).

1.4 Previous researches of hyperbolic Alt—Caffarelli type free bound-

ary problems

In this section, we will review the following hyperbolic Alt—Caffarelli type free boundary problems.

Problem 1.4.1. Find u: Q x [0,7) — R such that

Q2

XWUtt—Au = ~Du |,%”NL(9{u>O} in Qx (0,7),
u(z,0) = ug(z) in Q, (1.4.1)
ui(z, 0) =wp(z) inQ,

under suitable boundary conditions, where @ C RY is a bounded Lipschitz domain, 7" > 0 is

the final time, uy denotes the initial condition, vy is the initial velocity, and {u > 0} is the set
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{(z,t) € QA x (0,T) : u(x,t) > 0}.

We now summarize the history of such type problems. Firstly, K. Kikuchi and S. Omata [63]
studied this problem in the one-dimensional domain €2 = (0, 00). The problem which they treated

is described as follows.

Ut — Ugy =0 in Q x (0,00) N {u > 0},

1.4.2
(ug)? — (u)?2 = Q* on Q x (0,00) NO{u > 0}. ( )

Above equations (I”Z2) comes from the calculation of the first variation and inner variation of the

following functional.

T
J(u) = /0 /Q{;(ut)zx{u>0} )~ Qo bt (w e WA x (0,T))).

This functional is well known as the action integral of Lagrangian corresponding to the tape peeling
problem. We can refer [73] for the physical background and the derivation for this functional. For
this problem (IZ2), they constructed the strong solution u € C?(2 x (0,00) N {u > 0}). Quite
roughly said, their method can be explained as follows. First, considering changing variables

t= %(f +n),x = %({ —n), we get the equation for new variables &, 7,

ugy =0 in {u > 0},
—dugu, = Q* on d{u > 0}.

Second, for this equation, putting u = ¢(n) + ¥ (n), construct ¢ and 1 from the initial conditions
and boundary conditions. They also the regularity of its free boundary d{u > 0} and the well-
posedness of the problem under suitable compatibility conditions.

On the other hand, H.Imai et. al. [47] studied the numerical analysis for the problem (I23)
by the fixed domain method. Under the assumption that the free boundary is consisted of only
one point, and its position is denoted by £(t), by using the mapping y = 2x/¢(t) — 1, we change
the domain (0, £(t)) x (0,7) to (—1,1) x (0,¢) and get the new system of equations.

(1)
¢(t)

4—((y+1rE)?
((t)

() = \/1_ (zﬁ%)

By discretizing the space [—1,1], we have the system of ordinary differential equations whose

(e (t) —2(0(t)?
0(t)2

Uy — 2(y +1)

Ut — uy = (y+ 1) uy =0,

unknowns are u;, v; := (u;)¢, L. Then, we adopt 4-th order Runge-Kutta method for numerical
computation.

Yoshiuchi et al. [88] addressed a similar problem to Problem in the case @) = 0 including a
damping term au;. The word ’similar’ means there is a difference in the acceleration term with

the previous researches and our treating problem. More precisely, in the previous researches, the
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main part problem is described the following equation.
X{u>0} Ut + aug — Au = 0, (1.4.3)

where we assume that ) = 0 for simplicity. This equation comes from the consideration in the
point of view of the mathematical modeling for the phenomena of the film motion with obstacle
since the equation (IZ72) is not sufficient to express this motion. In 2017, S. Omata [74] suggested
that the term of acceleration should be replaced by XTusoy Uit to include the all information for
this type problems, and modified the equation to current version (). More precisely, if we adopt
the equation (I23), we could not get the free boundary condition even though under the formal
calculation. Therefore, reader should read with replacing to Xfusoptit of the acceleration term of
the main equation in the previous researches before 2017 related these type problems.

We now go back to the reviews of the work by Yoshiuchi et. al [88]. Using the discrete Morse
flow method, they derived an energy estimate for approximate solutions, and provided numerical

results. The functional which they used is as follows.

U — 2up_1 + tn_2|? u— 1 ]? 1 2
/Q 2h2 X{u>0}Uun-1>03 47 F o 2h do+3 Q [Vul"dz,

among all u € K C H'(Q). After minimizing this functional, put minimizer ,, we cut off this
minimizer, u, := max{y,,0}. Then, do same procedure to construct the approximate solutions.
The method how to time-interpolate is same as the discrete Morse flow method for the wave equa-
tion. The important feature of this functional is appearing the previous time step function u,_1
in the characteristic function. By this trick, they could get the energy estimate for approximate
solutions.

Moreover, the discrete Morse flow method can be applied the following hyperbolic free boundary

problems with volume preservation.

Xgusoytt — Au = Au(t)X{u>0}-

where A\, (t) is the Lagrange multiplier corresponding to the volume preserving condition fQ udr =

V', V is a given positive real number, that is,

1

Au(t) = = / (ugu + |Vul?) da.
Ve

E. Ginder and K. Svadlenka [37] constructed a weak solution for this problem in the one dimensional

setting, again using the discrete Morse flow method with the following functional including two

penalty terms.

|u — 2up—1 + Uup_2|?
o 212

1
dot g [ IVl de o+ () + Wa(u) on HY(©)
Q
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where Uy, Uy are functionals H'(2) — {0, 00} defined

0, ifu>0a.e. in )
\Ill(u) =

oo, otherwise

() 0, if [qude=V
2lu) =
oo, otherwise.

Moreover, the following problem, stated here without initial and boundary conditions, has been
treated by K.Kikuchi in [5]:

Ut — Ugy > 0 in (0,1) x (0, 00),
spt (U — Ugy) C {u =0},
u(z,t) >0 L*ae.

He constructed a weak solution to this problem using a minimizing method in the spirit of the
discrete Morse flow. This equation is corresponding to the problem treated by M.Schatzman in
[79].

Finally, we conclude the interesting application and extension of the discrete Morse flow from
resent work by Akagawa et. al.[2]. They consider the following functional to numerical simulation

for the rolling contact problem of elasticity.

1 |£ - 2£n71 + £n72|2 d
2 Jq 212

o+ [ (5016 +olén-al) : el
among all £ € W2(Q; R?) with some conditions with respect to the boundary conditions and
obstacle. Here, o, € are well known the notions in the theory of elasticity, the stress tensor and
strain tensor respectively, and A : B means the sum of the product of each components of two
same size matrix, also we omit the term corresponding outer force. They gave the extension of the
discrete Morse flow method to vector valued functions. Another important feature of the above
functional is the presence of the previous two time step function &,_2 in the gradient term in the
functional, which can be said a kind of the Crank-Nicolson scheme.

In this thesis work, will be starting from the next section, it is main idea that the including
the previous two time step functions to the characteristic function in the time discretization term
which is a kind of extension of the work by Yoshiuchi et. al. [88] and the gradient term which is

analogous of the work by Akagawa et. al. [?].



Chapter 2

Crank-Nicolson minimization scheme
1

From this chapter to the next chapter, we consider the following hyperbolic obstacle problem in

accordance with [1]:

Problem 2.0.1. Find u: Q x [0,7) — R such that

XWutt_Au =0 inx (O,T),

u(z,0) =up(z) in Q, (2.0.1)
ut(x,0) =vg(z) in €,

u(-,t) =up(-) ondQ t>0,

where Q C RY is a bounded Lipschitz domain, T > 0 is the final time, ug € H'(Q)NC? (Q)HC&S(Q)
denotes given the initial condition, vy € H{(£) is also given the initial velocity, and {u > 0} is the

set {(z,t) € Q2 x (0,T) : u(z,t) > 0}.

For this problem, we will construct the weak solution by a new minimization scheme. Although

this is essentially same with the discrete Morse flow method, we use the following functional.

— Uy m—2|? 1
Jm(u)—/ v = 2u 12“‘ 2 d:c+/ IV 4 Vg, _o|? dz, (2.0.2)
QNS (1) 2h 4 Jq

on K := {u € HY(Q) : u = uy on 9N}. Here the set S,,(u) is defined by S;,(u) = {u >
0} U{tum—1 >0} U{typ—2 >0}, {u>0}:={z€Q : u(z) >0}, {u; >0} :={zeQ : u(x) >0}
(i=m—1,m —2), and m > 2 is integer. Remark that although their domain is different, we use
same notations for the positive part of function as the statement of Problem 2.0.1. In this chapter,

we will study the properties of this functional.

28
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2.1 Energy conservation property

In this section, we derive the energy preserving property of the Crank-Nicolson type functional,
which has not been achieved in previous research. To this end, let us consider the following

modified functional:

— 2y _of? 1
I () ;:/ v = 2um 12+ Um 2| dzr + / |V + Vg, _o|? de, (2.1.1)
on the set K. This functional can be regarded as the no-free boundary version of J,,. We note
that a unique minimizer exists for each I,,, whenever I,,,(ug) < oo since the functional is convex

and lower semicontinuous with respect to weak convergence in L?.
THEOREM 2.1.1 (Energy conservation). Minimizers uy of I conserve the energy

ug, —ka1)2

1
h L2(Q) *3 (”VU"’H%z(Q) + ||vuk—1||i2(g)), (2.1.2)

b |

in the sense that Ej is independent of k£ > 1.

Proof. For m > 2, the function (1 — A)uy, + AMupm—2 = tUm + A(Um—2 — Uy, is admissible for every
A € [0,1], which justifies

d
L (U + A Um—2 — um =Y.
o (U, + Mum—2 — u )))\:0 0
Computing this derivative, we have
0= i |:’um + )\(Um—Q - um) — 2Up—1 + Um—2|2
T d) Jq 2h2
1
71Vt + Mt = ) + Vi 2] | da
4 A=0
m—2 — Um m_2 m— m— 1
— / [(u 2—U )(u = u 1t+uw 2) + iv(ume _ Um) . v(um +um72):| dx
Q

- (Um—l - um—2)2 - (Um - um—1)2 1 2 1 2
_/Q[ - + 5 Vtm-af? = 5 [Vun| | d.

Summing over m = 2,..., k, we arrive at

1 1 1 1 1 1
/Q[hQ(ul —u0)? = o5 (= w1)? + 5 Vuol? + 5[V = 5[ Vw12 = 5|V ] da = 0,

which means

1 1
(u1 — ug)* + §|VU0\2 + §|VU1|Q} dx

Elz/Q[
-/

= Ek?

Tl = =

1 1
(uk — uk_1)2 + i‘vuk—lP + §|Vuk|2} dx

and the proof is complete. O
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2.2 Minimizing method
For any integer m > 2, we introduce the following functional:

— Uy m—o|? 1
Jm(u)_/ [v =~ 2u 1;“ 2 dm+/ IVt + Vg da, (2.2.1)
QNS (1) 2h 4 Ja

where Sy, (u) :== {u > 0} U {up—1 > 0} U {uym—2 > 0}.

We determine a sequence of functions {u,, } iteratively by taking ug € KC and u; = up+hvy € K,
defining 4, as a minimizer of J,, in K, and setting u,, := max{t,,,0}.

We now study the existence and regularity of minimizers which guarantees the possibility of

applying the first variation formula to J,,.

THEOREM 2.2.1 (Existence). If J,,(up) < oo, then there exists a minimizer ,, € K of the

functional J,,.

Proof. Given uy,_1, um—2, we show the existence of u,,. Since the infimum of J,,, is non-negative,
we can take the minimizing sequence {u’} C K such that J,,(v/) — infuexc Jm(u) as j — oo.
Now, since the sequence {u/ — uo} C H}() and {Xsn(ui)} are bounded in H'(Q) and L>(Q)
respectively, there exist @ € H}(2) and v € L>°(Q) such that, up to extracting a subsequence,

uw —ug — @ strongly in L*(Q),
V(uw —ug) = Vi weakly in L*(0), (2.2.2)
XS (u)) X~ weakly * in L®(Q),

where the existence of the limit function v follows from Banach-Alaoglu’s theorem([31, Theorem
5.12]). Moreover, by the weak * convergence and L2-strongly convergence, we have 0 < v < 1 a.e.

on £, and v = 1 a.e. on S;,(u) where u := @ + up € K. Indeed, by the weak * convergence, we

0§/X3m(uj)cpdx§/<pdx
Q Q

for any ¢ € C°(Q) with ¢ > 0, and tending j — oo in this inequality leads for the inequality

have

0 <~ <1a.e. on . For the equality ¥ = 1 a.e. on S,,(u), remark that the use of L2-strongly
convergence of u; to u, up to extracting subsequence, we have xs, (u)(z) = 1 for a.e. x € Sy (u)
as j — oo. This fact leads that xs, i) (z)p(z) = ¢(z) for ae. z € Sp(u) as j — oo for any
¢ € C°(Q). Moreover, combining with |xs,, i) (®)¢(z)| < |p(x)| for any j and x € Sp(u), the

Dominated convergence theorem leads

lim QXSm(uj)Xsm(u)cpdx: lim Xsm(uj)godx—/ pdx.

Jj—o0 Jj—00 Sm(u) Sm(u)

On the other hand, by the weak * convergence of x Sm(ui) 107,

lim QXSm(uj)XSm(u)cpdx = /Q’yx‘gm(u)cpdx —/S ( )’ywdx for any ¢ € C°(92).

Jj—o0
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/ yodr = / pdz,
Sm (u) Sm (u)

which implies the equality v =1 a.e. on S, (u).

Thus, we get

Therefore, we get

[t — 2Upy—1 + Up—2|?

1
I () = XmudaH—/ VU + YVg,_o|? dx
(w) ; 572 Sn(u) 1 Q| |
|U*2um71 7Lu17172|2 1 2
< A 57,2 yd:z—i—z Q|Vu+Vum_2\ dx
< liminf J,,(v’) = inf Jp,(u),
j—o0 uell

where the first inequality follows from v = 1 a.e. on S,,,(u), and the second inequality follows from
(2222), this shows the function w is a minimizer of J,,(u). O
The minimizers of J,, have the following subsolution property which we will use to show the

regularity of minimizers.

PROPOSITION 2.2.1 (Subsolution). Any minimizer u of .J,, satisfies the following inequality
for arbitrary nonnegative ¢ € HZ():

-2 m— m— m—
/ kLS Sl 2(d:c—|—/vu+u2~V§d:c§O. (2.2.3)
NS (1) h Q 2

Proof. Fixing ¢ € C°(Q) with ¢ > 0, and € > 0, we have
0 < Jn(u—eC)— Jn(u) (by the minimality of u)

_/ |(u —&C) — 2Um—1 + Um_2|?
- Ja 2h2

1
XS (u—sec) AT + 1 /Q IV (u — eC) 4+ Vty—_s|* dz

— 2Upp—1 + Uy 2 1
a (/Q — 2;12 ) XS (u) d$+4/§zwu+vu""°‘2’2dx>' (2.2.4)

Noting that

XS (u—e¢) ~ XSm(u) < 0,
|(u—eC) — 2upm—1 + um,Q\Q —|u — 2upm—1 + um,2|2 = —2eC(u — 2upm—1 + Um—2) + e2¢2,

IV (u — €C) + Vi _2|? — |Vt + Vg _o|? = —26(Vu + Vug,_2) - VC + 2 VE,
we continue the estimate as
1
(Z=za) < /Q{—Qag“(u — U1 F Up_2) + €3¢} X 3,2 XSm(w) dx

1
T / {—26(Vu+ Vup_) - V¢ + % V([*} da.
Q

Dividing by e, letting € decrease to zero from above, and applying a density argument concludes
the proof. ]
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We now derive an energy estimate satisfied by the minimizers of .J,,.
THEOREM 2.2.2 (Energy estimate). For any integer k > 1, we have

Huk_uk—l‘Z

1 1 1
W ey T §||Vuk||%2(9) < [lvollF2() + QHVUoH%z(Q) + §||VU1H%2(Q)' (2.2.5)

Proof. Since the function (1 —A)ty, + Atm—2 = Uy + A(Upm—2 — Up,) belongs to K for any A € [0, 1],
by the minimality property, we have Jy, () < Jp(tm + A(Um—2 — Upm)), and thus,

Jim. % (ot Mt~ 82)) — T i) ) > 0. (2.2.6)

Let A,,, denote the set
A =00 {y > 0} U{um—1 > 0} U{upym—o > 0}).
We investigate the behavior of the individual terms in (2228). For the gradient term we get
lim % (IV (@ + A(um—2 — m) + tm—2)|* = |V (@m + Un—2)[?)

A—0+ 4
1

— §V(1~Lm + Um,Q) . V(um,g — ’fLm) dz

1 1.
= §]Vum_2\2 - §|Vum|2

1 1
< iywm_Q\? — §|Vum|2. (2.2.7)
For the time-discretized term, consider the set
By (A) i= {m + Mum—2 — Um) > 0} U{tpm—1 > 0} U {tp—2 > 0}.

Then By, () is contained in the set A,, for any A € [0, 1]. It is obvious for B,,(0), By, (1). For fixed
A€ (0,1), z € Bp(\), we have only to consider the case of that z € {ty, + M um—2 — Up) > 0} =
{(1 =)ty + Attyp—2 > 0}. If € {uy,—2 > 0}, we have done. Otherwise, that is, if x € {uy,—2 = 0},
x € {(1 =Nt + Mp—2 > 0} = {(1 — Ny, > 0}, then = € {u,, > 0} C A,,.

Therefore, we find that

1

W / <|am + )\(um—2 - am) — 2Upm—1 + Um—2‘2XBm()\) - |am — 2Up—1 + um—Z‘QXAm)dx
Q

1 - N -
< W / <‘Um + )\(Um—2 - Um) — 2Upm—1 + Um_2‘2 — \um — 2Upm—_1 + um—2|2>XAmd«T-
Q
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Then we have
Al—i>%l+ BYSIY /Q<Wm + Mt —2 — @) — 2Um—1 + Um—2|* — |l — 2Um—1 + um—2|2>XAmdi13
1
= i /A Mt ) 2+ Nt = ) ~ i+ 202
1
= 75 (ume - ﬂm)(am — 2Up—1 + umfZ)d:E
h? A
1 .
=75 [ [(m1 = wm2)® = (w1 = i) da. (2.2.8)
Am

Now, fAm (Um—1 — Um_2)?dr < fQ(um,l — Up_2)? dx since the integrand is non-negative.

Moreover, t,;, = max{im,, 0} and uy,_1 > 0 imply (U1 — @m)? > (Um_1 — Um)?, therefore

—/ (Upp—1 — ﬂm)Q do < —/ (Up—1 — um)Qd:U.

Noting that, outside of A,,, both u,, and u,,_1 vanish, we get

_/ (1 — )2 daz = — /Q(um1 —up)?de.

m

Returning to (Z223), we get the estimate for the time discretized term:
1
the right hand side of (E228) < 72 / (-1 — tm—2)* — (Um—1 — um)?]dz.
Q

Combining this result and the gradient term estimate (E221), we obtain

1 1

1 1
2 2 2 2
il — = —u )2+ =|Vu — 2V, 2| dz > 0.
/[hZ(um 1 — Um 2) h2(um 1 m) 2| m 2| 2’ m| ] =

Summing over m = 2,..., k, we arrive at

1 1 1 1 1 1
/Q[hz(ul —ug)? = 5 (k= wp1)? + 5 Vol + 5 Vur? = 5[V - 5yvu,ﬂ de >0,

which, after omitting the term |Vug_1]? > 0, yields the desired estimate.

O]

The following theorem is obtained by a standard argument from elliptic regularity theory. For

the sake of completeness, we shall briefly demonstrate it.

THEOREM 2.2.3 (Regularity). Assume, in addition, that ug,u; € L (Q) 00100’3‘0 (Q) for some

ag € (0,1), where u; := ug + hvg, and ug are non-negative. For every O cc (), there exists a

positive constant a € (0,1) independent of m, such that the minimizers @, + um,—2 belong to

C0(Q).
To prove this, we prepare two lemmas.

LEMMA 2.2.1. @y, + Upy—2 € L*(Q) for every m > 2.
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Proof. We use mathematical induction for m > 2 to prove that a,, € L*(Q) for every m >
2, and we get the boundedness of @, + upm—2 € L>®(Q) as a by-product. For m = 2, setting
Ys(u) :=u—0(u+uy— k)t € K, where u := g, (u+uy — k)" := max{u + vy — k,0}, § > 0,
k > max{2maxpq uo, 1}, we calculate the quantity Ja(1)s(u)) — J2(u), which is non-negative by
the minimality of u. Noting that S, (¢¥5(u)) C Sy (u), we have

0 < Jo(¥s(u) — J2(u)

[s(u) — 2u1 +uo|>  |u— 2uy + uo|?
= /Q< 2h2 - 212 )X32(“> du
1
+ - / (!Vzﬁg(u) + Vaug|? — |Vu + Vu0|2) dx.
4 Ja

Dividing by 4, letting 6 — 04, and setting Ay := {u + ug > k}, we get

-2 1
Og—/ W(u—l—uo—k)dx—/ |V + Vug|? d
ApNSa(u) h 2 Ja,
2 1
</ 7“LZI(u—i-uo—l{:)al:r—/ |Vu + Vug|? dx
AxnSa(u) P 2 Jay

C /1 , .1 1 )
< —( = — —1A J——
< h2(2/Ak(u+uo k) d:n—l—Q\ k\) Q/Ak\Vu+ Vug|* da,

where we have used Young’s inequality at the last line. Since k > 1, we get
/ \Vu+Vuo|2dx§C</ (u—i—uo—k)Qdm—i—kQ]Ak]).
Ay Ay,

Therefore, by [69, Theorem 2.5.1] which ensures the boundedness of the function, we find that
u+up € L*(Q) and hence u = uy € L®(Q).

Next, we assume that @ € L>°(Q) for all £ =2,...,m — 1. Since u = max{ug,0} € L>(Q) for
all k = 2,...,m — 1, by repeating the above argument with o, u1, ug replaced by U, Um—1, Um—2,
respectively, we get Uy, + um—2 € L>(Q2) for m > 2. Therefore, u,, € L>*(Q2). O

The lemma and our setting implies that there is a u > 0, which depends only on €, ug, w1, h
but not on m, such that supgq |t + tm—2| < p. Indeed, for fixed h, we can determine the number
M = M(h), such that T = Mh. Recall that, we use only the information about i, ...,%ns
in our minimizing step. By above lemma, the minimizers s, 3, ..., s has essential supremum
respectively, that is p, := supq |tUm + um—2| < co. Then, setting p := maxpy,...., urr, we get

Supq |, + tm—2| < p for every m =2, ..., M.

LEMMA 2.2.2. Fix d > 0. There exists v = (€, u,d, h) > 0 such that for U = £(ty, + tm—2),

1
/ VU dx < v 5 sup(U — k)% + 1} | Af |
A By

k,r—or (UT)

for all o € (0,1), B, C Q, and k with £k > maxp, U — d, where Ay, := {z € B,;U(x) > k}, and

B, is a ball of radius r.

Proof. For fixed m > 2, first we show the statement for U = @i, + up,_2. We set ¢ = 7% max{u+
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Um—2 — k, 0} in Proposition 3.2, where u := t,,, k is a real number with k£ > maxp,_ (u+ t,—2) —d,
n is smooth function with sptn C B,, 0 <n <1,n=1on B, |Vn| < 2/(r —s) in B, \ Bs, and
s=r—or € (0,7),0 € (0,1). Then, using the boundedness of w, w1, Unm—2, we get

— U _
OS_/ u um;+um 27’]2(U+Um_2_k)d$
Apr NS (1) h
1 1
- = / (Vu+ Vupm—2) - 2n)Vn(u+ wp—2 — k) do — = / VU + Vi—o*n* dz
2 Ak,r 2 Ak,r
11 2,2 2 Ay
< ClAg,| + |V (u~+ upm—2)|"n dz + 2 IVn|*(u + tpm—2 — k) dx
2 2 Ak,r Ak,r
1
- = / 'V + Vg _o|*n? dx
2 Ak,'r
<C[1+ ! sup(u + u —k)2}|A ]—1/ IV (u 4 U —2)|? dz
= (07“)2 Brp m—2 k,r 4 A, m—2 )
where the constant C' depends only on h, u, d, €.
Next, we prove the same inequality for U = — (@, + um—2). Note that —a,, is a minimizer of
the following functional:
2QUm—1 — Um—2 | 1
I (w) = / [0 4 2um 12 2| dx + / IVw — Vi, _o|* d.
NS, (w) 2h 4 Jo

in the set K™ :={we HY(Q); w = —ug on o0},

where S, (w) is defined to be the set {w < 0} U {up—1 > 0} U {uy—2 > 0}.
Now, for w := —yy,, we set ¢ := w — ¢ € K~ where ¢ := nmax{w — upy,_2 — k,0}, k is a real
number with & > maxp, (w — upy—_2) — d, and 7 is a smooth function chosen in the same way as

above. Then, by the minimality of w,

0 < Jn (@) = I (w)

—2 2 m—1 =7 Ym— 2
S/ ( (W + 2Up—1 — u 2)§+&>dx
QNS ()

2h? 2h?
W+ 21 — Up—2]|?
+ /Q 2h2 (Xs;(@ - Xsmw)) de
1 1
+ - / Vo — Vi _o|* do — / \Vw — Vg, _o|* dr. (2.2.9)
1 Jq 1 Jq

Note that the term in the third line is less than or equal to # fsptc |w + 2Up—q — um,2|2 dx,
since Xz (0) ~ XSz (w) is positive only for z satisfying 0 < w(z) < {(z). Therefore, noting that
spt ¢ C Ay, the first two terms on the right-hand side of (2229) are less than or equal to C|Ag |,
where C is a constant depending only €2, 4, d, h. Indeed, we consider the following term:

—2(w + 2Upp—1 — Upm—2) |2 1 9
¢+ —) dz + —— W+ 21 — w2 dr (2.2.10
/Qﬂsm(tp)< 2h2 2h2 2h2 SptC | | ( )
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The second term of (ZZZ0): since spt ¢ C Ay, by the boundedness of w, um—1, Um—2,

1

e W + 2Up—1 — Um—2|* dz < C(Q, M, h)|spt ¢| < C(Q, M, h)| Ay, |
spt ¢

hereafter Ay, :={z € B, : w(z) — um—2(z) > k}.
The first term of (22210): noting that this term is zero outside of Ay ,, we calculate: On Ay,

—2(’[1) 4+ 2Up—1 — um_g)
2h?

IC1* (—2w — dum—1 4 2um—2 + ()¢
CFop = 2h2
¢

T on?
e )

Now, by the choice of k, and definition of Ay ,, we have

{—2w — dup—1 + 2upm—2 + N(w — Up—2 — k) }

max(w — um—2) —d <k <w — Uy on Ay,

T

Since Ay, C By, the right hand side, is estimated:

< max(w — Up—2) < IIlBaX(’w — Um—2) +d

T T

Thus, we have |k — maxp, (w — upy—2)| < d. Since w — uy,—2 is bounded, | maxp, (W — Up—2)| < M.
So, we have:
k| <d+ |I%ax(w — Up—2)| < d+ M. (2.2.11)

Then, we get

/ Cdx = (dx
0 Apr

=/ n(wumzkmxs/ n(jw] + fum—s] + [K]) da
Ak,'r Ak,'r

< C(QvM’ d)|Akz,r|‘ (by (IZID]))
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Therefore, we have:

w+2um 1 — Unm— 2) |C’2
(The first term of (22210 <‘ /Qmsmw Oh2 ¢+ 2h2> dx’
NSy (9) 2h2 2h2
< / —2(w + 2Upp—1 — Um—2) ’CP ) dr
>~ Ak,T 2h2 2h2

¢yl )
S/Amhg{‘Qn—l“w+2‘um—l‘+(1—2n)|um_2|+2|k|n}d$

<C(Q,M,d,h) ¢dx (by (1.2) and boundedness of w etc. )
Ak,r

<C(Q,M,d,h)|Ag.r|.
In the end, we have the estimate for (22210) from above:
(m) < C(Q7 M.d, h)|Ak,7”’

Then, we continue the estimate (Z29) as follows:

1 1
0<Cl|Ak,|+ / (1—n)2|Vw—Vum2|2d:v—|—/ (W — U2 — k)2 V| da
2 J g, 2.Ja

k,r

1

- / IV — Vg, o dx
4 Ak,r

1 2
< C’Ak,r| + 2/A |V(w - um—?)‘z dx + (O_T)Q
k,r
3

- = / IV (w — t_2)|? da.
4 Ak,s

The last inequality, we use the following argument. Since (1 —n)? <1 -1,

/ (W — Uy — k) da
Ak,T

1 1
/ (1 —=n0)?|Vw — Vy_o|? dz < / (1 —=n)|Vw — Vi _o|? dz
2 Ak,r 2 Ak,r

1 1
= / |Vw — Vi, _o|* dz — / —n|Vw — Vg, _o|? dz
2 Ak, r 2 Ak,r

1 1
< / |Vw — Vit _o|? dz — / |Vw — Vi, _o|* dzx
2 Ak,'r 2 Ak,s

where we use the fact n =1 on Ay, and Ay, C A, in the last inequality.

Therefore, we get

8 1
/ |V (w — tp_2)|? dz < ClAy .| —|—9/ \V(w — tpm_2)|* dz + = 5 / (W — Upy_o — k)? da,
Ak,s Ak,T 3 (O-T) Ak r




CHAPTER 2. CRANK-NICOLSON MINIMIZATION SCHEME 1 38

where § = 2 < 1. By Lemma V. 3.1 in [33], we obtain

1
/ V(w0 — o) dz < C| A | + 5
Aks

2
3(0’7“)2/:4 (w—um_g—k) de',
k,r

which is the desired estimate for — (@, + Um—2). O

Proof of Theorem Z-Z3 Lemmas 2270 and 22792 imply that @ := Uy, + um—2 (m > 2) belongs
to the De Giorgi class Ba(, 1,7, d). Thus, by De Giorgi’s embedding theorem ([59, Section 2.6]),
T + Um—z € C%¥(Q) for some & € (0,1) which is independent of m. O

The above theorem tell us that the minimizer #,, is continuous on {2 because U, + Upm_2
is locally Holder continuous, and u,,_s is continuous. Thus, we can choose the support of test
functions within the open set {@,, > 0}, which leads to the following first variation formula for
I

PROPOSITION 2.2.2 (First variation formula). Any minimizer u of J,,,, m =2,3,..., M,

satisfies the following equation:

— 2y — m— m—
/ (u u h;—i—u 2¢_|_VU+;2~V¢> dr =0 (2.2.12)
Q

for all ¢ € C°(QN{u > 0}).

Proof. Since {u > 0} is an open set by Theorem 223, we can calculate the first variation of J,,
using u + ¢ with ¢ € C°(Q2 N {u > 0}) as a test function. Indeed,

(U + Q) — 2Upm—1 + Um_2|? 1
U — 2Upy—1 + Up—2|? 1 2
/ 20?2 Xsmw T Jo IVt Viim=2] )
2ep(u — 2 1
_/ il sk dm+/ 26(Vu+ Vi) - Viodz + O(e?),
0 2h 4 Jo

where O(£?) denotes (Constant) x £2, and we use the fact there exists g9 > 0 such that XSpm(uted) =
XSm(u) for || < eo. Thus,

Im(u+ep) — T (u)

0 = lim
el0 IS
- U — 2Up—1 + Um—2 U+ Up—2
= /Q < 02 o+V 5 V(;S) dz
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3.1 Existence of weak solution

In this section, we will construct weak solutions to Problem 1.1 in the one dimensional setting.

First, we state the definition.

DEFINITION 3.1.1 (Weak solution). For a given T' > 0, a weak solution is defined as a
function u € H((0,T); L2(2)) N L>=((0,T); HL(2)) satisfying the following equality, for all test
functions ¢ € C°(Q x [0,T) N{u > 0}):

T
/ / (—urpr + Vu - Vo) dedt — / vop(x,0)dz = 0. (3.1.1)
0 Q Q

Moreover, we require that u = 0 is satisfied outside of {u > 0}, and that u(0,z) = up(z) in Q in

the sense of traces.

REMARK 3.1.1. This weak solution contains two pieces of information, namely, the wave equa-
tion on the positive part {u > 0}, and harmonicity on the interior of the complement. If we assume
the above weak solution preserves energy and has a regular free boundary, we can formally derive
a free boundary condition solely from the definition of the weak solution. If we consider more
general settings, such as including an adhesion term, the problem becomes more complicated and

requires a different notion of a weak solution.

REMARK 3.1.2. If we consider the one dimensional case, that is, 2 C R is bounded open
interval, the function v € H((0,7T); L?(2)) N L*°((0,T); H}(Q)) is continuous on Q x (0,7, thus
we can take the test function ¢ with its support in {u > 0}. The continuity of u follows from the

following inequality:

1 1
u(@, t) = u(y, s)| < Cullull oo 0,1y ()17 = Y12 + Collul| Lo (0,713 ) Il 71 (0,722 () [ — 812

a.e. (x,t),(y,s) € Qx (0,T), where u(z,t) := [u(t)](z).

39
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In constructing our weak solution, we carry out interpolation in time of the cut-off minimizers

{um} of Jy,, and introduce the notion of approximate weak solutions. In particular, we define @"

and u” as the maps (0,7) — H'(Q) by

a"(t) = um, m=0,1,2,....M

() = t—(m—l)hum+mh—t

n Um—1, m=1,2,3,..., M

for t € ((m — 1)h, mh]. These functions allow us to construct the following approximate solution

based on the first variation formula (Proposition 2Z212).

DEFINITION 3.1.2 (Approximate weak solution). We call a sequence of functions {u,,} C

K an approximate weak solution of Problem 1.1 if the functions @” and u” defined above satisfy

/hT/Q (ug(t) —Z?(t— h)¢+vah(t) + @ (t — 2h) -V¢) dodi — O

2
for all ¢ € C°(Q x [0,T) N {u" > 0}),
uW"=0 in Qx(0,7)\ {u" >0} (3.1.2)

We further require that the initial conditions u”(0) = ug and u”(h) = ug + hvg are fulfilled.

If one can pass to the limit as A — 0, then the above approximate weak solutions are expected
to converge to a weak solution defined above. In the one-dimensional setting, that is dim Q) = 1,

by energy estimate (222H) in Section 3, we obtain the following convergence result, as in [51].

LEMMA 3.1.1 (Limit of approximate weak solution). Let @ C R be a bounded open
interval. Then, there exists a decreasing sequence {h;}32; with h; — 0+ (denoted as h again) and
uw€ HY(0,T); L?(2)) N L>((0,T); H}(£2)) such that

ul' = uy  weakly * in L=((0,T); L*(Q)), (3.1.3)
2

0,7
Vi — Vu  weakly x in L=((0,T); L*(Q)), (3.1.4)

up, =% w  uniformly on [0,7) x Q, (3.1.5)

where V means the spatial derivative, that is, V := %. Moreover, u is continuous on 2 x (0,7),

and satisfies the initial condition u(x,0) = ug(x).

Proof. Rewriting the energy estimate (2223) with @* and u”, we have
luf )12y + V@ ()72 < C for ace. t € (0,T), (3.1.6)

which together with the fact that u”" — ug has zero trace on 9 immediately implies (B1-3) and
(B14). Regarding (B-I3), we first prove the equicontinuity of the family {u} using (B18) and
the fact that, when Q is an interval, for any f € Hg(Q), we have

| Fllzec@y < Cll gy L1 oty
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Indeed, for any t,s € [0,7T)
[u" () = u" ()| Ty < Cll"(t) = u"(5) ]| 2 VU () = VU (5) 20

t
< c / () | 2y
< C|t—s|,

and thus, with setting u”(z,t) := [u"(t)](z),

W t) —dy9)] < (e t) — (D] + e 1) — (g, )
[ v ds\ T (g, 1) — (g, 5)|
Y

< IV oo o myiz2 ) o — Y|V + CJt — s,

Moreover, the uniform boundedness of the family {u"} follows as a by-product. Therefore,
invoking the Ascoli-Arzela theorem concludes the proof of (B13). O

The following lemma is needed to prove the existence of weak solutions.

LEMMA 3.1.2. Under the assumption of Lemma BI, define @w"(t) := 0 if t € (0,h], and
wh(t) := a"(t — 2h) when t € (h,T). Then,

V" — Vu  weakly * in L®((0,T); L*(Q)).
Proof. In the following argument, we omit the space variable x for simplicity. We fix U €

LY((0,T); L*(©2)) and extend it by zero outside of (0,7). The extended function, denoted again
by U, belongs to L'((—oc, 00); L2(R)). We calculate as follows:

T T
[ Vet @U@0 de— [ (Vul0). UO) 2
0 0

T—2h T
_ ‘ / (VA (£), U(t + 2h)) 10 dt — / (Vu(t), U(1)) 120 dt’
—h 0

T—2h T
< )/ <V’ELh(t), U(t + Qh) — U(t)>L2(Q) dt‘ + ‘/ <V’ELh(t) — Vu(t), U(t»Lz(Q) dt‘
0 0
T 0
+ ‘/T_2h<Vﬂh(t) — Vu(t), U(t)>L2(Q) dt‘ + ‘/_h<Vﬂh(t), U(t+ 2h)>L2(Q) dt‘
T
+| /T (VD) U(0) e ]
00 T
< c/ \U(E +2h) — U®)]|p2(cy dt + ]/0 (Vi () — Vu(t), U (1) 120 |
o T 2h
+ C/Tzh 10 (6)]| 2y dt + c/h WU (0)] 2 . (3.1.7)

where the constant C' is independent of h. Letting h — 0+, the second term converges to 0 by



CHAPTER 3. CRANK-NICOLSON MINIMIZATION SCHEME II 42

(BI4), and the remaining terms vanish thanks to the integrability of U. O

We now arrive at the following theorem:

THEOREM 3.1.1 (Existence weak solutions to Problem 1.1). Let Q be a bounded domain
in R. Then Problem 1.1 has a weak solution in the sense of Definition B11.

Proof. The proof is similar to that in [85] and [87]. Without loss of generality, we can consider

2= (0,1). By the definition of an approximate weak solution (B1=2), we have

/ /( _utt_h)g0+VUh(t)+Uh(t_2h)~ch>dxdt:0

2
Vo € C(ah) == C(Q x [0,T) N {a" > 0}),
u"=0 in Qx(0,7)\ {u" > 0}. (3.1.8)

We fix ¢ € C(u), where u is obtained in Lemma 5.1. Since w is continuous on € x (0,7), there
exists 7 > 0 such that u > 7 on spte. By Lemma BT, the subsequence {1} converges to u
uniformly, and there exists hg > 0 such that

for all h < hg.

h
t) — B <
(x7t)16%a>3((0,T) |U (x’ ) U(CE, )’ <

N3

Therefore, we have u” > u — [u? — u| > 1/2 on spt 1 for any h € (0,ho). Note that @(z,t) =
ul(x, kh) for any t € ((k — 1)h,kh], and @" > 1/2 > 0 on spt 1 for any h € (0, hg). This implies
that (BIR) holds for any test function ¢ € C(u) whenever h < hg. The time-discretized term can

be rearranged as

T (t) —up(t = h)
A

o(t) dt

— /Tu?(t)(p(t) plt+h) t—/ ul(t t+h)dt+ ' ul (t)p(t + h) dt.
0

h h

Hence, using Lemma BT and Lemma B3, and passing to h — 0+ in (BTI=8), we obtain

T
/ / (—urpr + Vu - Vo) dedt — / vop(z,0)dx =0 Vo € C(u),
0 Q Q

which was our goal. Moreover, by the construction, u = 0 is satisfied outside of {u > 0}, and that
u(0,2) = up(z) in Q. O

3.2 Numerical results for the one-dimensional problem

In this section, we present several numerical results for the equation
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The numerical computation in this section is due to Professor Yoshiho Akagawa of National Insti-
tute of Technology, Gifu collage. Main purpose in this section comparing the minimization of the

Crank-Nicolson type functional

| — 2Up—1 + Um—2]|?

Im(u) = /
QN({u>0}U{tm - 1>0}U{tm_2>0}) 2h?

1
da:+/ |V + Vg, | dx.
4 Ja

and the original discrete Morse flow method of [73], which uses the functional

U — 2Upy—1 + Upm—2|?

/Qﬁ({u>0}u{um—1>0}) 2h?

1
I (u) = dx + / \Vul|? dz.
2 Ja
In the numerical calculation, we simply use the functional I,,, without the restriction of the inte-
gration domain and the corresponding functional I,,, for the original discrete Morse flow method.

Subsequently, for a minimizer ,,, m > 2, of I, or fm, we define
Upy, 2= MaX{ Uy, 0}.

We regard u,, as a numerical solution at time level ¢ = mh. The minimization problems are
discretized by the finite element method, where the approximate minimizer is a continuous function
over the domain and piece-wise linear over each element.

In the one-dimensional case, equation (B22) has been employed in describing the dynamics
of a string hitting a plane with zero reflection constant. In two dimensions, the graph of the
solution may be considered as representing a soap film touching a water surface. Another important
application of this model is the volume constrained problem describing the motion of scalar droplets
over a flat surface (see, e.g., [87], and next section).

Having in mind the model of a string hitting an obstacle, let us first consider problem (B=2T)

in the open interval Q = (0,1), with the initial condition

4z 4+ 0.2 if 0 <z <1/4,

uo(z) := 4 :
— §(;c — 1)+ 0.2 otherwise ,

and vg = 0. Figure Bl shows the behavior of the numerical solution for both methods. For the
Crank-Nicolson method, the corners in the graph of the solution are kept, even as time progresses.
This is not the case for the discrete Morse flow method, where corners are smoothed.

t=0.00 t=2.50
0.5

Crank-Nicolson
Discrete Morse flow

Crank-Nicolson
Discrete Morse flow
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t=5.00 t=7.50

0.5 0.5
Crank-Nicolson
Discrete Morse flow

\/—

Figure 3.1: Numerical solution at four distinct times for the Crank-Nicolson method (blue) and

Crank-Nicolson
Discrete Morse flow

/N

the original discrete Morse flow method (red). The time step size is h = 1.0 x 10~ and the spacial

mesh size is Az = h.

Figure B2 shows that the free boundary condition u2 — u? =0 on Q x (0,7) N d{u > 0} is
satisfied when the string peels off the obstacle.

‘Crank-Nic‘oIson . Dis‘crete Morsé flow

Figure 3.2: The free boundary {(¢,z);u(x,t) = 0} corresponding to the motion in Fig. 1.

Figure B23 shows that the energy is lost when the string touches the obstacle, while the energy is
preserved before and after the contact of the string with the obstacle. For the sake of comparison,
we note that the energy of the solution obtained by discrete Morse flow decays even during the

non-contact stage.

Crank-Nicolson -
Discrete Morse flow

Figure 3.3: The evolution of the energy of the numerical solution for both methods.
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To test the energy decay tendency of both methods, we solved the problem without free bound-
ary with the initial condition up = sin(2n7x), and v9 = 0. It was found that, for the original dis-
crete Morse flow, energy decay becomes prominent with decreasing time resolution and increasing
wave frequency. On the other hand, as can be observed in Figure B4, the Crank-Nicolson method

preserves energy independent of the time resolution and wave frequency.

Crank-Nicolson
Discrete Morse flow

E(T)/E(0)

0.0001

Figure 3.4: Comparison of energy decay tendency for both methods using the initial data ug =

sin(2nmx) and vy = 0. Here, Ax = h is used.

Although the Crank-Nicolson method displays excellent energy-preserving properties, it ap-
pears to include an incorrect phase-shift, as is the case with the original discrete Morse flow. We

summarize the features of both methods in Table ZI.

| CN DMF

energy conserved  decays

free boundary condition holds holds
high harmonic wave preserved  decays
including constraints possible  possible
phase shift occurs occurs

Table 3.1: Main features of the two methods compared in this section.

3.3 Numerical results for higher dimensions and more general

problems

In this section, we investigate the energy preservation properties of the proposed scheme in the
two dimensional setting. In particular, the functional (ZZI) is used to approximate a solution
of the wave equation with initial conditions ug(z,y) = sin(mwz) sin(7wy), vo(x,y) = 0 and Dirichlet
zero boundary condition, where the domain Q = (0,1) x (0,1). The numerical computation in this

section is due to Professor Elliott Ginder of Meiji University.
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The functional value corresponding to a given function w is approximated using P; finite ele-
ments, We triangulate the domain {2 into a finite number of elements 2 = Uj»v ej, where each e; is

a triangular subdomain of . The approximation is as follows:

N
/\_2/\ _ ~ _ 2 v/\ v/\ _ 2
In(u) = E /<|u Umz}ll;Um 2| +| vt 4um 2| )dw
]:1 €j

where the notation 4 refers to the P; approximation of u restricted to an arbitrary element e. and
the functional minimization is performed using a steepest descent algorithm. Here ) has been

uniformly partitioned into N = 5684 elements. (as shown in Figure B3).

(w3,y3)

Figure 3.5: (Left) The triangulation of the domain = (0,1) x (0,1). (Right) A typical element.

Using several different values of the time step h, we compared the energy of the numerical
solution obtained using the Crank-Nicolson scheme with that obtained from the standard discrete

Morse flow. The total energy is computed using the finite element method on the functional:

lu—up_1]®  |Vul?

53@):/@(2 - + 5 )da:. (3.3.1)

The results are shown in Figure B@, where the time steps were h = 0.0005 + 0.005 x k, k =

0,1,2,3,4,5. Our results confirm the energy preservation properties of the proposed scheme.
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= Crank-Nicolson

discrete Morse flow

Figure 3.6: Comparison of the Crank-Nicolson scheme with the original discrete Morse flow. Time
is denoted by t = nh.

We have also used the proposed method to investigate the numerical solution of a more com-
plicated model equation describing droplet motions. The target equations correspond to volume
constrained formulations of the original problem. In particular, volume and non-negativity con-

straints are added to the functionals by means of indicator functions:

4 1 w—2ul,_+ul, 5% 1 ; i,m
j;n(u)ZQ/Q(’ mhg 2 +2|vu+vu;n2|2+> do + Uy (u) + U (u),  (3.3.2)

where each indicator function is defined as follows:

0, ifu(zx)>0for LN-ae. z€Q :
W) = = W -
00, otherwise 00, otherwise.

0, if [qu(z)de ="V},

Here V!, denotes the volume of droplet i at time step m.

By minimizing functionals 7, for each droplet, we are able to compute approximate solutions
to the volume constrained problem. The results are shown in Figure BZ1. For each 4, the initial
condition is prescribed as a spherical cap, and we observe the droplets oscillate while coalescing

into larger groups.
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Figure 3.7: Crank-Nicolson type minimizing movement approximation of droplet motion. Time is
designated by the integer values within the figure (the initial condition corresponds to number 1)

and the free boundary is illustrated as the black curves.
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Mean curvature accelerated flow
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4.1 Theory of moving hypersurface

We prepare some notations about the theory of moving hypersurfaces from [66]. First of all, we

recall the definitions of basic notions for C*-class hypersuface in Euclidian space.

DEFINITION 4.1.1 (C*-class hypersurface). Let k € N. We say a subset I' C R? (d = N or
N+1)isa C*-class hypersuface in R if for each € T, there exists,

O : a nonempty bounded domain in R¢
U : anonempty bounded domain in R%~! (4.1.1)
o € C*U; RY)

such that z € O and they satisfy the following conditions:
¢ :U — T NO is bijective, and rank (Vi p(£)) = d — 1 (V€ € U). (4.1.2)

We also define the following set which can be said the set of all local embedding C*-coordinate of
the hypersurface I':

Cr(T) :={(O,U,p) : (O,U, ) satisfies (A1) and (E12)}.

DEFINITION 4.1.2 (C’-function on hypersurface). Let £ € N and £ be an integer with
0 < ¢ < k. For a C*-class hypersurface I in R? and a function defined on I', we say f is C*-class
function on I if f o € CYU) for any (O,U, ) € Ci(T'). The set of all C*-class functions on T' is
denoted by C*(T").

Let us consider a C* (k > 2) -class hypersurface I'. Then, we define the mean curvature at
x € I' in the direction of the unit normal vector n(z), denoted by x(z), and it is known that these
quantities do not depend on the local coordinate. We remark that the mean curvature is defined by
the sum of the principal curvatures, not the average of them. If we have local graph representation
for ', that is, T' is locally represented by {(&,w(¢)) : € € U : some domain in RNY=1} for some
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smooth function w : U — R, the unit normal vector and the mean curvature can be represented

(=Vew(§), 1) Vew()

n(m) = s lﬂ‘,(l’) = leg ( )7 T = (éaw(f))a
V1 Vew(©)? L+ [Vew(&)[?
respectively. We also use the sign convention for the mean curvature such that x = —% ifl"is a

circle with radius R.

For a given T' € (0,00], we set the time interval Z := [0,7). Let (I't)iez be the family of
time dependent of nonempty oriented (N — 1)-dimensional hypersurface in R"Y. We define moving
hypersurfaces in RY | denoted M by ;7 (T's x {t}) that is, (xo,t) € M means that z¢ € I'y,, and
M is a subset in RN x T.

wn = (- -n)n K

M= Uper (T x {t})

S— VR ()

n >
/ C

— T, % {0)

Figure 4.1: Mean curvature, and Normal velocity Figure 4.2: Moving hypersurfaces

For each (z,t) € M, we can consider the unit normal vector n(z,t), x(x,t) as the unit normal
vector and the mean curvature at x € I'; respectively. Hereafter, we assume that M is C'-class
N-dimensional hypersurface in RVt and n € C'(M,RY). We say that y is C' trajectory on
M if y € CYHZo,RY) with y(t) € Ty for t € Ty, where I is subinterval of Z. Then, for each
(z,t) € M, we define the normal velocity v(x,t) by y'(t) - n(z,t). Remark that v is well defined,
that is, v does not depend on trajectory y (see [66], Theorem 5.5). Also, we point out that v
does not depend on the local coordinate. By using the standard theory of ordinary differential
equations, it is known that for any (zg,tg) € M, there uniquely exists C! trajectory y such that
y'(t) = v(y(t),t)n(y(t),t) (see [66], Proposition 5.8). Such y is called the normal trajectory on M
through (xq, to).

Next, we introduce the notion of the normal time derivative. This gives the answer for the

question that what does mean the time derivative of the functions f(x,t) on M.

DEFINITION 4.1.3 (Normal time derivative). Let f € C1(M,R¥), k =1,...,N + 1. For
(xo,t0) € M, and the normal trajectory y on M through (xg, to),

Def(wo,to) = S ru(t). 1)

t=to

D, f is called the normal time derivative of f on M.
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The normal time derivative is introduced by W. D. Hays [24] and T. Y. Thomas [83] indepen-
dently. The mathematical definition is established by E. Guritn, A.Struthers, O. Williams [42].
Remark that D, f does not depend on trajectory because the normal trajectory is unique, and even
if a function does not depend on time variable, the normal time derivative may be not zero. For
example, for identity map on M, y(z,t) := x € RV*! we have Dyy = vn on M. Intuitively, this
example says that the time derivative along the normal line of the position is the normal velocity.
Also, by definition of normal time derivative and the classical chain rule, we have Dy(f?) = 2f D, f
for any f € C'(M,R). The notion of the normal time derivative can be considered the analo-
gous of the material derivative in the fluid dynamics as mentioned in [22]. It can be understood
through the following formula. For f € C'(Q) where Q is an open neighbourhood of M in RV+1,

the normal time derivative can be expressed as follows:
Dif(x,t) = fi(x,t) + v(z, t)V f(x,t) -n(x,t) for (x,t) € M. (4.1.3)

We conclude the preliminaries with following useful formula, so called the transport identity :

THEOREM 4.1.1 (Transport identity). Let f € C'(M) and T'; be compact for all ¢ > 0,

then i
— | flz,t)daN = / (D f — frv)da™N 1L, (4.1.4)
dt I T

In particular, if f = 1 we have the well-known first variation formula of the surface area,

%%Nfl(rt) = —/F kv dAN L (4.1.5)

4.2 Previous research of mean curvature accelerated flow

In this section, we will review the hyperbolic mean curvature flow equation. M.E.Gurtin and P.
Podio-Guidugli [d0] firstly treated the following equation for plane curves as the mathematical

model for the melting or crystallizing of helium crystal,
p(0) D + B(0)v = [v(0) +¢"(0)]k — f on Ty (4.2.1)

where p, 5,1 is physical quantities describing the effective density, the kinetic coefficient, the
interfacial energy respectively, and f is a driving force for crystallization, and I'y is smooth, simple
closed curves in R?. In their situation, the crystal is modeled by an enclosed area by I';. Here, 6 =
O(z) (xz € T'y) expresses the angle with n(z,t) = (cos0(x),siné(z)), 7(z,t) = (sinf(x), — cosf(x)),
where n, 7 are the unit normal vector, unit tangent vector respectively. Quite roughly said,
measures how much tilted does n to zj-axis. M.E.Gurtin and P. Podio-Guidugli derived the
equation from some balance laws, and study some simple solutions e.g. the radial solutions for the
isotropic crystal.

When we assume that p, 5,1 are constant, that is, the system is isotropic, and the absence

of driving force (f = 0), with appropriate rescaling with respect to ¢, the equation (E=2) can be
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reduced
Dw+cv=x on I} (4.2.2)

where v is the normal velocity, ¢ is a constant. H.G.Rotstein, S.Brandon, and A.Novick-Cohen
gave the crystalline algorithm for the equation (E223) for the closed polygonal curves in [75].
On the other hand, M.Kang treated the following equation as the mathematical model for the

motion of bubbles with various situations with numerical results by the level set method [44].

du d
ME:—pn—ann+f—uu(v‘u—n-Du~n)—ud—': (4.2.3)
where u is velocity vector, % denotes the material derivative, that is, % = % +u-V. The notions

1, p, o, f denote mass density, a factor related on the pressure, surface tension, additional sources
of momentum. We can get the vector version of the hyperbolic mean curvature flow equation
‘é—’t‘ = kn as the special case of ((223). In his method, however, it is not clear how the ideas can
be extended more general settings.

Over the last two decades, it was started to generalize these equations in the point of view of the
differential geometry by C.L.He, D.X.Kong, K.Liu, and P.G.LeFloch, K.Smoczyk independently.
Let us explain in the one-dimensional, that is, planner curves settings for simplicity. First, He,
Kong, and Liu prove the unique short time existence smooth solution of the following hyperbolic
mean curvature flow equation in [43].

Ve = KT (4.2.4)

here, v : (0,£) x [0,T) — R? is a family of smooth curves. The equation (E=2) can be interpreted
a vector version of the equation Div = k which is the equaiton (E=22) with ¢ = 0. LeFloch and
Smoczyk [61] stated from deriving the following equation by calculating the first variation of the

action containing kinetic and internal energy terms.
Vit = ekm — Ve (4.2.5)

where e := $(|v;|? + 1) is the local energy density, and Ve is defined by

2
e (o )

LeFloch and Smoczyk gave the weak solution in the sense of graph solutions for another type of
hyperbolic mean curvature flow equations with one dimensional setting. Moreover, the following

type of equation, so-called hyperbolic Monge-Ampere equation is investigated in [57], [b8],
Y = kn — Ve.

On the other hand, the numerical treatment for the equation including the multiphase settings
is developed by E.Ginder, K.Svadlenka in [36]. Their method is called hyperbolic MBO-algorithm
which is based on Merriman-Bence-Osher algorithm for a numerical scheme of mean curvature

flow equations via level set approach developed in [65]. Quite roughly said, they solve the wave
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equation uy; = Aw under the suitable initial and boundary conditions up to small-time 7, define
the next time step curve 7 as zero level set of u(-, 7). Repeat this procedure up to the final time

T. More precisely, the algorithm of hyperbolic MBO is shown as follows.

Hyperbolic MBO algorithm for closed curves

Given : initial curve 7y, its normal velocity vg, a final time 7' > 0, and time discretize size
7 = T/M for the numerical E-HMCF equation (628) , N and ko are positive integers. We will
solve the equation (EZM) up to t = k,7 (see the following Stepl, 3). Firstly we extend vy to a
neighborhood of v e.g. using the orthogonal projection on ~.

Step 1. For t € [0, ko7| solve the initial value problem:
u(z,t) = Au(z,t), u(z,0)=do(z), w(x,0)= —vo(x)
where dj is the signed distance function for «y which is defined by

dist (z,7v0) x€Qf

do(x) :==1%0 T €Y
—dist (z,7) z € €y.
here 2 is enclosed area by 79, and f :=R?\ (2, Uo).
Step 2. Define ~; as the zero level set u(-, koT).
Step 3. For n=1,..., N — 1 repeat

Step 3.1 For t € [0, kg7] solve the initial value problem:
u(z,t) = 2Au(x,t), u(z,0)=2d,(z) — dp—1(x), w(x,0)=

where d,, is the signed distance function for ~,.

Step 3.2 Define 7,41 as the zero level set u(-, ko7).

They provided formal justification and the error estimate in the case of the circle for the hyper-
bolic MBO-algorithm. They also treat the multiphase version of the hyperbolic MBO-algorithm.
By replacing the solving wave equation in the above Step 1, Step 3 by the minimizing movement
method e.g. discrete Morse flow method, it can treat that the volume constrains problems. See
[36], [88]. Another numerical simulation for the following hyperbolic mean curvature flow equation

which is related to the motion of the relativistic string,
D = (1 -1k,

is treated by Bonafini [[6]. Moreover, another numerical approach to access the multiphase motion

and volume-preserving problems is developed by S.Ishida et. al. [4J].



Chapter 5

Acceleration and surface evolutional

energy

5.1 Properties of acceleration

We define the acceleration of the surface as the normal time derivative of the normal velocity.
That is,

DEFINITION 5.1.1 (Acceleration of surfaces). Let M be moving hypersurface in R,
v € CY(M), Then, for (z,t) € M, we define

a(z,t) := Dyo(z,t).

We remark that this acceleration capture only to motion in a normal direction. For example,
consider the rolling circle with constant speed. This circle remains the same shape, and thus the
normal velocity is equal to zero everywhere, any time, but the tangential velocity is not equal to
zero, so the normal acceleration is. Then, a = 0 since v = 0. Thus, in general, the acceleration
a = Dyv does not coincide with the normal acceleration. However, in the case of that the tangential
velocity is equal to zero everywhere, any time, we can regard D;v as the normal acceleration in
the sense of the normal time derivative of the normal velocity. In the following subsections, we
investigate the properties of this acceleration and see that our observation is correct in the next
section.

Now, we derive the relation between acceleration a = Dyv and the classical acceleration which
is defined by the second time derivative of position, & in the case of the closed curves in R?. Let I';
be a closed curve, that is I'y = {y(9,t) € R? : 9 € [0,£]}. We also set that 7 : [0, /] x [0,T) — R2,
7:00,6] x [0,T) — R2, % : [0,£] x [0,7) — R be unit normal vector, unit tangent vector, mean

95
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curvature respectively, and

0:[0,4] x [0,00) = R, 0:="-n,

1
10,4 x [0,00) > R, & :=1+4 |l

™

w:[0,0] X [0,00) > R, W= T

be normal velocity, energy density, tangential velocity respectively. We remark that the velocity
vector ¢ has the decomposition v = vn + w7. By directly calculation, it is easy to see that the

normal acceleration 4 - 1 satisfies the following formula,

1
%t‘ffz:@ﬁm@’mw. (5.1.1)
Y
Although we distinguish them and the notions for moving hypersurface i.e. v, n, x, we have
the following relations: Fixed (zo,t0) € M := ,cz(I' x {t}), if 2o = v(¥, o) for some 9 € [0, /],
then

(¥, o) = n(xo, to),
R(¥,to) = k(xo,to),
17(19, t(]) = ’U(l‘o, tO)-

For the third equality follows from that we can take (1, -) as C'* trajectory through (o, to) and the
first equality. We now assume that the tangential velocity w is equivalently equal to zero. Then,
since y; = 07, we can take (1, -) as C! normal trajectory through (zg,tp). Thus, by definition of

the normal time derivative, we get the following the relation.

= i)

d
DtU(CC[),t()) = 71}(7(197t)7t) dt

dt = f)t(ﬁutO)‘

t=to

t=to

Since 7y - 1 = 0 by (1) and w = 0, we have
Dtv(l'o, tg) = DtU(’y(’lg, to), to) = 'Ytt('ﬂa to) . ’Fl(ﬂ, tg).

We can generalize this result for the parametrized surfaces. To check this, we have only to do
minor change for the above argument. Let I'; be a parametrized (N — 1)- dimensional surface,
that is I'y = {y(9,t) € RN : 9 € U ¢ RV~1}. Since I'y has (N — 1) tangent vectors 71, 72, ..., TN_1,
we define tangential velocities w; : U x [0,00) — R by @w; := ;- 7; foreach i = 1,.... N — 1. As a
same above, the velocity vector v; has the decomposition v = vn + Zfi}l w;T;. Direct calculation

shows the normal acceleration -4 - i satisfies the following formula,
N1
Y=+ Y (mf/wi + 7},
i=1

Remaining calculation and argument are same as above.
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Graph representation

Here, we give the representation of the acceleration of surface Dyv when the surface I'; is the graph
or the zero level set of some function.

We assume that

Iy ={(&w(t) : £eUCRY)

for some sufficiently smooth function w : U x (0,7) — R. Then, the normal derivative v, the unit

normal vector are given by

(=Vew(&, 1), 1)
V1+ [ Vew(E, D)

wt(g’t)
VI+ Vew(E O

v(z,t) = n(z,t) = (5.1.2)

for z = (§,w(£,t)) € T'y. We calculate the Dyv(xg,to) for g € I'y,. By the definition of the time
normal derivative,

Div(ao, to) = o(y(t), 1) (5.1.3)

dt t=to
where y is the normal trajectory through (xg, to) i.e. ¥/(t) = v(y(t),t)n(y(t),t). Remark that when

we put y(t) = (n(t), w(n(t),t)), from the normality of y, we get

10 = 1 e g 0D Ve, ). (5.1.4)
Then we can calculate
d d wi(n(t), 1)
R Vi FTOR
1 d
= T ot O YL+ Vew @), 0P

— wn((0), ) 5T+ [Vewln(o), )

1 d
= Vvt @ 00)

1+ |V£wl(77(t),t)l2 <wt(”(t)’t)%\/1 + IVew(n(®), t)) (5.1.5)

Before continue to a calculation after (b13), we will calculate the following:

d

S (n(), 1)) = Vewn(n(t), )7/ (2) + walu(t), 1)
—wi(M(t), ) Vew(n(t),t) - Vewe(n(t),t
- ) 1)+£\VSZU((7)7(75;,1&)§ D oo (5:16)
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&S Wewln(o), f? = HJVwmwﬁwiawmmmwﬁ

VI Nt 0F
{Vun().t)- aawm@>>4@>+vawmuxnﬂ
_ Vew(n(®),) - (VZw(n(t),t)n' () L Vew(n(t),t) - Vew(n(t), )

Vit IVaw( (®), 1) V14 Vewn(t), )P
_ —wn(t), ) Vew(n ()7 t) - (Vew(n(),t)Vew(n(t), 1))
(14 [Vewmn(®), ) /1 + [Vewn(t), )

Vew(n(t),t) - Vfwt( (1), 1)
V1+[Vew(n(t), 1))

(5.1.7)

where ng denotes the Hessian matrix of w and we used (514). Since

w0 = y(to) = (n(to), w(n(to), o)) = (&0, w(&o,t0)),

by combining (613), (B1W), (51-1), we get

Wit wVw (thQwVw

_|._ .
VI1I+[Vwz  (1+ |Vaw|)3/2 1+ |Vwl|?

where we omitted the variables (xg,ty) in the left hand side, and (&, o) in the right hand side.

D = - 2th) (5.1.8)

Level set representation

Next, let T'; be a zero level set of some sufficiently smooth function u : RV x [0,7) — R, that is
= {z e RY : u(z,t) = 0}.

At first, concerning the normal velocity v and the normal vector by the standard theory of the

level set method, we have

ug(x,t)
|Vu(z,t)]’

Vu(z,t)

vt = V(.

n(x,t) = — (5.1.9)
for x € I'y. We can calculate the D;v(xg, o) for xg € I'y, in the same spirit of the previous section.
By the definition of the time normal derivative and the first identity of (6221),

Dyv(zo,to) = —v(y(1),t)| (5.1.10)
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where y is the normal trajectory through (xg,to) i.e. ¥'(t) = v(y(t),t)n(y(t),t). We then calculate

70D = F R0l <>,t>r

= e e O DT ula). ] = a6).) V(). )]

1 d 1 d
— W(%(w(y(t),t))) - W<ut(y(t),t)%|Vu(y(t),t)|) (5.1.11)

Before continue to a calculation after (bI11), we will calculate the following:

D (1).1) = ey, 1) -4/ (8) + wely(0). ), (5112

G0, = o (Tuu(0).0) - () + uly(6).0)
| Vuly(t),t) - (Vuly(®), 0y (1) . Vuly(),1) - Vurly(), 1)
ORI Gl Vuly(0), ) N
un(y(t), 1) w(y(t), )Vauly(t),t) - (Vuly(t), )y’ (1)  2u(y(t),t)Vu(y(t),t) - Vue(y(t),t)
Vuly(0),0)] Vuly(@), O Vuly(t), OF
C nly0).0) | g0V uly(2). 1) (Vuly(t), 1 Vuly(0), )
Vuly(t),0)] Vuly(@), )
2us(y(6), ) Vuly(t), 1) - Vualy(t), 1) _—

[Vu(y(t), 1)

The second, and last equality follows from the normality of y, that is 3/(t) = v(y(t), t)n(y(t),t)
and (620). By (bM), (6114d), we have:

u (o, to) ug (o, to)2Vu(zo, to) - (V2u(wo, to) Vu(zo, o))
[Vu(zo,to)] [Vu(zo, to)|?
 2ug(wo, o)) Vu(zo, to) - Vur (o, to)

[Vu(zo, to)?

Dyv(zo,t0) =

Omitting the variables (zo, to),

2 2
Ut uiVu - (VuVu)  2uVu - Vuy
Dy = — 5.1.15
S 2 VP 119
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5.2 Variational formula of acceleration

We consider the weak formulation of the acceleration Dyv. For the purpose, firstly we recall that

the normal velocity is characterized via the variation of weighted surface area, that is,

4 pdAN ! :/ v(Vo-n)+ ¢y — pvrdA N1,
dt Jr, I,

for ¢ € CH(RYN x (0,00)) under the assumption that I'; is compact for all ¢ > 0. This is one char-

acterization of the normal velocity given by Brakke [20]. We can find other characterization based

on the distribution for the sets of finite perimeter by Luckhaus—Sturzenhecker [63] and Mugnai—

Seis—Spadaro [66]. Here, following Brakke’s idea, we will try to characterize the acceleration via

the time derivative of the integral quantity on the surface.

We now consider the time derivative of
/ vpdANt for ¢ € CHRY x (0,00) : Rxg).
I

This quantity can be regarded as the weighted normal momentum of I'y. To un-change the sign of
this quantity, we restrict the codomain of the test function ¢ to the set of the non-negative number

R>o. Then, we can get the following variational identity.

PROPOSITION 5.2.1 (Variational identity for acceleration). Let M = J,.7I't x {t} be
a moving hypersurface in RV, Assume that I'; is compact for all t > 0, v € C* (M), put a := Dyv.
Then, for ¢ € CHRY x (0,7) : R>o),

4 vpdA N1 :/ ad+v(wVe -n+ ¢) — v daN 1
dt I I

or equivalently,

/ vpdA N1
It

t2 to
:/ / ad+v(wVe-n+ ¢p) — pv’kdaN 1 dt, (5.2.1)
t=t 1 JIy

for tq,t € [O,T) with t1 < ts.

Proof By extending ¢ with ¢(-,t) := 0 for ¢t € (—o0,0]U[T, 00), we have ¢ € C1(RN*1), especially
¢ € C1(M). Thus, we can apply the transport identity (B2I4) for v¢ € C*(M) and the derivative
formula (B123) to conclude the proof. O

Observing the equality (6221) in Proposition 62271, for this equality (6221) to be meaningful,
it is sufficient that the normal velocity and the mean curvature are locally 3-th power integrable
with respect to N1, xdt. Here, we say that the function f = f(z,t) (x,t) € M, is locally
p-th power integrable with respect to V1|, xdt if for any compact set K Cc RN+,

/ |fIP doN L dt < oo
KNnM
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In fact, if so, by applying Holder inequality with p = 3/2. ¢ = 3, to get

to
/ / oo’k dN " dt < L/ (v2k|ds? Nt dt
t1 JTy Spt ¢NM

1 1
gL(/ |v2|pd<%”N_1dt>”(/ |m|qd<%ﬁN_1dt)q
Spt ¢ N M spt ¢ N M
2
3

|
h
VN
o
3
o+
©-
)
<
=
—
X
=
—
Q.
~
N—
/N
o
3
-+
©-
)
<
=
Tw
N
2
,_.
Q.
~
N———
W=

where L := supgn (o7 || < co. Also, other quantities

to to
/ /vaqbdjzﬂNldt, / /v(vng'n—l-Qf?t)dijldt
t1 JTIy tp JI'y

are finite under these assumptions and additional assumption, a = D,v is locally integrable.
By using this formula (622), we can characterize the acceleration Dyv in the following sense.
Suppose that a function a : M — R satisfies the following identity,

to
/vgbd,%”N | / /a¢+mv¢ n+ ¢;) — pvirdN "L dt,
I

by combining with (B=21), we have

to
/ / (@ — Dyw)pdaNLdt =0

for all test functions ¢ € CH(RY x (0,T) : R>g). Then, we can get

a=Dw #NTx #Lae on M.

5.3 Surface evolution energy and its first variation

In this section, we introduce the surface evolution energy and derive its first variation formula. It
directly follows from the calculation of the time derivative of the surface evolution energy. Before

deriving this, we define the surface evolution energy for time-dependent surfaces I';.

DEFINITION 5.3.1 (Surface evolution energy). Let M = [J,.7(I'y x {t}) be a moving
hypersurface in RY. We define the surface evolution energy E(t) by a sum of the surface area and

the normal kinetic energy, that is,

1

/ v(-, ) dN L (5.3.1)
Iy

E(t) .= 2V 1 (Ty) + 5

In this stage, we simply consider the surface density as a positive function which means a mass

per unit surface area, and consider the case of the constant surface density p, especially p = 1 for
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simplicity. This quantity (623 is a corresponding the energy for the wave equation with zero

Dirichlet boundary condition, that is,

1 1
/ ]Vu\%lx%—/ ug|? de,
2 Jo 2 Jo

for function u : @ x Z — R, @ ¢ RM. In the following remark, we see the another physical

interpretation of the surface evolution energy.

REMARK 5.3.1 (Physical interpretation of surface evolution energy). We would like to
give another physical meaning of the surface evolution energy. Consider the phenomena of shifting
acrylic rod by surface tension of a soap film (see Figure 6). We set physical parameters, o > 0
is a constant surface tension, m is the line density of the acrylic rod, that is, mass per unit length
of the acrylic rod. For simplicity, we consider reducing to one dimension setting (Figure b2). Set
£(t) as the position of the acrylic rod with the initial conditions £(0) = £y, #'(0) = 0. By Newton’s
second law, we have

ml"(t) = —o. (5.3.2)

Now, we consider the following energy:

Ep(t) := o (Ty) + % / pv?dAt + %mﬂ’(t)Q.

Iy
If 0 = 1, this quantity Ep(t) is exact the surface evolution energy F(t) except the last term, that
is boundary term OI';. We can regard Fp(t) as the surface evolution energy for Dirichlet boundary

condition.

~ / frame

Acrylic rod ) . . )
Figure 5.2: One dimension version

Figure 5.1: Shifting acrylic rod

Since ¢'(t) = —(o/m)t < 0 for t > 0 by (62332), the area energy 0. (I'y) = o/(t) is decreasing.
On the other hand, noting that the normal velocity v = 0, we then calculate the time derivative

of Ep as follows:
%ED(t) - %(Jﬁ(t) + %mﬁ’(t)2> = ol'(t) + ml ()" (t) = ol'(t) — ol'(t) (by (E32))
=0
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Therefore, the energy Ep(t) is conserved. This real phenomenon shows that the decreasing of area

energy is changed to the increasing of kinetic energy on the boundary.

Next, we calculate the first variation formula for the surface evolution energy in the case of

compact surfaces.

PROPOSITION 5.3.1 (First variation formula for the surface evolution energy). Let
M = Uz Tt x {t} be a moving hypersurface in RY. Assume that I'; is compact for all t € Z,
v € CY(M), put a := Dyv. Then, we have:

d 1
—(%”N_l(f‘t) + - / v? d%N_1> = / v(a — ke) dAN 1 (5.3.3)
dt 2 Iy T
where .
e(z,t) =1+ iv(az,t)Z.
Proof. Apply the transport identity (E14) for v? to get
d
- v?2da Nt = / (2uDyw — prv3) dAN 1 (5.3.4)

dt I: I:

where we used D;(v?) = 2vD;v. Combining (E2I3), (5234), we have

d d 1
—Etz—( N-1p / 2, N71>
alW =g\ T +g | vdx
1
= —/ ko dA N 4 / (2uDyw — k) dN 1
Ft 2 Ft
1 1
= / U(—H + Dyv — fm)2> d# N1 = / U{Dt’U — (1 + *UQ)H} d%N_l,
I, 2 I, 2
by recalling the definition of a and e, this concludes the proof. O

Moreover, we can generalize this identity by considering the weighted energy as follows.

PROPOSITION 5.3.2 (First variation formula for weighted energy). Under the same

assumptions as in Proposition 2.2, for any f € C'(M), we have:

i( fdaANt 4+ 1 fo? d%”N_l) = / eDif 4 fola — ke) d#N L, (5.3.5)
dt I 2 I I

Proof Applying the transport identity (E14) for fv? € C1(M) to get

4 fo2da Nt = Dy(fv?) — (fo®)kvds N1 = / 2Dy f + 2fvDw — frod doN L

dt ry Tt Iy

After direct calculation, we attain the identity (5=33). O



Chapter 6

Energy conserving mean curvature

accelerated flow

From this chapter, we consider the following the initial value problem for the energy conserving

hyperbolic mean curvature flow equation.

Problem 6.0.1 (Energy conserving mean curvature accelerated flow equation). Let 'y
be a given (N — 1)-dimensional hypersurface in RY, and vg be a given C* function on I'y. Find a
moving surface in RY, M := J,.7(I'y x {t}) such that

DtU
1+ 302
v(+,0) =vo(-) on To. (6.0.2)

=x on I}, (6.0.1)

Firstly, we consider the motivation for this equation from the motion of planner curves.

6.1 Motivation

The motion for planer curves

For the time-dependent planer curves, we can derive the governing equation by calculating the first
variation of the action integral up to finite time 1" > 0. We use the notion of section5.1. Define
the action integral for + : (0,¢) x (0,7) by

where

g el 4
Jr(y) = dsdt, Ji(v):= dsdt.
0 Jan 2 0 Sy

For any the test function ¢ € C°((0,£) x (0,T) : R?), we can calculate the first variations of J;

T
= / / R(p - n)dsdt (6.1.1)
e=0 0 7('7t)

64

and Jg as follows,

d
£J1(7+5g0)
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d
d—JK(’Y—i-ecp)

/ / Vit + ’yt RoUv: + — | ‘ T+ (6— 1)f<m} - pdsdt (6.1.2)

where 7 is the unit tangent vector, the notion of prime ' means the spatial derivative. For (E1),
it follows from the direct and simple calculation. Let us explain the derivation for (612) since

this calculation is also direct, but complicated a little. Now, we calculate as follows.

d d [T 1 5
—Jg (v +ep) = — —|v + epr|* ds dt
de e=0  deJo Jy(p) 2 —o
d Tt 1 211 !
== §Wt+580t| [V +ep'| dd dt
€Jo Jo e=0
T L / /
1 .
=/ / Y puly | + 5 ul? T dg dt
o Jo 2 ']
T rt !
1 ¥y
__/ / (‘7/|7t)t'90+{§‘7t‘2m} ~pdddi
o Jo Y
where the last term follows from the integration by parts. By noting that %]% 2‘% =(e—1)7, we

continue the calculation.

T é !N
:—// |’Y/|’7tt+7| ,rt%‘i‘{(é—l)%}/}‘%’dﬁdt

!
= / / Vit — Koy + ‘j I T+ (6— 1)/<m> pdsdt
Therefore, by (611), (B12),
d
7+ 690)
é/
Vet + Ve + T4+ (6 —2)knp - pdsdt. 6.1.3
// ”M )tm()} (6.1.3)
Thus, since the desired curve v holds by (E1=3)
4 ytep)| =0
dE r}/ SO —o -

for any ¢ € C°((0,£) x (0,T) : R?), we have

=~/

o~ € . o~
%H—(’ > mv)yt—i-mT—l—(e—Q)fm:O
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Recalling v = on + w7, é = %Mz + 1, and if we consider the normal flow, that is, @ = 0, we have

more simple equation
~/

When we consider this equation for closed curves, we have the following the proposition.

PROPOSITION 6.1.1 (HMCF equation for the closed curves). Let v : (0,¢) x [0,T) — R?

be a closed curves with zero tangential velocity and a solution of the equation

~/

Then, we have the following.

(i) A solution of the equation(61=3) conserves the following quantity,

1
/ ds + / Ive|? ds.
(1) 2 Sy

This quantity is exactly the surface evolution energy F(t), which is defined in Section 5.3

(ii) Let M = Uo7 7(+ 1) x {t}, then M is a solution of the equation of the following equation:

Dt'U
e

Proof. By multiplying the unit normal vector 7 to both side of the equation (E1H), the solution
of the equation (BI3) satisfies
Vit -1 — ek = 0. (6.1.6)

d / N / -
— éds = (eds),
dt Jy. A)

we have only to show (éds); = 0. By the assumption w = 0 and (E18), we have

(i) Since

_ 4
" dts

1 - - - s
€t <§|’Y’2) =Y -y = (00) -y = 0(yu - 1) = VRe.
Noting that (ds); = |7/| 71 (@' — &0|y'|)ds, to gat

(éds); = éids + é(ds); = (vké)ds + é(—kv)ds = 0.

(ii) Since w = 0, we saw that Dyv(y(9,t),t) = (9, t) as in Section 5.1. Also, by e(y(9,1),t) =
é(v,t), and k(y(9,t),t) = &(9,t), (6IM), the conclusion follows. O
Representation of the equation for the moving hypersurfaces

In the previous section, we derive the governing equation for the motion of closed curves in R?

by the calculate the first variation of the acton integral corresponding the energy FE(t). As a
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result, if the tangential velocity is vanished, the solution of the equation (EI@) conserves the
surface evolution energy FE(t). We point out that these argument is almost directly extended to
parametrized hypersurface I'y = {y(9,t) : ¥ € RN~}

However, the parametrize expression of the surface gives restriction of the class of surfaces
to much, and it is difficult to directly extend to more general surfaces. Thus, let us rewrite the
equation (BI8) by using the notion of the moving hypersurface. By Proposition 3.1 (ii), we can
rearrange as follows:

Dew _ k on M (6.1.7)

e

here, e := 1+ %02, can be regard as the energy density for F(t) and M is the moving hypersurace
consisted by the closed curves, that is, M = (J,cz7(-,t) x {t}.

Now, we consider this equation (E1-2) for general moving hypersurface M in RY. Let M =
Uiez Tt x {t} be a solution of this equation (61-2) and we assume that all I'; are compact. We can
check that the solution M conserves the surface evolution energy E(t¢). In fact, by Proposition

2.2., we know that the following first variation formula for the surface evolution energy FE(t):

d d _ 1
@E(t) = a(ﬁﬂN NIy + 2/

5 V2 d%Nfl) - /Ftv{Dtv—<l+ %qﬂ)n} AN (6.1.8)

Observing (1), it is easy to see that the solution of the equation (B-I=4) conserves the surface
evolution energy F(t). On the other hand, the notions of v, k, Dyv can be defined for also not com-
pact surface. Motivated these facts, we call this equation (B1=4) the energy conserving hyperbolic

mean curvature flow equation, the energy conserving mean curvature accelerated flow equation, or
E-HMCF for shortly.
6.2 Exact solutions

Let us consider some exact solution to Problem BII. The first non-trivial example is the case of
that M consisted from the (N — 1)-dimensional sphere (N > 2). That is,

M= x{t}), Ti={zeRY : |z|=R@)}

tel

where R € C%(Z : R>q) with initial conditions R(0) = ro(> 0), R(0) = vp. Then since

.. N-—-1
Do =R - _
tv ) K R(t) )
we can deduce the equation (6231) to the following second order nonlinear ordinary differential
equation:
1. —1.. N -1
1+ SR(?) R = - 6.2.1
(1 3R07) R0 =T (6.2.1)
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For simplicity, we only consider the cace of N = 2 in the following. Then the equation (E=2)

becomes . )

R(t) =~ (14 SR(1)?) 5. 6.2.2
This equation(6222) can be reduced to the Bernoulli type ordinary differential equation by consid-
ering the change of variables v(R) := R. After solving this the Bernoulli type ordinary differential

equation, we get the following first order ordinary differential equation.

Bt = & \/ 2{ro(1+ 103) — R(t)} 623

R(t)

Since now we consider R is a real value, the range of R(t) should be 0 < R(t) < ro(1+ 30v3). We
also point out that the equation (6223) can be solved by separation of variables. More precisely,

after rewriting
RdR

= +/2dt, (6.2.4)
V/B{ro(1+ 303) — R}

we get
V2t+Cp if R(t) >0

F(R(#) =4 V2t+Cy i R(t) <0

where F' is the antiderivative of the left hand side of (6224), and C1, Cs is a constant, that is

R

ctan_l(R(C_R)

)— R(c— R).

F(R) = / \/% dR =
where ¢ := ro(1 4+ $v2). Thus, we have the following information about the function F.
(I1) F is a differentiable function defined on [0,79(1 + 3v3)), F(0) = 0.
(12) F(R) — ro(1+ $v3)% as R 1 ro(1 + $vd). We define F(ro(1+ 3v3)) := ro(1 + 303)3-
(I3) F is monotone increasing.

In especially, F' has the inverse function F~! from (I1), (I3). Now, we can investigate each
case. Remark that R(t) is decreasing function because R(t) is always negative from the original
equation(6222).

Case I (vg > 0). Since vg = R(0) > 0 and R is decreasing, there exists t; > 0 such that R(t) > 0
for t < t1, R(t;) = 0, and R(t) < 0 for t > t;. The function R(t) attains the maximum
ro(1+ 2v3) at t = t;. Thus, the solution R(t) has the following the implicit expression.

FIR()) = V2t+Cp it €0,
V2t +Cy ift>t

Since F(To) = F(R(O)) = Cl and tl = (ﬂ)fl(F(R(tl)) — F(To)), CQ = \/§t1 + F(R(tl)) =
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2F(R(t1)) — F(ro) > 0. We also remark that R is vanishes at t = to where

2F(R(t1)) — F(ro) _ 2F(ro(1+ 3v3)) — F(ro)
V2 B V2 '

t() =

Now, recalling that F'~! exists, the exact solution is as follows.

F~Y(\/2t + F(rg)) if t € [0,]

Rt)=1{ ‘
F=Y (=2t +2F(R(t1)) — F(rg)) ift € [ty,t0]

R
7o R = R(t)
) B !

Figure 6.1: R(t) in the case of vy > 0

Case IL (vg < 0) Since vy = R(0) < 0, R is decreasing, R(t) < 0 for t > 0. Thus, the solution
R(t) has the following the implicit expression.

F(R(t)) = —V2t + Cy

Since Cy = F(R(0)) = F(rg), R(t) vanishes at t = to := (v/2) ' F(rg), the exact solution is
as follows.

R(t) = F~Y(—V2t + F(rg)) t€0,t0]

R
ro
R=R(t)
t 0 fo t
Figure 6.2: R(t) in the case of vg =0 Figure 6.3: R(t) in the case of vg < 0

In each of the cases, the circle I'; finally shrink to a point at the finite time ¢y, which is

depending only on the initial data ro and vg, even if the surface evolution energy F(t) conserves.
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As the second example, we can also consider an another exact solution in the case of the axially

symmetric solution for Problem B100. Let I'; be a infinitely long cylinder (see Figure 64), that is,
Ty = {(R(t) cosa, R(t)sina, p) € R® : a € [0,27], p € R}.

Since the mean curvature of this I'; is equal to —%, the equation (B23) can be reduced the same
equation with (6222). Therefore, The cylinder I'; shrink to a line as Figure G3.

I 4
—
P~ ,
s ’

N \
N
N \
\
\
\

Figure 6.4: The cylinder in R? with arbitrary

length po > 0 Figure 6.5: Shrink to line with length pg

We also remark that these solutions are only time local solution for Problem B, that is, we
have to restrict the final time 7" > 0 to finite, that is, 7" = ty3. In the next subsection, we will
compare with the E-HMCF equation and the original HMCF equation D;v = k in the case of a

circle.

Comparing with the original HMCF equation

In this subsection, we compare with the E-HMCF equation (1 + %UQ)_IDtv = k and the original
HMCF equation Div = & in the case of circle from some viewpoints. Throughout this subsection,
we consider the zero initial velocity i.e. vg = 0. At first, we compare the extinction time for two
equations. In the case of circle, that is [y = {z € R? : |z| = R(t)}, the initial value problem for

the original HMCF equation D,v = k is rewritten by
R(t)=——=—, R0)=ry, R(0)=v=0 (6.2.5)

The exact solution for (E223) is calculated in [36] as follows:

wo-nent o)

where erf is the error function. Since erf!(z) — oo as 2 — 1—, we can calculate the extinction
time t., of the solution for the equation (E2X3), that is, t., := roy/7/2. On the other hand, in
the case of E-HMCF equation (6223), as calculated in Section 4.1, the extinction time t., (= fo in
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Section 4.1) is as follows:

™
tey = T0——=.

2v2

By the inequality 2v/z > x for z € (0,4), we have

™
teQZTO < T Eztel.

T
2v2
Thus, in the case o the circle, the solution of E-HMCEF vanishes faster than of HMCF. We can also
observe this fact by the graph of two solutions(Figure 68).

Comparison of exact solutions

1 original hmcf sol .
e-hmcf sol

0.8+ i
0.6+ E
0.4+ E
0.2+ E

0 1 1 1 1 1

0 0.2 0.4 0.6 0.8 1 1.2 1.4

time

Figure 6.6: Comparison the exact solutions of E-HMCF equation and HMCF equation in the case
of circle with rg = 1.

Next, we see the behavior of the surface evolution energy. Here, the surface evolution energy

for the circles is,

1 .
E(t) := N Ty) + 3 / V2 dt = 2nR(t) + TR(t)R(t).
I

By the structure of the equations, the both of two cases, we have R < 0, thus R is decreasing
function with R(t) < 0 for ¢ > 0 since R(0) = 0. In the case of the original HMCF equation,

d ) ) L. )
aE(z&) = 27R(t) + m(R(t)> + 2R(t)R(t)R(t)) = nR(t)> (by (E2Z3))

<0 (byR(t) <0)

So, the surface evolution energy decreases in the original HMCF. On the other hand, as mention

in Section 4.1, in the E-HMCEF, the surface evolution energy E(t) is preserved.
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6.3 Graph expression

We consider the graph solution of the following energy conserving hyperbolic mean curvature flow

equation:
Dt’l)

1+ 302

=x on I} (6.3.1)

where T is the time depending hypersurface in RY, v is the normal velocity, D;v is the normal

time derivative of v, k is the mean curvature. Assume that I'; is represented
Iy ={(&wEt) : £eUCRY

for some function w : U x (0,7) — R. Then, the normal derivative v, the unit normal vector and

the mean curvature are given by

_ wt(gvt)
V14 [Vew(E P

v(x,t)

(_v w(fvt)a1> . \Y w(ﬁ,t)
n(z,t) = : k(x,t) = dive < ¢ )‘2>,

CVTH[Vew(E D V1T Vew(E
(6.3.2)

for = (&,u(&,t)) € T'y. On the other hand, we know the graph representation for Dyv(zg,ty) for
xo € 'y, by (BI8) in Section 5.1.

Wyt weVw w V2wVw

Dy = .
O ANl | (L Ve (75 Vw2

where we omitted the variables (§,ty). Therefore, the graph representation of E-HMCEF equation
(6330) becomes

— 2th)

Wit wVw weV2wVw wf . Vw
. -2 =(14+ ——""— B S—
VItIVaR | A+ Vu)? (T e —27) = +2(1+|Vw\2)>dw(\ﬁ1+|Vw|2)

(6.3.3)
We remark that the equation (62323) coincides with the following LeFloch, and Smoczyk’s

equation which appears in [61, Section 5], up to the coefficient of mean curvature part.

Wit weVw w V2w Vw N -1 wf i Vw
. -2V = div [ ———— ).
et e (Gawar 20 = (o o vup) ™ (s wup)

The equation (62323) can be also derived by calculating the first variation of the following action

integral:

T 2
Wy
M i VwP)dedt,
/o /(](2\/1+‘wa2 +IVuP) de

In particular, for one-dimension i.e. U C R, the equation (623=3) becomes

th Wy 2W WW gy wgw%wm
5 3 5 — Ve (6.3.4)
1+ w2/ 1+ w? 1+ w? (14 w?2)

1
Wt — 5(2"‘
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Let us check that the equation (6234) is hyperbolic. Because, rearranging the equation (6=34),

2(1 + w?2) + w? — 2wiw? W Wy

= 2——— 6.3.5
wtt 2(1 + wg) wxm + 1 + w%th7 ( )
from this form, we have
-1 Wt _(1 + w?)
det 21+w2% 2,2 | = 20+ ws) —wi = 201 + wy) <0
wewy  2(1+ wg) + wy — 2wiwi | T 2(1 +w2)2 14+ w? '
14 w? 2(1 4+ w?)

Now, we define the weak solution of the equation (6=34) in the sense of distribution.

DEFINITION 6.3.1 (weak solution for 1-dimension graph). A Lipschitz function w :
U x [0,T) — R is called a weak solution of (6234), if and only if for any ¢ € C°(U x [0,T)),

/T/( 1(“’? +2) )71 dzdt =0
wepr — = w xdt =
o Jo\PE T o\ T2 ") Tt Wk

For whole domain, that is, U = R, we expect the following the existence result of weak solution
by using the general theory of the systems of conservation laws (see [46]) as in [61]: There exists

a constant dg > 0 such that given any initial data wg,w; : R — R such that
TV(’LUOJ) + TV(U)l) < 50,

where T'V is the total variation, then the initial value problem for (6234) admits a weak solution
w = w(x,t) in the sense of Definition 2.1.
To apply the theory of [46], we transform the equation (B234) to the system of conservation

laws. For the purpose, we introduce two variables a and b as follows:

wt
Q= —F— b= w,.

V1t w?
Then, by using the equation (6233), the direct calculation allow us to find that two functions a,b

are the conservative quantities, that is, these are solution for the system of the conservation laws:

w ((2+a2)b>
T \oyT 02/ e
by = (av 1+ bQ)m

6.4 Numerical approach

In this subsection, we consider the numerical approach for Problem BT by using the hyperbolic
Meriiman-Bence-Osher (we call the hyperbolic MBO shortly) algorithm. In general, the MBO
algorithm is based on the level set method, that is, we express the hypersurface as the level set of

some function, and we solve the partial differential equation, so-called the level set equation, which
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corresponds to the original surface evolution equation. So, firstly we need the level set equation

for the energy conserving hyperbolic mean curvature flow equation (B=3).

Level set equation for E-HMCF

Let us rewrite the energy conserving hyperbolic mean curvature flow equation (623) by using the
level set function. Let Ty be a zero level set of some sufficiently smooth function v : RY x [0, 00) —
R, that is

Iy ={zeRY : u(z,t) =0}.

We recall that

Vu(z,t)

~ug(w,t) B
v(,1) Vu(z, 1)

_ Vu(z,t) )
|Vu(z,t)]’ ’

ne ) = Vala.0)]

, k(z,t) =div ( (6.4.1)

for x € I';. By the representation of Dyv as (BIIH) in section 2.3, we have the level set equation

of the hyperbolic mean curvature flow equation (6=3) as follows:
uy  urVu - (VuVu) _ 2uVu-Vup ( 1 u? ) iv( Vu ) (6.4.2)

|Vul |Vuld [Vul3 2 |Vul? |Vul

Since the divergence term can be calculated:

. Vuy _ Tr(V2u)|Vul? — (V2uVu) - Vu
W (9u) Rz |

where Tr denotes a trace of a matrix, we can combine two terms of u?, then we have:

(6.4.3)

1 /3uy(V2uVu) - Vu
Ut + ( t( )

2 |Vul? o )

= |Vu| div (—

— uy Tt (V) — 4V - Vut) T

Ut
[Vul?
Unfortunately, it is hopeless to treat numerically this equation (62=3) because of the compli-
cated structure of the equation. Therefore, we would like to change our strategy for this equation

to treat numerically.

Numerical treatment for E-HMCF

We consider numerical treatment for the energy conserving hyperbolic mean curvature equation
(6230) by the level set method. Our purpose in this subsection is to apply the hyperbolic MBO
algorithm which is introduced by Ginder and Svadlenka [36] to the energy conserving mean cur-
vature flow equation (E23). In the MBO algorithm, the surfaces are expressed by the zero-level
set of the signed distance function. At first, let us recall a signed distance function for a closed

surface.

DEFINITION 6.4.1 (Signed distance function). Let I" be (/N —1)-dimensional closed surface
in RY. We assume that there exists two open set O, Q™ C RY such that RN = QtUQ~ UT, and
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Ot N Q™ = 0. Then, we define a function d : RN — R by

dist (z,I') ze€ Q7
d(xz):=4¢0 zel
—dist (z,I') z€ Q™

where dist (z,T") := infyer |2 — y|, the function d is called signed distance function.

The one of the important properties of the singed distance function d, is differentiable almost
everywhere, and |Vd| = 1 where d is differentiable. For time dependent surface I'y, we can define

d(z,t) in same way. In the BMO algorithm, since we expect u = d we shall consider that
\Vu(z,t)| =1 for z € RNt > 0. (6.4.4)

The point is, this x does not depend on time. Now, differentiating this relation (624) with respect

to time variable ¢, we get

Vu(z,t) - Vug(x,t)
|Vu(z,t)]

Vu(z,t) - Vug(z,t) = =0 (6.4.5)

Then, by using (62) and (B23), recalling the normality of trajectory y, we can calculate the

time normal derivative of the normal velocity D;v as follows:

d (y(1). )
Dy = av(y(t),t) i (W)
L (unw(0).1)) = way(0).8) + Vurly(t).£) -4/ (1

~dt

= (1)) = Tuao0).0)- QT — 0,0

Recalling that (62), (62H) again, we get the numerical E-HMCF equation (633) as follows:

U? uf
u = Au+ L Ay = (1 + ?)Au. (6.4.6)

Now, the hyperbolic MBO algorithm for approximate solution {I',}A, of the E-HMCF equa-

tion is as follows.

HMBO algorithm for E-HMCF

Given : initial hypersurface I'g, its normal velocity vg, a final time T > 0, and time discretize
size T = T'/M for the numerical E-HMCF equation (E48) , N and k¢ are positive integers. We
will solve the equation (628) up to t = k,7 (see the following Stepl, 3). Firstly we extend vy to
a neighborhood of I'y e.g. using the orthogonal projection on I'y.

Step 1. For t € [0, ko7| solve the initial value problem:

wge (2, t) = (1 + %uf(m,t))Au(m,t), u(z,0) = do(z), w(z,0) = —vo(z)
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where dj is the signed distance function for I'y.
Step 2. Define I'; as the zero level set u(-, ko).
Step 3. Forn=1,...,N — 1 repeat
Step 3.1 For t € [0, ko] solve the initial value problem:

dp(z) — dp—1(x)
kot

uy(z,t) = (1 + %u?(m,t))Au(x,t), u(z,0) =dp(z), w(x,0)=

where d,, is the signed distance function for I';,.

Step 3.2 Define I'),1; as the zero level set u(-, koT).

In the next subsection, we show some numerical results by using the hyperbolic BMO algorithm

for the energy conserving mean curvature flow equation.

Numerical results

We show some numerical examples for Problem 012 and check that the hyperbolic BMO algorithm
works for also the energy conserving mean curvature flow equation(62371). When we discretize the
equation (624), we use central finite difference scheme for wu;, Au as usual, and backward finite
difference scheme for u;. We set the space discretize size h = 1/100, and the time discretize size
7 = 0.5h for the wave equation, and we choose kg = 4. In the Case I and Case II, time is from

outside to inside.

Case I. (A family of circles) rg = 0.5, v9p = 0. Figure 620 shows circles is shrinking. This

result seem to coincide the exact solution which we calculated in Section 4.1.

Case II. (A family of smoothed squares) vy = 0. Initial shape is given as the zero level set
of the function u(x,y) = 1%+ ¢'% — 0.5. Figure EX shows that curve part becomes flat, and

flat part becomes the curve part, finally smoothed squares shrink.

100

0.4 4
0751 f

021 0.50 -

0.25 -
0.01 0.00 1
~0.25

—0.50

—0.4 -0.751 \

T T T T T -1.00 T T T T T T T
—0.4 -0.2 0.0 0.2 0.4 -1.00 —=0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1..00

Figure 6.7: Shrinking circles Figure 6.8: Shrinking smoothed squares
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Above two examples, we can not observe the oscillation of the interface. Now, we consider

non-convex closed curve, so-called, gourd-shaped as the initial shape.

Case III. (Gourd-shape) vy = 0. Initial shape is given as the zero level set of the function
u(z,y) = 13(z? + 4?)? — 822 — 0.05. Comparing with the mean curvature flow motion v = &,

we can observe the oscillation of the interface.
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Figure 6.9: Evolution of gourd-shape by E-HMCEF. Time is designated by the integer values within
the figure (the initial condition corresponds to number 1).

In so far as these numerical results go, unfortunately, it can not be observed the difference
between the E-HMCF and the original HMCF even though the circle case. Our numerical method
is based on the hyperbolic MBO algorithm developed by Ginder—Svadlenka. In the hyperbolic MBO
algorithm for the original HMCF equation, they decided the coefficient and the initial value of the
wave equation in each threshold steps very carefully by using the asymptotic analysis. To improve

our numerical method and results, it might be helpful to study the equation uy = (1 + %u?)Au



Conclusion

The present thesis is devoted to the following two types of hyperbolic free boundary problems.

[1] Hyperbolic Alt-Caffarelli type free boundary problems.

The existence of weak solutions is proved by minimizing a Crank-Nicolson type functional in
the one-dimensional setting. This new functional was shown to preserve the energy correctly both
on continuous and discrete levels, which is of significance in numerical simulations. Future tasks
include extending our result to higher dimensions and to developing computational methods for
investigating the numerical properties of the free boundary problem.

[2] Mean curvature accelerated flow

The acceleration for the moving surface is established by using the notion of the normal time
derivative. The variational formula for this acceleration, which is expected the generalization of
the notion of acceleration, is also proved by the transport identity. Next, by analogous of the
wave equation, the surface evolution energy is introduced as the sum of the surface area and the
normal kinetic energy. By using the notion of this acceleration, the energy conserving hyperbolic
mean curvature flow equation is derived and its solution preserves the surface evolution energy.
Also, some exact solutions, comparison with the original hyperbolic mean curvature flow, and the
graph solution of the energy conserving hyperbolic mean curvature flow equation is considered.
The hyperbolic MBO algorithm, that is the level set approach, is effective for also the energy
conserving hyperbolic mean curvature flow equation in numerical computation for some cases.
The future works include the more mathematical and numerical analysis of the energy conserving

HMCF equation, and with the volume-preserving condition.
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