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We systematically study geometries and band structures of two-dimensional group-V bilayer materials, i.e. phosphorene, arsenene and
antimonene. Among the four stacking structures (AA, AB, AC, and AD), the AB stacking structures are found to be the largest band gaps and to be
the most energetically stable. We find novel band structures on the whole Brillouin zone edges: four bands have close energies and two of the four
bands have the same energy in many cases. We analyze the characteristic features of the band structures based on the group theory and clarify
that the features depend on the space group of each stacking structure. We also find that the band splits due to the interlayer interaction is very
small and this interaction becomes large as atoms become heavy. © 2021 The Author(s). Published on behalf of The Japan Society of Applied
Physics by IOP Publishing Ltd

1. Introduction

Group-V two-dimensional materials recently attracted scientific
interests.1–3) Whereas the Dirac cone characterizes electronic
properties of group-IV materials,4–8) group-V materials are
semiconductors having band gaps and are useful for device
applications in optoelectronics, spintronics and
thermoelectrics.9–12)

It was theoretically predicted that phosphorenes have higher
band gaps than the black phosphorus crystal and the band gap
decreases as the thickness of the films becomes large.13) Later
phosphorene was experimentally fabricated and it was
confirmed that the observed band gap of the monolayer is
larger than that of black phosphorous (0.3 eV).14,15) As well as
phosphorene, other group-V materials, arsenene,16–19)

antimonene,19–21) and bismuthene,12,19,22,23) have been studied.
Group-V two-dimensional materials form puckered (α) or six

member ring (β) structures and the two structures have close
energies.19,24,25) Recently, the novelty of the monolayer forming
α-structures was found; all the bands are doubly degenerated on
the whole Brillouin zone edge and this degeneracy is explained
based on the group theory.19) Bilayer materials are expected to
have different optical properties and thus clarification of the
atomic geometries and band structures is necessary.
The purpose of this study is to systematically study the

electronic and atomic structures of the α-structures of group-
V bilayers. We perform first-principles density-functional-
based calculations. We first optimize the geometries and
clarify which stacking structure is the most stable. Next, we
calculate the band structures and analyze them based on the
group theory. We in particular focus on electronic band
structures of the first Brillouin zone (FBZ) edge.

2. Method

We use slab models to simulate two-dimensional materials; a
vacuum space of 20 Å in the z-axis is introduced to avoid the
interaction between adjacent slabs (Fig. 1). We carry out density
functional band structure calculations based on the generalized

gradient approximation.26,27) An ultrasoft pseudopotential28) and
norm-conserving pseudopotentials29) are used for the Sb atom
and for the other atoms, respectively. The cutoff energy of the
wavefunctions is taken to be 30 Rydberg. We optimize the
geometries under the condition that the atomic forces are less
than 5× 10−3 eV Å−1.
We identify the irreducible representations (IR) for the

calculated bands based on the group theory. The projection
operator method is used for this identification, which was
explained in previous papers.19,30–32) This method is imple-
mented in the first-principles calculation code, PHASE/0, and
thus IR are identified automatically by using computers.33) In
this study, we adopt the Mulliken and Bethe symbols for the
IR in most cases.19,30–32,34,35) However, in some exceptional
cases, IR do not correspond to conventional IR as mentioned
in the next section. In this nonconventional case, we use other
symbols.

3. Results and discussion

3.1. Optimized structure
3.1.1. Phosphorene. We first optimize the lattice con-
stants and internal atomic coordinates of monolayer phos-
phorene (Table I). Four atoms are in the unit cell shown in
Fig. 1(a). We find that the two top atoms are not buckled
(Fig. 1) and thus the system belongs to Pmna D ,2h

7( ) which is
one of the non-symmorphic space groups (all the systems
studied in this paper belong to non-symmorphic space
groups). The bond length of the horizontal two top atoms
(r1) is 2.24 Å and the vertical bond length connecting the top
and bottom atoms (r2) is 2.25 Å (Fig. 1). The calculated two
bond angles, θ1 and θ3, defined in Fig. 1, are 103.3° and
97.8°, respectively. These bond angles (θ1 and θ3) are rather
close to the sp3 angle (109.5°) due to the fact that the P atom
favors sp hybridization.13)

We next study bilayers of phosphorene and consider four
possible stacking structures, i.e. AA, AB, AC, and AD
(Fig. 2).36) We find that the non-buckled structures are stable
for all the stackings. In the AA stacking structure, the second
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layer is directly stacked on the top of the first layer and thus the
structure belongs to Pmna (D2h

7 ) which is the same as the space
group of the monolayer. The AB stacking structure is generated
by shifting the second layer by ½ of the lattice period along the
x-axis (or y-axis), which is the same as the stacking in black
phosphorus. The space group in the AB stacking structure is
Pbcm (D2h

11). The AC (AD) stacking structure is generated by
rotating 180° in the z-axis of the second layer in the AA (AB)
stacking, and as a result, the space group belongs to Pnma (D2h

5 )

and Pccm (D2h
3 ) for the AC and the AD stacking structures,

respectively. We optimize the lattice constants and find that the
difference among the lattice constants of the monolayer and
bilayer structures is rather small (Table I) and the values are
close to experimental values of crystals (a= 4.40 Å and
b= 3.40 Å).13)

The layer distance (d) is found to be 4.25 Å, 4.34 Å, 4.18
Å, and 4.32 Å for the AA, AB, AC, and AD stacking
structures, respectively (Table I). These values are much
longer than the bond lengths (r1 and r2), therefore the
interaction between the two layers is rather weak, which
leads to the fact that the optimized lattice constants of mono-
and bi-layers are close (Table I). Furthermore, the bond
angles (θ1 and θ3) and bond lengths in the four stackings are
close to those of the monolayer structure (Table I): the
difference in bond lengths and bond angles are less than 0.06
Å and 2°, respectively.
We here calculate the cohesive energy of the bilayer

structures to clarify the stability of each stacking structure.
The cohesive energy is given by

E
nE E

n
.cohesive

atom bilayer( )
=

-

In this expression, Eatom and n are the total energy of an
isolated single atom and the number of atoms in a single
supercell, respectively. Ebilayer is the total energy of the
bilayer. We find that the AB stacking structure is the most
stable among the four stacking structures: the cohesive
energy is about 10 meV/atom higher than those of AA,
AC, and AD stacking structures (Table II).
3.1.2. Arsenene. We find that two top atoms of the
arsenene monolayer are not buckled as in the case of
phosphorene and the symmetry belongs to Pmna (D2h

7 ) which
is the same as that of phosphorene. The bilayer AA, AB, AC,
and AD stacking structures also form non-buckled structures
and thus the space groups are the same as those in
phosphorene, i.e. AA, AB, AC, and AD stacking structures
belong to Pmna (D2h

7 ), Pbcm (D2h
11), Pnma (D2h

5 ), and Pccm
(D2h

3 ), respectively.36) The AB stacking structure is the most
stable as in the case of phosphorene and its cohesive energy
is 2–9 meV/atom higher than the other three stacking
structures (Table II). The layer distance (d) is found to be
4.08 Å, 4.10 Å, 4.02 Å, and the 3.98 Å for AA, AB, AC, and

(a) (b)

Fig. 1. (Color online) Atomic structures of the monolayer phosphorene
(a) and antimonene (b) and the FBZ (c).

Table I. Lattice constants and optimized geometries of mono- and bi-layers forming AA, AB, AC and AD stacking structures. The bond lengths (r1 and r2),
layer distance between two layers (d), buckling amplitude (h) and bond angles (θ1, θ2 and θ3) are defined in Fig. 1. The units of the bond angles are degree.

System Stacking a (Å) b (Å) r1 (Å) r2 (Å) d (Å) h (Å) θ1 θ2 θ3

P Monolayer 4.52 3.38 2.24 2.25 — — 102.8 — 96.8
AA 4.60 3.32 2.23 2.26 4.25 — 103.9 — 96.3
AB 4.61 3.32 2.27 2.31 4.34 — 102.9 — 94.7
AC 4.60 3.32 2.23 2.26 4.18 — 103.9 — 94.8
AD 4.60 3.32 2.23 2.26 4.32 — 104.0 — 96.3

As Monolayer 4.76 3.68 2.51 2.50 — — 100.5 — 94.2
AA 4.78 3.62 2.50 2.51 4.08 — 100.5 — 94.1
AB 4.80 3.60 2.51 2.50 4.10 — 100.6 — 94.3
AC 4.79 3.60 2.51 2.49 4.02 — 100.6 — 94.2
AD 4.77 3.61 2.52 2.49 3.98 — 100.6 — 94.3

Sb Monolayer 4.73 4.29 2.92 2.84 — 0.42 87.8 104.0 94.6
AA 4.62 4.30 2.90 2.92 3.35 0.26 89.8 100.5 95.4
AB 4.72 4.30 2.91 2.86 3.49 0.30 90.2 102.1 94.8
AC 4.57 4.32 2.93 2.87 3.24 0.32 88.3 101.1 94.7
AD 4.69 4.31 2.92 2.86 3.21 0.31 90.1 102.0 94.5
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AD stacking structures, respectively (Table I). These values
are smaller than the corresponding values of phosphorene
whereas the bond lengths (r1 and r2) are larger than
those in phosphorene. These results indicate that the inter-
layer interaction is somewhat stronger than that in phos-
phorene.
3.1.3. Antimonene. We optimize the geometry of the
monolayer antimonene and find that the two top atoms are
buckled and this buckling leads to the space group of Pmn21
(C2v

7 ) which is lower than that of monolayer phosphorene and
arsenene. Four atoms are in the unit cell shown in Fig. 1(b).
The buckling amplitude (h) defined in Fig. 1 is 0.42 Å and
this buckling is expected to be due to the electron transfer
from the higher-position atom to lower-position atom as was

discussed in previous studies.13,19) The calculated bond
lengths and bond angles are tabulated in Table I.
We next study four types of stacking structures (AA, AB, AC,

and AD). Two top atoms are found to be buckled for all four
structures. The AB stacking structure is found to be the most
stable among the four stacking structures (Table II). The layer
distances (d) for the AA, AB, AC, and AD stacking structures
are found to be 3.35 Å, 3.49 Å, 3.24 Å, and 3.21 Å, respectively.
These values are much longer (10%–20%) than those of the
bond lengths (r1 and r2), indicating that the interaction between
the two layers is weak. However, these values are smaller than
those in phosphorene and arsenene, which indicates that the
interlayer interaction is stronger than those in phosphorene and
arsenene. We find that the bond lengths in the bilayers
are close to those of the monolayer; the maximum difference
is 0.07 Å. The geometries of AA, AB, AC, and AD stacking
structures belong to the space groups, Pmn21 (C2v

7 ),
Pmn21 (C2v

7 ), P21/m C ,2h
2( ) and P21/m C ,2h

2( ) respectively.
These space groups are lower than those in the non-buckled
structures.
3.2. Band structures of bilayers analyzed based on
the group theory
We here calculate electronic band structures. Conventional
IR are denoted by using Bethe and Mulliken symbols in
Table III. In some cases, IR are different from the conven-
tional ones on some parts of FBZ edges because the present
systems are non-symmorphic. In these nonconventional
cases, we use symbols consisting of the k point and suffixes
in Tables IV and V. At the k point X for example, we use
symbols of Xn and X ,n

 where n is the number assigned to
each IR and the signs ± represent the parity when the k group
includes the inversion symmetry. These symbols are simply

(a) (b) (c) (d)

Fig. 2. (Color online) Bilayer of the AA, AB, AC, and AD stackings. Phosphorenes and antimonenes are presented in the upper and lower parts, respectively.
The bond lengths (r1 and r2), bond angles (θ1, θ2 and θ3), buckling amplitudes (h) and layer distance (d) are tabulated in Table I.

Table II. Cohesive energies (Ecohesive) and band gaps (Eg) for mono- and
bi-layers forming AA, AB, AC and AD stacking structures.

System Stacking Ecohesive (eV/atom) Eg (eV)

P Monolayer 0.885 0.90
AA 0.893 0.49
AB 0.901 0.54
AC 0.891 0.33
AD 0.893 0.35

As Monolayer 2.310 0.80
AA 2.319 0.11
AB 2.321 0.30
AC 2.312 0.10
AD 2.316 0.18

Sb Monolayer 7.532 0.34
AA 7.557 Metallic
AB 7.569 Metallic
AC 7.555 Metallic
AD 7.554 Metallic

061001-3
© 2021 The Author(s). Published on behalf of

The Japan Society of Applied Physics by IOP Publishing Ltd

Jpn. J. Appl. Phys. 60, 061001 (2021) M. Y. H. Widianto et al.



denoted by n and n±, respectively, in the band figures
(Figs. 3–5). As for the conventional IR, Bethe symbols, nG
and ,nG are used in Table III, where the signs ± represent
parity, and are simply denoted by *n and *n ,


respectively, in the

band figures (Figs. 3–5) [the stars on n are used (not used) to
represent the Bethe (nonconventional) symbols].

Band structures of monolayer puckered structures were
previously reported and all the bands were doubly degener-
ated on the whole FBZ.19) In this study, we focus on band
structures of bilayer puckered structures.
3.2.1. Phosphorene. We here calculate the band struc-
tures of bilayer AA, AB, AC, and AD stacking structures

Table III. Character table for the conventional IR. We use Bethe symbols and the corresponding Mulliken symbols in the parentheses.

Point group IR E C2(x) C2(y) C2(z) IE σyz σxz σxy

D2h 1G
+ (Ag) 1 1 1 1 1 1 1 1

1G
- (Au) 1 1 1 1 −1 −1 −1 −1

2G+ (B1g) 1 1 −1 −1 1 1 −1 −1

2G- (B1u) 1 1 −1 −1 −1 −1 1 1

3G+ (B2g) 1 −1 1 −1 1 −1 1 −1

3G
- (B2u) 1 −1 1 −1 −1 1 −1 1

4G+ (B3g) 1 −1 −1 1 1 −1 −1 1

4G- (B3u) 1 −1 −1 1 −1 1 1 −1
C2v Γ1 (A1) 1 1 1 1

Γ2 (A2) 1 1 −1 −1
Γ3 (B1) 1 −1 1 −1
Γ4 (B2) 1 −1 −1 1

C2h 1G
+ (Ag) 1 1 1 1

1G
- (Au) 1 1 −1 −1

2G+ (Bg) 1 −1 1 −1

2G- (Bu) 1 −1 −1 1
Cs Γ1 (A′) 1 1

Γ2 (A″) 1 −1
C2 Γ1 (A) 1 1

Γ2 (B) 1 −1

Table IV. Character table of nonconventional IR for the non-buckled bilayer structure. The IR are represented by symbols consisting of k point and suffixes.

Stacking k point IR E C2(x) C2(y) C2(z) IE σyz σxz σxy

AA, AB X(D2h) X1 2 0 0 0 0 0 2 0
X2 2 0 0 0 0 0 −2 0

D(C2v) D1 2 0 0 0
AA S(D2h) S1

+ 2 0 0 0 2 0 0 0
S1
- 2 0 0 0 −2 0 0 0

C(C2v) C1 2 0 0 0
Y(D2h) Y1 2 0 2 0 0 0 0 0

Y2 2 0 −2 0 0 0 0 0
AB S(D2h) S1 2 2 0 0 0 0 0 0

S2 2 −2 0 0 0 0 0 0
Y(D2h) Y1 2 0 0 0 0 0 0 −2

Y2 2 0 0 0 0 0 0 2
AC, AD X(D2h) X1

+ 1 1 −i −i −i −i 1 1
X1

- 1 1 −i −i i i −1 −1
X2

+ 1 1 i i −i −i −1 −1
X2

- 1 1 i i i i 1 1
X3

+ 1 −1 −i i −i i 1 −1

X3
- 1 −1 −i i i −i −1 1

X4
+ 1 −1 i −i −i i −1 1

X4
- 1 −1 i −i i −i 1 −1

D(C2v) D1 1 −i −i 1
D2 1 −i i −1
D3 1 i −i −1
D4 1 i i 1

AC S(D2h) S1 2 0 0 0 0 0 0 2
S2 2 0 0 0 0 0 0 −2

Y(D2h) Y1 2 0 0 0 0 0 0 −2
Y2 2 0 0 0 0 0 0 2

AD S(D2h) S1 2 0 −2i 0 0 0 0 0
S2 2 0 2i 0 0 0 0 0

C(C2v) C1 2 0 0 0
Y(D2h) Y1 2 0 2 0 0 0 0 0

Y2 2 0 −2 0 0 0 0 0
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(Fig. 3). In all the four stacking structures, the Γ point
belongs to D2h and the point group includes eight symmetry
operations (see Table VII).
We start to study band structure of the AA stacking

structure [Fig. 3(a)]. In the whole band structures, two bands
have very close energies or identical energy. For example, the
lowest band and second lowest one at the Γ point belong to

1G
+ (Ag) and 4G- (B3u), respectively, and the energy difference

is only 13 meV. These close energies originate from the fact
that the interaction between the two layers are very weak and
thus the energy split due to the interlayer interaction is very
small. This weak interaction is due to the fact that the layer
distance between the two layers is much longer than the bond
lengths as was mentioned in the previous section.
Each two bands at the X point have the same energy

whereas the two bands have different energies on the Σ line
due to the fact that the two bands belong to different IR. This
double degeneracy at the X point is caused by the fact that the
two bands belong to nonconventional two-dimensional IR
(X1 or X2), which are different from conventional IR because
of the fact that the present system is non-symmorphic.31) Two
sets of the doubly degenerated bands have close energies. For
example, in the lowest energy part, the energy split between
the two X1 states is 6 meV [In Fig. 3(a), the four bands seem
to be merged because of the small energy split of 6 meV)].
We find that the band on the whole FBZ edges belong to

nonconventional two-dimensional IR so that these bands are
doubly degenerated; The IR on the D–S–C–Y line are denoted
by D1, S ,1

+ S–1, C1, Y1 and Y2 (see Table IV). Two sets of the
doubly degenerated bands have close energies since the energy
split due to the interlayer interaction is weak [Fig. 3(a)].
We next study band structure of the AB stacking structure

[Fig. 3(b)]. The four bands on the whole FBZ have close
energies and two of the four bands have the same energy as in
the case of the AA stacking structure (Table IV). The reason for
this characteristic feature in the band structures is the same that in
the case of AA stacking structure [Fig. 3(a)] except for the C
line; whereas the bands belong to nonconventional two-dimen-
sional IR in the case of the AA stacking, all the bands belong to
conventional one-dimensional IR [Γ1 (A1), Γ2 (A2), Γ3 (B1),

and Γ4 (B2)] in the case of the AB stacking and pairing of
bands induces double degeneracy: Γ1 (A1) [Γ2 (A2)] is paired
with Γ4 (B2) [Γ3 (B1)] as Table VI shows. This pairing is due
to the time-reversal symmetry as was discussed in a previous
paper.31)

We now study the band structure of the AC stacking structure
(Fig. 3(c)]. Four bands on the X–D line have close energies but
each band has a different energy, i.e. there is no degeneracy on
the X–D line. This feature is in sharp contrast with that in the AA
and AB stacking structures, two bands have the same energy.
The four different energies are due to the fact that four bands
belong to the nonconventional one-dimensional IR (Table IV).
On the S–C–Y line, each two bands are doubly degenerated. This
is due to the fact that the bands at the S and Y points belong to
nonconventional two-dimensional IR and bands on the C line
belong to conventional one-dimensional IR which are paired due
to the time-reversal symmetry (Tables IV and VI).
In the case of the AD stacking structure, bands on the X–D

line belong to nonconventional one-dimensional IR and thus
each band has a different energy (Table IV). Bands on the
S–C–Y line belongs to nonconventional two-dimensional IR
(Table IV) and thus the bands are doubly degenerated.
Our calculational results suggest that the monolayers and

the bilayers are direct gap semiconductors, i.e. both the
conduction band bottom and the valence band top are
located at the Γ point (We have checked only k points
which appear in the band figures [Figs. 3(a)–3(d)].). The
direct gaps were also confirmed by previous studies.36) We
find that the AB stacking structure, which is found to be the
energetically most stable, has the largest band gap. The
band gaps of the four types of bilayers (0.33–0.54 eV) are
lower than that of the monolayer (0.9 eV) as Table II
shows.
3.2.2. Arsenene. We next study the arsenene bilayer
forming AA, AB, AC, and AD stacking structures. Overall,
the characteristic features in band structures are similar to
those of phosphorene [Figs. 4(a)–4(d)]. This is because the
space groups are the same as those in the case of phos-
phorene. However, we find that the band energy splits are
generally larger than those in phosphorene (Figs. 3 and 4).
This is because the interlayer interaction is somewhat
stronger than that in the case of phosphorene as was
discussed in 3.1.2: the layer distance in arsenene is smaller
than that in phosphorene (Table I).
Our calculations suggest that the monolayer and four kinds

of bilayers are direct gap semiconductors where both the
conduction band bottom and valence band top are located at
the Γ point [We have checked only on k points, which appear
in the band figures Figs. 4(a)–4(d).]. The direct band gaps were
also confirmed in previous studies.19,37) The AB stacking
structure, which is the energetically most stable, has the largest
band gap and the bilayer band gaps (0.10–0.30 eV) are smaller
than that of the monolayer (0.80 eV).
3.2.3. Antimonene. We now study the band structure of
the antimonene bilayer forming AA, AB, AC, and AD
stacking structures. We find that the symmetries of the AA
and AB (AC and AD) stacking structures belong to C2v (C2h)
at the Γ point. Four symmetry operations are included in this
group (Table VII).
We start from the AA stacking structure [Fig. 5(a)]. The

energy split between the first and second lowest bands at the

Table V. Character table of nonconventional IR for the buckled bilayer
structure. The IR are represented by symbols consisting of k point and
suffixes.

Stacking k point IR E C2(x) σxz σxy

AA S(C2v) S1 2 0 0 0
C(C2v) C1 2 0 0 0
Y(C2v) Y1 2 0 0 0

IR E C2(y) IE σxz
AC, AD X(C2h) X1

+ 1 −i −i 1
X1

- 1 −i i −1
X2

+ 1 i −i −1
X2

- 1 i i 1
D(C2) D1 1 −i

D2 1 i
AC S(C2h) S1 2 0 0 0

Y(C2h) Y1 2 0 0 0
AD S(C2h) S1

+ 1 −i −i 1
S1
- 1 −i i −1

S2
+ 1 i −i −1

S2
- 1 i i 1
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(a) (b)

(c) (d)

Fig. 3. (Color online) Band structures of bilayer phosphorene forming (a) AA, (b) AB, (c) AC and (d) AD stacking structures. Conventional IR are denoted
by stars (*) and the nonconventional IR are represented without using stars. The characters of these IR are tabulated in Tables III and IV.
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Γ point is 280 meV, which is much larger than the values of
phosphorene (13 meV) and arsenene (70 meV). This large
energy split is expected to be due to the fact that the interlayer
interaction is large compared with phosphorene and arsenene.
The layer distance is 22%–27% smaller than that in the cases
of arsenene and phosphorene. Overall on the FBZ edge, the
splits of the bands are larger than those in phosphorene and
arsenene.
On the whole FBZ edge, the bands are doubly degener-

ated: on the X–D line, pairing of the conventional one-
dimensional IR occurs (Table VI) and the bands on the S–C–
Y line belongs to nonconventional two-dimensional IR
[Table V and Fig. 5(a)].
We now study the band structure of the AB stacking

structure [Fig. 5(b)]. The bands are doubly degenerated on
the X–D–S line due to the pairing of conventional one-
dimensional IR (Table VI). On the contrary, each band has a
different energy because the bands belong to conventional
one-dimensional IR on the C–Y line (Table III).
In the case of the AC stacking structure, the four bands on

the X–D line have different energies because the bands
belong to nonconventional one-dimensional IR (Table V).
On the contrary, the bands on the S–C–Y line are doubly
degenerated because the bands at the S and Y points belong to
nonconventional two-dimensional IR and the bands on the C
line belong to conventional one-dimensional IR which are
paired (Tables V and VI).
We next study the AD stacking structure. On the whole

FBZ edge (X–D–S–C–Y), four bands have different energies
because the bands belong to conventional or nonconventional
one-dimensional IR (Tables III and V).
We find that the four bilayer stacking structures of

antimonene are metallic. The conduction band bottom and
the valence band top crossing the Fermi level at several
points in the FBZ (Fig. 5). The other calculations including
the hybrid-DFT and SOC also show that the band gap of
bilayers antimonene is metallic and it is confirmed by the

experimental study that detects a metallic density of state on
the bilayer cases.38–40) Meanwhile, the monolayer structure is
a direct gap semiconductor and the band gap is 0.34 eV as
Table II shows.19)

3.2.4. Summary of bands on FBZ edges of
bilayers. We have found that four bands on the FBZ edges
have close energies and found four patterns;
(a) Two bands have the same energy due to sticking of

nonconventional two-dimensional IR.
(b) Two bands have the same energy due to pairing of

conventional one-dimensional IR.
(c) Four bands have different energies due to nonconven-

tional one-dimensional IR.
(d) Four bands have different energies due to conventional

one-dimensional IR.
For the symbols of k point groups in the band figures

(Figs. 3–5), we use purple, cyan, green and red colors in the
cases of (a)–(d), respectively.
In the AA stacking structure whose space group is the

same as that of the monolayer, the degeneracy tends to occur.
In the AC and AD stacking structures, the band splits become
prominent compared with the AA and AB stacking struc-
tures. These features for the difference among the four
stacking originate from the difference in the space group.
The energy split due to the interlayer interaction is found to

be small. We find that the split becomes large as the atom
becomes heavy.
We expect that the novel features of the band structures

found in this study will be detected by using some experi-
ments, for example, photoelectron spectroscopy.

4. Conclusion

We have carried out density functional band structure
calculations of bilayer system group-V materials: phos-
phorene, arsenene and antimonene. We first clarify that the
most stable structures among the bilayer stacking structures
(AA, AB, AC, and AD) are the AB stacking structures. In
general, the bond lengths are found to be smaller than the
layer distance, indicating that the interlayer interaction is
weak. This fact leads to small splitting of the bands due to the
interlayer interaction. We find that the split increases as the
atom becomes heavy.
All the monolayers are direct gap semiconductors and the

phosphorene and arsenene bilayers are also direct gap
semiconductors whereas the antimonene bilayers are found
to be metallic. We find degeneracies on the whole or a part of
FBZ edges and this degeneracy is analyzed based on the
group theory: the degeneracies originate from pairing of
conventional one-dimensional IR or from nonconventional
two-dimensional IR. We find that the difference in features of

Table VI. Pairing of bands due to time-reversal symmetry. The Bethe
symbols and the corresponding Mulliken symbols in the parentheses are
presented.

System Stacking k point Pairing

Non-buckled AB, AC C(C2v) Γ1 (A1) [Γ4 (B2)]
Γ2 (A2) [Γ3 (B1)]

Buckled AA, AB X(C2v) Γ1 (A1) [Γ3 (B1)]
Γ2 (A2) [Γ4 (B2)]

D(Cs) Γ1 (A′) [Γ2 (A″)]
AB S(C2v) Γ1 (A1) [Γ3 (B1)]

Γ2 (A2) [Γ4 (B2)]
AC C(Cs) Γ1 (A′) [Γ2 (A″)]

Table VII. Symmetry operations. Some operations include the fractional translation a b c1
1

2

1

2

  
t a= + + and a c

1

2
,2

  
at = + where a ,


b ,


and c

are the

primitive lattice vectors in the x, y, and z directions, respectively, and the value of α is constant which depends on the value of c.

System Stacking Space group Symmetry operation

Non-Buckled AA Pmna (D2h
7 ) {E∣0}, {C2(x)∣ 1


t }, {C2(y)∣ 1


t },{C2(z)∣ 1


t }, {IE∣ 1


t }, {σyz∣ 1


t }, {σxz∣0}, {σxy∣ 1


t }

AB Pbcm (D2h
11)

AC Pnma (D2h
5 )

AD Pccm (D2h
3 )

Buckled AA, AB Pmn21 (C2v
7 ) {E∣0}, {C2(x)∣ 2


t }, {σxz∣0}, {σxy∣ 2


t }

AC, AD P21/m C2h
2( ) {E∣0}, {C2(y)∣ 1


t }, {IE∣ 1


t }, {σxz∣0}
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(a) (b)

(c) (d)

Fig. 4. (Color online) Band structures of bilayer arsenene forming (a) AA, (b) AB, (c) AC and (d) AD stacking structures. Conventional IR are denoted by
stars (*) and the nonconventional IR are represented without using stars. The characters of these IR are tabulated in Tables III and IV.
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(a) (b)

(c) (d)

Fig. 5. (Color online) Band structures of bilayer antimonene forming (a) AA, (b) AB, (c) AC and (d) AD stacking structures. Conventional IR are denoted by
stars (*) and the nonconventional IR are represented without using stars. The characters of these IR are tabulated in Tables III and V.
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the degeneracy among the four stacking structures originates
from different space groups.
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