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A note on some properties of p™-singular numbers of
algebraic number fields

Hiroshi YAMASHITA

1. INTRODUCTION

Let & be a number field of finite degree over the field @ of rational numbers. Let p be a prime
number and P be the set of prime divsors p of % such that p |p. Let S' be a finite set of prime
divisors of % such that SO P. We call an element « of the multiplicative group £” p™-singular with
respect to S if it satisfies the following condition (i} and (ii) :

(i) @ is of a locally p™-th power at every p £S5,

(ii) the principal ideal {a) of %k is a p™-th power of an ideal n of k.

Let S(p™) be the set of all p™-singular numbers in £*. Since S{p™) D&**", we denote by B(p™)
the factor group S(p™)/k”*". We have a homomorphism ¢ of B{p™) into the ideal class group
of k£ by the condition (ii) : a map ak2™?"—ci{a), where ¢/( a) denotes the ideal class containing a.
Denote by B (p™) and BY(p™) the image and kernel of ¢, réspectively. We mean the canonical
map 7,,: B(p")—>B(p") for m>n a map ak™—a" k", Let B{(p™) denote the inductive
limit lim 5(p™). Denote by BY(»™) the subgroup lim BY(p™). We observe ¢ z',,,,,,=cf"),
which implies B¥(p")  B®(p™). Hence, we define 5%(»™) to be U”,ZIB(U)(;‘J’") and obtain the
following exact sequence for m=1, -, 00 ;

1.1) 1- BYp™ - BOp™ - BY(p™ - 1.

Let H be composite of cyclic p-extensions of £ which are embedded into cyclic p-extensions
of & with arbitrary degree. A Galois extension of % is called S-ramified if every primes of £
ramified there belong to 5. Let M be the maximal S-ramified abelian p-extension of k. By the
table in [3,I.1.c], we have M,DH, Hence M OH. Set @ =Gal(My/k), D=Gal{H/k) and T=
Gal(Ms/H ). Let x4 be the p-Sylow subgroup of the torsion subgroup of 2*. Denote by &, the
completion of %2 at a prime divisor p. For a non-complex prime P, let u, be the p-Sylow
subgroup of the torsion subgroup of &, . For a complex prime, set x »=11}. For a divisor m,
denote by £, the direct product I,|,%,. Let U, be the group of units of &,. Denote by U, the
group of units of &, : U, =IIU,. We select one of the embeddings 2%, and consider £ a subring
of k,. Let E be the group of units of 2. Denote by E,, the closure of £ in U,.

Let K be a finite Galois extension of » with Galois group &. We add sufix X or £ to a symbol
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to specify the base field if necessary, for example, we use symbols Sg(p™), S(p™), Bx(p™), B,(»™),
qum(ﬁm), B,(f) (6™, sy #ty €.te, if necessary. We use the symbol P (resp. b )_ to denote a prime
divisor of K (resp. k). Uy(resp. U,) denotes the group of units of Ky (resp. £,). A divisor of %
is considered a divisor of K by extending onto K. We also write Uy, or U, if necessary.

We denote by the symbol t;"')(X ) for an abelian group X and for a non-negative integer #: the
subgroup of p"-torsions and t;”)(X ) the p-subgroup of X, namely, Q”)(X 1=u tp(”’)(X ). Dyenote
by s, the p-subgroup of U,. We abbreviate t;"’}(y), I;.fm)(pm) to u'™, 4.

The main results of the present paper are as follows.

THEOREM A. Suppose the Leopoldt conjecture is valid for (k p). Set m=II ves ¥. Then we
have T=y ju, and obtgin the following diagram whose horizontal sequences and whose vertical
sequence tn the left are exact ;

s .
-1 N ﬂrﬁm)/ﬂ(m) '_’t;m)(@” = B(p™) —— 1
= ¢

1 —— (UL /E,) — (@) —— BY%%™ — 1

g(rﬂ) s(m) =
{m)
1 — BY") —— B — BYp™ — 1

1 1 1
COROLLARY. We have B(p™) =1"/(9).

The inclusion xzC K™ induces a homomorphism H*(G, x = HAG, K™Y of the cohomology
groups. Denote by ¢ this homomorphism.

THEOREM B. Let K/k be a finite Galois extension with Galois group G.
(1) Suppose H'(G, pg) vanishes and i* is injective. Let u'y be a subgroup of My Such that
wxDuk and welul = (e /ul)C. Then, we have an isomorphism
Sx(p™) N kx#)x
K*ng* K

BK(pm) & ~

and an exacl sequence
1= Spp™C = (Selp™ ) ® = (/i) C.
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Moreover, if N Sel(p™) =pk, we have the following isomorphism :
(Skp™ )¢
(K™ )¢
(2) Suppose S contains every primes which ave ramified in Kj/k. Then, we have the following
exact sequence .

EK(pm) G ~

1— Byp™ —8xlp™ /™" - HYG, ui™).

Remark. 1. By Theorem 1.2.36 of [2], t;m)(g)} is isomorphic to the kernel of infinitesimal and
also to the Pontrjagin dual of the Hilbert kernel H,{%) » Which is a subgroup of a twisted module
of the maximal p-subgroup of K,(%).

2. Set S=P in Theorem A. £, (D)} is isomorphic to R,(k) defined in [1]. We have k is
p-rational if and only if the Leopoldt conjecture is valid for (&, p) and B(»%)={1}, ,,={1}. (c.
£ 1D

3. Let §,. be a primitive p"-th root of unity. Set S=PF and X be the maximal p-extnsion
over k contained in £(¢,.). By Theorem B of [5], we have B®(p) ={1} except of a finite number
of n if the Greenberg conjecture is valid for (&, p). Conversely, by [5] and [6], we have the
Greenberg conjectur is valid if B}?)(p) ={1} and if every primes dividing p are completely ramified

in & (Gul/k (6.
2. THE TORSION SURGROUP OF & AND THE PROOF OF THEOREM A

We observe BY(p™) is generated by SY»™ =ENS(™). Hence, BY(p™) =&Y (p™)/E?".
We fix an embedding ¢, : k.~ &, which preserves p. Denote by ¢ the embedding of % intoc &,
obtained from ¢, : ¢ =II|,¢,. £, denotes the completion of : (E). We have £, =¢(E)E, for an

arbitrary natural number #.

LEMMA 1. Suppose the Leopoldt conjecture is valid for (k p). Then we have a non-negaiive
integer t(m) for m such that 1 (E)NULCL(E)” if and only if t>t(m).

PROOF: When S=P, the statement follows from Lemma 2 of [3]. Suppose S+P. Letp,:%,—
k, be the projection. We have Ker p,N¢(E)=1. Since p,{¢ (E) N U?) is a subgroup of finite index
of ¢,(E) N UY, we have the statement for S. g.e.d.

By virtue of Lemma 1, we can construct a homomorphism
g(m) . ":JM)(Um/Em) — B(l)(pm)'

Suppsose the Leopoldt conjecture is valid and set ¢ =max(¢(m),m). For u&, €™ (U,/E,), We
have x=FE such that ¢(x) u"”"EE‘,ﬂ(. If u=E,, we have uec: (E)E‘,ﬂ!, and hence,
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c(x) =, (E)"’"E‘,f'(. By Lemma 1, we have ¢ {x)€.(E)*". Moreover, we have.¢ (xy ") ¢ (E)*" if
L) ER =0 () E?'. Since x€ SW(p™), we obtain g™ by defining to be g™ (wE,) =xk™"" for uk,
et (U,/E,).

LEMMA 2. Suppose the Leopoldt comjecture is valid for (k, p). Then, g™ is surjective and
Ker g™ =p ™ /e (x™).

PROOF: Suppose g™ (uE,)=k""" for ub,et™(U,/E,). This means #’"€E}. Hence we
have uEEmym , ie. Ker g™ =p"E /E_. B§ Theorem 1 of [4], we have t;l)(Emj=L(}1(1)),
because the Leopoldt conjécture is supposed to be valid. Suppose‘ z¥1l. Let C.be a gen.e'rétpr of
a finite cyclic p-group q,fm)(E_m). There is a non-negative integer » such that t("') (B =0 ().
We have xEE such that Qet(x)E,ﬂ' for ¢>t(n). If n*0, we see §p"EL(E)’"E,f,“, and hence
e (x) "€ (E). This contradicts to that £ is a generator of g. Thus, #=0. This proves

(m)

Ker g™ —,um ™ /g ()u ")), The surjectivity of g™ is obvious from the definition. g.e.d

Let 7 be the idele group of % and 1/, be the direct product of the groups ¥, of local units on
P&S:V,=ll,.sU,. We consider U, and V,, subgroups of J with the canonical injections.
UV, is the group of units of /. Denote by U, the mtersectlonﬂ,,>1U - Set H,=F*V, ULE,.J"

By class field theory, we have
limj/H, = ©.
Set H=MN,5,/H,. Since lim J/H,=J/H, we obtain the following isomorphism:
K& ® - J/H.

Let L be the maximal unramified abelian p-extension of % and denote by &, the Galois group

of Mg/L. The restriction y, of ¥ onto §&, gives an isomorphism
1: 8, = U /U, NH.
{Note the second isomorphism theorem of topological groups is valid for the idele group J, because

it is o-compact.)

LEMMA 3. Let p° be the p-part of the class number of k and h=p°h, be the class number We
have H:, ,Ck*V,UY, and further, we luwe HNU,=E, U,

PROCF: Since J*C ™V, U, we have H,, ,Ck*V, E,UY. By the inclusion £,CEV, U, we see
He RV, UY . Hence, we have Hh, N U, CE, U, and further, H* N U, C E, U, Since
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{(h, p) =1, We have HNU,CE, U.,. We obtain HNU,=E, U"..

PROPOSITION 4. We have T =Hu,/ szm/t;m)(Em). If the Leopoldt conjecture is valid, we have
t;m)(Em) = ().

PROOF: We have proved t;”)(E,ﬁ} =¢ (4} if the Leopoldt conjecture is valid, in the proof of Lemma
2. By the table in [2,L.1.c], we observe H D L. Hence, by virtue of Lemma 3, we have (%) is a
subgroup of U, /E,U}. Denote by X this subgroup. Let p,": U, /E, U, — U,/E,U; be a surjection
induced from p,: k,—k, By the table of [2].1.c], we observe p, (X) = wE U /E,U,. Set n =
OyeepP. WeseeKer p =y E,U/E,U,. Therefore, we obtain X =y E_U/E U’ . Since
#n 1 U, ={1}, we have szm/t;m)(E_m). q.e.d.

We suppose throughout in the remainder part in this section that the Leopoldt conjecture is
valid for (&, p). We shall extend g™ onto tf,"’) (J/H). Set ¢ =max(m,¢(m)). An element of
t;"’)( J/H) is represented by an idele a such that a?"€H, . for every n. By virtue of Lemma 3,
we have ack™, v€V,, u= U, such that

2.1) a™" = qout”,
holds. Suppose we have another such expression :

a n‘hp'l:a)vsuﬂpl’ a’ekx, = Vm, we Um
and suppose », > £. We have a’ '€ E”” by virtue of Lemma 1. Hence, the coset ak™?" of k™ /k*""
is uniquely determined for > ¢. Moreover, we see a= S(p”). If a €H, we have a "€,™V, U,
from Lemma 3, and this implies 2= £**", We obtain a map §™ : t;’”’( F/H)—B(p™) defined to be
§"(aH)=ak™". We observe §™ is a homomorphism. Let t,, be the ,-th power automorphism
of £™(J/H). Let §™ be the composition §™« 4", '

Suppose §™ {a'H)=1. We have ¢€£**" in (2.1). Hence, v€ V*" and a "€r* V, U "ui™.
Thus we have

’l = _
a"en nZ"kx Vm Ulf‘: #nfuml _%#n('lm)‘

Hence, Ker §"=Hu "™ /H. We have veV,, b&J for a=S(p™)such that =2 b*". We see
bHEt;"’)(]/'H) and §"™ (6 H)=ak™". Thus $"™ is a surjection.

We have the following commutative diagram for m>#:
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= {n)

EJ/H) —— B(p")

im,n
R
L™ (J/H) —— B(™)

where £"(J/H)—1™(J/H) is inclusion. Take the inductive limit and denote by §” the mor-
phism induced from §™, m>1. We have §* is surjective and Ker § =N /H.

LEMMA 5. Let {Z,, £} 1cnemee b a family of abelian groups and homomorphisms [, Z,~Z,,.
Let X be an abelian group and Y be a subgroup for which theve exists a surjective homomorphism
B’ (""(X}—>Z such that Ker gm—t(’”’(Y) and g,,°
t;’")(X ). Then, the exact sequence

—_ . . . {n)
bon =S n® & Where v, is tnchesion L, (X)—

1-t"(Y) » (X)) > Z, > 1

splils. if and only if t(")( Z,)=Im f,, holds for 1<n<m.

RROOF: Suppose i}f"’}(X)Zt;’”’(Y) X Z,_. Since Q")(X)Zt;”’{Y} xt;”)(Zm), Thus gm(gf")(X)) =
1#(z,) for 1<n<m. We have £(Z,)=In f,,,. Conversely, suppose £"(Z,) =Im f,, for 1<
n<m. For xet;m’(X} such that p"xEt;’")(Y), we see g,(x)EIm £, . Take zEZ, so that
&nlx) =/, ,(2), and also take x’Et;”’(X) so that g,(x") =z. We have x—x’et;"’)(Y) and p"x=
p"(x—x)Ep™t™(Y). Thus we obtain p"™(X) N™(Y)Cp™™(Y). We have p"t™(X)N
t;’”)(Y) = p"a;f”’)(‘f). This proves t,,(”’)(X ) :t;"‘)(Y) XZ,. q.e.d.

$™ induces a surjection tp{”’)(@)ﬂ B{p™). Denote this map by s

THEOREM 6. Suppose the Leopoldt conjecture is valid for (k, p). We have a surjective isomor-
phism s™ t;"’)(@)—rB(p"’) with kevnel being isomorphic to ul™ /e (x™). Denote by s™ the
composition ¢™es™ . We have Ker §™ = tp{"’)(@io). Hence we have the following exact sequences :

W 1 1™y > (@) > BG™ - 1
) 1- £7(®,) - (@) - BY(p™) -1

The sequence (1) splits if and only if z'm,,,(B(p”)}—t(”}(B{p )) holds for 1<n<m, and szmzlarly,
That of (2) also splits if and only if l}f")(Bm)( ") =BY(p") holds for 1<n<m.

PROOF: Since HNU,=E,U:, we have Hﬂp(’"’—t(’")(E) ¢(¢"™). We have Ker §"=
2™y, Hence, Ker s™ =y "/ (4. Let i" be the injection t;”’)(Um/Eng) -
t('")(J/H) Suppose 2EE in (2.1). We observe a €V, U,. Thus a HEIm ™. This proves
Ker $"™=@,.
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Set i, ,onf,, and Z,=B(p"), X= t;’"’(@i) and ¥ =4 /. (4"} in Lemma 5. Then, we obtain
the condition concerning to spliting of the exact sequence (1). Set the canonical injection BP(p"
—BP(p™) on funand Z,= BOp™, X = t}f’”)(@ﬁ) and ¥ = t;"’)(@o) in Lemma 5. Then, we obtain the
statement concerning to the spliting of the exact sequence (2). q.e.d.

COROLLARY. Let Z be compositum of all Z,-extensions of k. Suppose the Leopoldt conjecture is
valid for {k p). Then, we have
BY(p™) = Gal(L/LNZ).

PROOF: Let p™ be the exponent of t;m)(@). We observe

I

Gal(My/ZL) = (@, = 1(T).

Hence, by Theorem 6, we have Gal(ZL/Z) = BY(™). g.e.d.
PRCOF OF THEOREM A: By (1.1) and Theorem 6, we have the exactness of the horizontal
sequence of the diagram in Theorem A, The exactness of the right vertical sequence follows from

Lemma 2. By Proposition 4 and Theorem 6, we t;w’(i) =u,/t {u) and observe tp(m)(@) =B(")
from the top row in the diagram.

3. THE PROOF OF THEOREM B

Let K be a Galois extension of % with Galois group G. S is a finite set of prime divisors of £
such that SOP. Set m=II,csP. Let 4. denote the p™ power endomorphism for an arbitrary
abelian group.

LEMMA 7. Let A be a G-module, If the image of the homomorphism
HYG, £(4)) - HYG, 1(A)

induced from tp(”‘)(A)Ct;m)(A) is trivial, we have A”“G=AG‘°"I;°°)(A‘° "9,

PROOF: By an exact sequence
Lo f7(4) > A2 47 sy
we have the following diagram whose rows are exact :

1 — fp(m)(A)G _ tp(mJ(A)G _ tp(m)(Ap'")G N X > 01

| l | |
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1 - 4 - A - AT - HYG, #M(A)
where X is the_ kernei of :H,l(,G’ .t;m)(_A))ﬁI;’l'(G, %@(A)), Here, set Y'= Ac/t;m)(A)G, We have
the following diagram o '
1 = (YY) - 7AM° - X -1
b

1o Y - AT S HA G,

By the snake lemma, we have an exact sequgr;cz.el
1= Y/ Y)Y = A" (A7) > Coker 1.

Hence we have A?"C=A% nt;m)(Ap "¢ if Coker i={1}. q.e.d.

¢* denotes the homomorphism H*(G, x™)—~H*(G, K*). y’x is a subgroup of g, such that

el = (e /) C. Let p° be the order of gy -

LEMMA 8. Suppose H'(G. ug) vanishes and 2 is -injective for i=1,2.
(1) We have an isomorbhism
Skp™)NE 1y
K" NE

) BK(PM)G: =

(2}  We also have an isomorphism .
(Seld™ )¢ Slp™ Nk

s Seld™) Ny

Furthermove, we have
(K™ 1)¢ (KN E w)) (Sx(p™ N
e Sip™ N ‘
PROOF: By taking the cohomology long exact sequence from the following commutative diagrams

whose horizontal rows are exact:

I

1 — K¥ — K* — K¥YKY — 1

1 —— W —— K —— K

l -

—_ 1
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1 — 4 — K¥ — K —
we have the following commutative diagram whose vertical and horizontal rows are also exact :

m ~ DS = HYG uf) - HYG wy

T

B - (KK - HYG K¥) - HY G K

!

2
HYG KX - HYG K™) — HYG ) ~— HYG, K

Suppose H'(G, ) ={1} and Ker L2_={1}. Since H'(G, K*)={1}, we have H(G, K**) =

{1}. This implies (K*/K**")¢ is generated by £ K™*"/K™*" and (u/uf)¢. Namely,
(K* /K76 = p* ) K™ (K"

Hence, we have
Sklp™ NE*
K™ NE™y
An element x,E (Sy(p™ ui) € is written as a product xz of 1€ Sy(p™) and 2&uy. We see xE
Sk(d™ N k" p). Conversely, x € Sp(p™ N k™ u}, can be wriften as a product %g2 of x, €

(Sylp™ uy) € and zEpu}. Hence, by correspondence xoptif =2 (Se(p™ N ), we have an isomor-
phism

B(p™ N (K" /K™ =

(Skld™ui)® _ Sxlp™ Nk uy
3 T SK™ N
because x,=xzE ) if and only if x&€ S(p™) N pK By this isomorphism, we also have
L) TR ) (Seb™) Nk

»G

Hyg - Sx(p ) N JuK

The proof is completed.

LEMMA 9. Suppose S contains every pnme divisors of k which are ramified in K. Then, we have
an injection
Sxp™CISp™ — HYG, pm).
Furthermore, if the zmage of H'(G, y(”))—FH G, #x, o 15 m'vial, we fzave an isomorphism
HYG, i) = uhalubn

PROOF: Let J;,, and J;, denote the direct product IT,, ,mk; and'l'[;mng’; , respectively. Set [, =
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Jon/Viw and L =Jg o /Vic .. We consider I, , and I . subgroups of the divisor groups of £ and X,
respectively, and also consider J,,CZ .. Since S contains every ramified primes, we have [\ =
I} for n>0. The p”-th power endomorphism of J, induces an exact sequence

tom n -
1= g™ - Ky XD =5 Ky =1
By taking the cohomology exact sequence, we have the following exact sequence :
bym n -
1= w25 by Xy = KX = HYG, uln) = 1
and further, obtain an exact sequence

L= k"X = KGPOXE — HYG, i) = 1

Since X NAX" X =8,(p™) and E*NK P X I = 5, (p™) €, we have an exact sequence
1= §p™ = Sxp™C = HY(G, uim).

Thus Si(p™) ¥S.(p™) injects into H'(G, u™). Suppose Im(HY(G, u™ = HUG, ug.)) =1{1}.
By the exact sequence

1= % = tm = the = HYG, ug) = H (Gugm)
obtained from the cohomology long exact sequence associated with
fyn =
(m)
1_-)#]{?::: ——)#K,m_g_)#;’,m_)l

)

we have H'(G, ) =ubclufn. d.c.d.

PrROOF OF THECOREM B: By Lemma 8, we have

Sxp™) Nk y;
m\G K K
Bx(p™)" = - K O kg
If Sp(p™ NuCul, we have Sg(p™) Ny CK™"", and hence obtain
(SK(Pm)#}{)G
B ( my & ~ K
K p ) (K P #;{)G

from Lemma 8. Let A be a subgroup of Si(p™) X i} defined to be
A={(x, x ™) |x=p; NS (™}

Let #((x, ¥)) =y be the projection of Sg{p™) X uj onto uy. Let f: Splp™) sey— Sklp™) X s’y /A be
a homomorphism induced from the canonical map of Sg{(p™)—> Sg(p™) Xuy and that of
ux—= S (™) X . We observe Ker mof=8,(p™). Let g be the restriction of z°f onto
(Silp™ i) ®. We have the following exact sequence :
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1— Sgp™C = (Slp™u) ¢ £ wulul.
Hence, we have (1). (2) follows from Lemma 9, immediately.
4. APPLICATIONS

Let %, be the maximal p-extension over % in £(£,). Set K=%k, Wehave H'(G, uy) ={1} for
i>0if p is odd or if —1 is norm form k. Moreover, we also have H"(Gal(Km/kp), #x g ={1} for
i>0, where P is an extension of a prime b of k.. Hence, we have H' (G, fg ) =111

THEOREM 10. Set K=k, Suppose —1 is novm from k, when p=2. Let m be a natural number
for which we have (Sg(d™) i) = (K up) Sxp™C and Slp™ Nue=ub". Let p* be the
exponent of uy .. We have

Br(p™ ¢ Sio™ /™ ulC.

Moveover, if m>e, we have |
Br(p™ =B, p™).

PROOF: By uxN Sg(p™) =uk, we have

(K™ ui) N Sp™ CC K™,
Hence

Bx(p™) ¢= Slp™ /K™

from Theorem B. Since H'(G, g) ={1}, we have K**"*=%**"y2"¢ from Lemma 7. If m>e, we

have S (»™)°=8,(p™) from Theorem B, because H'(G, sn)=1{1}. Since u"={1}, we obtain
Bx(pm)cz Bk(P?")A g.e.d.

Let k, be a finite algebraic extension of @ such that &, 2§, Set k=k,(§,). Denote by A the
Galois group of k/k, Let Z, be the ring of p-adic integers and t(pr) denote the torsion subgroup
of the multiplicative group ZPX. The group generated by ¢, is a Z,-module and there is ¢E t(Z:)
for each 6 €A such that §=¢;. We obtain a p-adic irreducible character o of A defined to be
w (o) =¢. Let ¢ be the associated idempotent with e’ of the group ring Z,[A] of A over Z, Set
K=k(a). We observe gue=1{1} if {£1 mod |A|.

Let Ay be the ideal class group of K and Dy be a subgroup generated by prime divisors P of
K such that B|p. Set Cx(p”) = A /Dy AY. When K 3¢, we have the Kummer duality between
Cx(p™ and Bg(p™). Denote by & the idemopotent associated with w'™". We observe & Cx (p")
is the dual of & Bg(p™).
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PROPOSITION 11. Let p be odd. Let k be a tolally real number field and set k=1ky(§) and K=
k(g,,.). Suppose the Leopoldt conjecture is valid for (K, p}. Then, for 1<n<wm, we have the
Jollowing statement ;

{1} We have
| &By(p") =& B (p")
for odd i such that iZ1 mod. |A|. When &;=¢,, we have &, B,(p") =& By (p™) if upeNSp(p™ =uf.
(2) We _obtain the following exact seqzeem"e:
1= & (uln/e (™)) = gt (®g) = &,Bgp") = 1

PROOF: Since &; B /EL = & up/ufy for odd i, we have & By (p™) ={1}. By (L.1), we have
e, Br(p") = ¢B(p") if g+¢. Suppose gx N Splp™) =ph. We have ¢ By ={1}. Hence
& B(p") =&,B(p™). This proves (1). The exact sequence of (2) follows from Theorem A. g.e.
d.

THEOREM 12. Let p be odd. Let ky be a fotally real number field and set k=ry(§,), K=k ().
Suppose the Leopoldt conjecture is valid for (K, p) and N\ Sg(p™) equals ufp for an arbitrary
natural numbey n. Lel § be odd.  Then the following conditions (1), (ii) and (ii) are equivalent :

() e7Cx=1{1}, Gi) Bg(p)={1}, (i) &£7(D)={1},

Moreover, if & {pgnle (u)) =11}, (i) is equivalent to &£ (@) ={1}.

PROOF: By Proposition 11, we have ¢ Bg(p") =& B (p") for every »n. We can prove that the
exact sequence

1= sit;n)(@u) - Ei‘f;")(@) ~ 5B (") — 1

splits if and only if ¢ Die B (p™) =& BY(p") holds for 1</<n, by the same argument as in the
proof of Theorem A. By Proposition 11, we have & B% (") ={1}, and hence the ahove sequence
splits.  Thus g B(m(p) ={1} is equivalent to B(D)(p”) ={1}. Moreover, since ¢; Bm)(p) =g Belp), we
see tm(s B (p)) = ¢ By(p), this proves the equivalence of (i) with (iii) by virtue of Theorem A.
By the Kummer duality, we observe (i) and (ii) are equivalent. By Proposition 11 and Theorem
A, we have (@) =£(D) if ;{ugn/e () ={1}.

Remark. 1. Set K=k(§.). When i#1lmod. |A[, we have eu,={1}. Hence, by Lemma 8,
we obtain the following isomorphisms :
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Suppose S=P and H'(G, eiy,g”,:)={'1}. We have éi(SK(pm)G/Sk(pm))={1} from Theorem B.
Hence we obtain

e,-BK(Pm)G"‘—“ &B,(p™).
Especially, we have
£ B,(07) = &B(p™)°.

This implies &4(9,) =&(D5).
2. Let % be totally real. Suppose the Leopoldt conjecture is valid for (% p). We have an
isomorphism

E; B](!O)(pm) = Eitp(Ak)

for even i from Corollary to Theorem 6.
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