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RESULTS IN ESTIMATES FOR k-PLANE
TRANSFORMS
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Abstract. This is an expository paper. We give proofs of some results of M. Christ (1984)
and S. W. Drury (1984) related to k-plane transforms. Also, we give proofs for some results on

interpolation appearing in estimating k-plane transforms.

1 Introduction

In this note, proofs will be presented in some detail for results related to k-plane
transforms T}, ,, of M. Christ [3] in 1984 (Theorem 1.1 below) and S. W. Drury [5]
in 1984 (Lemma 2.1 below; see also a result of Blaschke which can be found in [13,
Chap. 12]). For a function f on R™ and an affine k-plane p, 1 < k < n, the value
of Ty f at p is defined to be fp f, where the integration is with respect to the k-
dimensional Lebesgue measure on p (see (1.5) below for a more precise definition).
We refer to [7] for a survey on a topic related to estimates for T}, considered in
this note and also [12] for relevant references and additional information. When
k =1, T}, is called the X-ray transform and when & = n —1, it is called the Radon
transform (see [4] for applications in harmonic analysis; also related results can be
found in [14]).

Let G, be the Grassmannian manifold of all k-planes in R™ passing through
the origin (1 < k£ < n). Theorem 1.1 and Lemma 2.1 are stated in terms of the
SO(n) invariant measure do on G}, ,. To prove Lemma 2.1 we shall show Lemma
2.3, which is also in [5] and can be regarded as a polar coordinates expression of the
Lebesgue measure on R” when £ = 1. Lemma 2.3 can be used to prove Lemma 2.4
too, which is an analogue of Lemma 2.3, where R” is replaced by S™~! (the unit
sphere in R™) and the Lebesgue measure on R" is replaced by the Lebesgue surface
measure on S~ 1. Our proof of Lemma 2.3 is different from that of [5]; it is based
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30 Shuichi Sato

on straightforward computations concerning local coordinates on the Grassmannian
manifolds and the Gram determinants (see Boothby [2, pp. 63-65] and Spivak [17,
Section 2 of Chapter 13] for the local coordinates).

We also consider an operator Sy, related to T ,, which maps a function on
S~ to a function on Gy, (see (1.6) below) and prove in Theorem 1.2 estimates
for S, between the Lorentz space L™/*7"(S"~1) and the Lebesgue space L™(G}.,)
with respect to the Lebesgue surface measure on S"~! and the measure do on
G n, respectively. Theorem 1.1 follows from a more general multilinear estimates
in Proposition 3.1. We shall prove Proposition 3.1 by using Theorem 1.2 together
with Lemmas 2.1 and 2.4. Theorem 1.2 follows from Proposition 4.1 and from more
general results in Proposition 4.2 for £ > 2, which are also stated as multilinear
estimates.

Proposition 3.1 and Proposition 4.2 will be shown by using the estimates in (3.5)
and (4.1) below, respectively, by applying interpolation arguments. In this note, we
give proofs of interpolation results required in the arguments for the multilinear
estimates (Sections 5 and 6). For basic results on interpolation, we mainly refer to
the book Bergh-Lofstrom [1] but we reproduce proofs of some results important for
this note. To prove (4.1) we also apply induction arguments using Lemma 2.4 and
Lemma 4.4 on the Gram determinants.

For 0 € G}, define

0+ ={z cR":z 1 6},

where z L 6 means that (x,y) = 0 for all y € 0; (z,y) denotes the inner product in
R™:

n
(@) =) zy; = (1,...,20), ¥=1, Un)
=1

Let
S={(z,0):2€6+,0€Gp,} (1.1)

This can be regarded as a parameterization of all affine k-planes in R™. We write
7w = (x,0) for (z,0) € S. We define a measure dv on S by

dv(m) = dv(x,0) = dhgi (z) do(0), (1.2)
where

(1) dMgo is the n — k dimensional Lebesgue measure on the hyperplane 6+, which
is considered as a singular measure on R";

(2) do denotes the SO(n)-invariant measure on Gy, ,, where SO(n) denotes the
special orthogonal group on R™ (see Proposition 14.1 and Remark 14.2 in
[15], which is the first version of this note with extended sections on invariant
measures on homogeneous manifolds of Lie groups).
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Results in estimates for k-plane transforms 31

Let dAp(; ) be a measure supported on P(x,0) = {x +y :y € 0}, v € R",
0 € Gip, defined as

[ 1) v (= /7x+ydm<> (13)

where dAg(y) is the k-dimensional Lebesgue measure on 6 considered as a singular
measure on R™: dA\g = dAp(g ). If we decompose

T =1x9+ gL, where zp€0, x4 € GJ‘,

then it is easy to see that

/f a:—l—y dXo(y /f Ty —|—y) d/\9< ). (1.4)

For (z,0) € S, let

Tin(f)(z,0) = L/f ) d\p(o.g) (= /fw+wa) (15)

For 0 € Gjp, let Sg_l be the unit sphere in 6:
Sg t=5""1no= {y €0: |yl = (y.y)"* = 1}-

Define
&Aﬁ@=/‘fwmmwx (1.6)

k—1
SG

where d\g(w) is the unique probability measure on Sgil invariant under the action
of SO(k) on 6; here we note that SO(k) = SOgy(k) = {O € SO(n) : O(9) C 6}.

Let Cy(R™) be the set of all continuous functions on R™ with compact support.
Let C(S™ 1) be the set of all continuous functions on S"~!. We have the following
results (see [3]).

Theorem 1.1. Let 1 < k < n, k € Z (the set of integers). For f € Cy(R™) we have

HTk’ anLn+1 S) < CHfHLZi% n+1(Rn)7

where )
n+1 n+l
T flmsse) = ([ Tl £ 0P o)
and LP1(R™) denotes the Lorentz space on R™ (see [8], [18, Chap. V]).
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Theorem 1.2. For f € C(S" 1) we have

n

||sk,nf|\m<ak,n>=< /| ISkalNOF daw)) < Ol gy

where 1 < k < n, k € Z and the Lorentz space L%’”(Sn_l) 1s defined with respect to
the Lebesgue surface measure on S™!.

We also write || f||p.q for || f||zr.a.
For a function g on S, we consider a mixed norm

loflzsczr) = ( | ([1stz0r ar: <x>)‘”” da@))”q,

Then the norm on the left hand side of the inequality in the conclusion of Theorem
1.1 can be expressed as || T f||zn+1(pnt1). We recall two more theorems from [3].

Theorem 1.3 (Drury’s conjecture). Suppose that np~' — (n —k)r ! =k,1 <p <
(n+1)/(k+1) and ¢ < (n — k)p', where p’ denotes the exponent conjugate to p.
Then

| T fllary < CllEllps
where || f||, denotes the norm of f in LP(R™).

Theorem 1.4. Suppose that np~ ! —(n—k)r! =k,p<2,p<n/k andq < (n—k)p'.
Then
| T fllary < CllElp-

Theorem 1.1 implies Theorem 1.3 for p = (n+1)/(k+1),r =n+1and ¢ =n+1,
from which and the obvious L' result the other estimates of Theorem 1.3 follow by
interpolation. It is known that the following conditions are necessary.

(1) np~t — (n — k)r~! =k in Theorems 1.3 and 1.4;
(2) ¢ < (n—k)p' in Theorems 1.3 and 1.4;
(3) p < n/k in Theorem 1.4.

Here we give proofs for the necessity.

Proof for part (1). Let £ (2) = f(dx) for § > 0. Then Ty, £ (x,0) = 6 * Ty, f (6, 0),
and 50 | T f O pa(pry = 6%~ F/"| Ty 1 fll La(rr)- On the other hand, || @), =
52| fllp- Thus, if | T f Ol paczry S 11Flp, we have

66N Ty fll oy S 6771
for all § > 0, which implies np~! — (n — k)r=! = k. O
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Proof for part (2). We write z = (z(),z®), () e RF 22 ¢ R** for z € R".
Define

BW = {z0 e RF: |z2M| <1}, BO® = {z® eR"*:[z?] < ¢},

(

where € is a small positive number less than 1. Let T, = B! x B®. Following [3],
we consider the characteristic function

xz. (2, 2@y = x5y (x(l))XB@) (z?).

Let
Py = {(zM,0) : 2V € R¥}.

We can see that there exists an e-neighborhood N, of Fy in Gy, which is a
k(n — k) dimensional manifold, such that if § € N, y € 6 and |y| < 1/2, then

Iy < 1/2, y@ € Be(% and o(N,) > (k) (see (2.1) below in Section 2 for the
dimensionality of Gy, ,,; also, the formula in (2.5) below is helpful). For any § € Gy, ,,,
it is obvious that if 2 € % and |z| < ¢/2, then |z™M| < 1/2 and z® € BS%
Therefore, if € N, y € 0, |y| < 1/2, z € 6+ and |z| < €/2, then (M) + ¢y ¢ BO)
and z(?) 4y ¢ BéQ), and so x +y € T,. Thus

/‘/XTe(l'—i-y) do(y) ' dhgo (2) 2/

lz|<e/2
for all # € N, and hence

Tiomxr: ey > ( [ (|t " i <x>>w da(@))l/q (1.7)

> ((=R)/ra (N )V > (k) /rek(n=k) /g,

r

dge(z) = ™)

/ ()
ly|<1/2

On the other hand, we see that
Ixz. [l ~ 07, (1.8)

Thus if [| Ty X7 | a2y S [IXT|Ips by (1.7) and (1.8) the quantity

n—k+k(n—k)_n—k k("_k)_ﬁ
€ q P —e¢e 4a p’

remains bounded as ¢ — 0, where we have used the equation in part (1). This
implies that k(n — k)g~! — k(p')~! > 0, which is equivalent to what we need. O
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34 Shuichi Sato

Proof for part (3). Let
fl@) =1+ [z))7* (log(2 + |2))

where 1/p < k/n < 6 < 1. Then, f € LP(R"), since kp > n and pd > 1. Also, we
have T}, ,, f(z,6) = oo for all z,0, since § < 1. So we need to have p < n/k if T}, is
bounded from LP to the space LI(L"). O

We shall prove Theorem 1.1 in Section 3 assuming Theorem 1.2, which will be
shown in Section 4. In Section 2, we give some lemmas for the proofs of the theorems
including a formula in Lemma 2.3 related to a result in [5]. Theorems 1.1 and 1.2
follow from multilinear estimates in Propositions 3.1 and 4.1 below, respectively.
Results in interpolation arguments needed to prove Propositions 3.1 and 4.1 will be
provided in Sections 5 and 6.

2 Some results related to the proofs of Theorems 1.1
and 1.2

Let vy,..., v, be vectors in R"™. The Gram matrix Go(vi,va, ..., vx) is defined to be
the k x k matrix whose (¢, m) component is given by (vg, vy,) :

(v1,v1) (v1, v)
Golo, v, cowe) = |
{0k, v1) (vk, k)
Also, the Gram determinant G(v1,vs,...,v) is defined as

G(vi,v2...,v5) = det Go(v1,v2 ..., V).

Then, G > 0 and G/2 is the k-dimensional Lebesgue measure of the parallelepiped
determined by v1,..., vk (see [9, 1.4, 1.5]). It is known that

G(Ul, V2y vty Uk) = G(UT(l), UT(2)7 e 7UT(I<:))

for every permutation 7 of {1,2,...,k} and
G(a1vy, agve, ..., qvp) = atas ... aiGloy, va, . .., vp)
for any aq, e, ..., ar € R. Also,

G(UUl,UUQ, .. .,ka) = G(Ul,UQ, - ,Uk)
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for every U € O(n) (the orthogonal group). If v; = (vi1,v2 ..., Vi), 1 <i < k, it is
known that

Ul7j1 U17j2 cee Ulv]k
V2,51 V242 - V2

G(viy...,v) = Z ...................... ,

1<71<go<-<Jp<Mm |«

where the summation is over all J = {j1, j2,...,Jx} intheset {J: J C {1,2,...,n},card J =
k} of cardinality (}) = n!/(k!(n — k)!).

We recall the following result, which I have learned from Drury [5]; a closely
related result of Blaschke can be found in [13, Chap. 12] (see [6, pp. 371-372]). We
also refer to [11].

Lemma 2.1. We have
d/\p(ﬂ.) (33‘0) e d)\p(ﬂ.)(xk) dl/(ﬂ) = C‘G(.Q?l — X0y L — $0)’(k_n)/2 d.%‘() dml N d.%'k

with a positive constant ¢, where each of dxqg,...,dxy is the Lebesque measure on
R"™, and the equation means that

/ F(zo,...,x5,2,0) dAp(z 0)(%0) - - - dAp(ag)(z) dv(, )
Rnr(k+1) xS

= C/ F(:Co, ey Ly (l‘o)e(wlfmo,uwﬂﬁk*ﬂvo)i" 9(561 — Xy T — CL‘()))
Rnr(k+1)
X \G(ml — X0y LT — 1’0)’(k_n)/2 d.%‘() dml c. d.%'k,
where F' is an appropriate function and 0(vi,...,vy) is the element in Gy, which
contains vi,...,Vk.

To prove this, we first show the following (see [16, Theorem 3.4]).

Lemma 2.2. Let 7 = (y,0) € S, x € R". Define a measure duz(m) on'S by
[F@ i) = [P0 disty0) = [ Flage.0)do(o)
S S Gk:,n
Then dpy(m) dz = dAp(r)(z) dv(m) on R™ X S, in the sense that

/ ® F $ yve) d)‘P(yO) dl/ y7 / / T y7 d,ur(yve)d
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Proof. Since y = (y + 2)y. if y € 6+ and z € 6, we have
/ F(‘rvyae)d)‘P(y ) dV y7 // y+Z Y, )d>‘9( )dl/(y,e)
R™ xS 2€0
— [ P+ 2000 da) dige () do(o)
Gin yeoLt Jzco
= / / F(z,z91,0) dedo(0)
Ghn n
= / / F(z,x91,0)do(0)dx
n Gk,n
— [ [P dun.0)ds
nJS

where the third equality holds since the Lebesgue measure dx on R™ can be decomposed
as dr = dXg(z) d\gL(y) for every 6§ € G, p:

[t nanE anm = [ fads

Proof of Lemma 2.1. Let (z,0) € S.

I:= /F(9€0,£U1,~--,wk,$,9)d)\P(x,0)($1)--- dAp(z,6)(Tk)

:/ / F(xg,:c+y1,...,x+yk,x,0)d)\9(y1)...d)\g(yk)
y1€0 yr €0

Therefore, by Lemma 2.2, we have

/Id)\p(xg)(xo ) dv(z,0) /Iduwo x,0) dxg

= [ Fo olos + e o) + s 20101 0)
dXg(y1) - .. dhg(y) do(6)dxg
= /F(CUO,CUO + Y1, 20 + Yk, (To)gr,0) dAo(y1) . . . dAg(yk) do(0)dzo
=: I,

where the penultimate equality follows from (1.4).
To complete the proof of Lemma 2.1, we apply the following result.
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Lemma 2.3. Let 1 <k <n. Then we have

L[ e 0y @) o) ofo) do(6)

k,n

=c . fz1, 29, ...z, 0(x1, 20, . .., 2p)) |G (21, T2, . . . 7$k)\(k_n)/2 drydzs . ..dxg.
Rn

By Lemma 2.3,

I = c/ F(wo,xo +21,...,20 + Tk, (acg)@(xh__’xk)hﬁ(xl, R ,$k))
Rn(k+1)

X |G(z1,x2, ... ,:L“k)|(k7")/2 dzy ... dxy, dxg
= c/ F(.CL‘(), Tlyeees T, ('Z'O)G(xl—xo,...,ark—xo)L?9<x1 — Xy .-y L — .7}0))
Rn(k+1)
(k—n)/2
X |G(x1 — xo, ®2 — Tg, ..., T — X0)] drodzy ... dxg,
which completes the proof. O

Proof of Lemma 2.3. Here we consider the Grassmann manifold G, defined as in
[2, pp. 63-65] (see also [17, Section 2 of Chapter 13]). The dimension of Gy, is
k(n — k) and the invariant measure on Gy, is realized as a measure based on the
absolute value of a k(n — k) local differential form on Gy, (see Remark 14.2 in
[15]). By a suitable partition of unity we can write do = ) du;, where dpu; can be
expressed by using local coordinates as

)

duj(e) = pj(.%'l (9), s Th(n—k) (9)) |(d$1)9 VANCERIAN (dxk(n—k))H

where p; is compactly supported, non-negative, continuous function. We also write
dpj = pj(T1, ., Tp(n_r)) dT1 .. dTp(p)-
We rewrite this using a1 g1, ..., Gk kg1, Q1 k42, - > Qe kt2s - ALy - - - 5 Ay AS

dﬂj = Pj(al,k—‘rla S ,ak,n) dal,;ﬁ_l C dak,n.

Fix jo and consider du;,. Let

v = (1,0, “. ,0,a17k+1, N ,aLn),
Vg = (07 17 .. 707a2,k+17 o 70'2,77,)7
v =(0,...,0,1, @k k+1s---, Q)
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We now assume that R¥(=%) and the local coordinates on Gy are related by the
injection

(@1 g1y -y Ol 15 Q125 - -5 Qo kd 2y - - s @l - - - ()
— 0 =sp{vi,va, ..., 05} € Gy, (2.1)

where sp{vi,vs,...,vr} denotes the subspace of R™ generated by {vi,va,..., vt}

Put
k k k
§ l ‘L 4 § 4 § l
Yo = S; Vi = | $1,595+++5 Sk SiQ5 k41 -+ S;Qin
i=1 =1 =1

for /=1,2,...,k. Let

a1 k41 a1n
A= | oo
Ak k+1 -+ Okn
We note that

U1

(%)
= (Ek, Ak n—k)-

Vg

Let
¢ ¢ 0 ¢
u = (s],85,--.,5)

be the k dimensional row vector and
0 = (0,0,...,0)

be the k dimensional row zero vector. We define n — k numbers of k(n — k) row
vectors by

Sf = (u*, 0, ..., 08),
Sé = (Ok’uzﬂokﬁ .. "Ok})ﬂ

St = (0g, O, ..., Op,ub).
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Define the (n — k) x k(n — k) matrix by

St
¢
g | >
)
Stn-)
for £ =1,2,.... k. Let
aj:(a17k+j,...,ak7k+j), j:1,2,...,n—k‘.
Consider the Jacobian
oY1, Y2, Yk)
A= . 2.2
A(ut,u?, ... ,uk al a2,... a"F) (2:2)

Then A is equal to the determinant of the nk x nk matrix:

Ek Ok,k Ok,k ....... Ok,k Ok,k(nfk)
Az,n—k Onfk,k Onfk,k ....... Onfk,k B1

Ok,k Ek Ok,k ....... Ok,k Ok,k(n—k)
On—k & Ai,n_k Op—kf wvvv--- On—k k B? :
Ok Ok.k Ok ovvnns E} Ok,k(n—k)
On—kk On—kk Opekk «vvvvn. A BF

where 0, denotes the j x m zero matrix and A};n_ i denotes the transpose. We can
see easily that |A| is equal to the absolute value of the determinant of the matrix

Ey
Ex
Ey

1
Aill;,nfk . BQ

Ak,n—k B
.k:

Al/;n—k B

(where the components not expressed explicitly are all 0), which equals the absolute
value of the determinant of the k(n — k) x k(n — k) matrix:

Bl
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By inspection |det B| is equal to |det S|"~*, where

51 5 Sk
s% 5% s

S=1............... . (2.3)
sk sk sk

We write
k k k
1 1 1
Yo = E S; i1, E S A2y« - E S;Gin |
i=1 i=1 i=1

where aij:&j fOl“lSjSk; (51'1':1, (5ij:0ifi§£j.
Let 1 <ji < jo <--- < jr <n. To compute G(yi,...,yr), we note that

k 1. k 1. k T, .
Zilzlsilalh]l Zi2:15i2azwz Zik:1sika’lkdk

k 2 k 2 k 2 .
Zz‘l:lsz‘laum Zigzlsz‘gazmz Zikzlsikalkdk

Zi1:15i1az1,31 Zig:lsigaw,n Zikzlsikalkdk

1 1 1
121 832 sék
k Sil 5@'2 . Sik
= E Ay, 51 Qg Go oo e Qg Gp [oe oo
11,82,k =1 e e
st sk sy

. . . 1 1 1

a17]1 al’p e al,]k S1 So9 ... Sk

a2y G2y - Q25| [ST 83 ... Sk

k.51 Ok,j2 Ak i | 151 S2 Sk
Thus
201 o1 112
a17j1 a17.72 alv]k s% S% 82
a2, Q245 .. A25. ST S5 ... Sp
Gy, yk) = g .....................................
1<H1<go< <IN |e e i it i i e i i i iiiieae]| e
k

k.51 Ak,js kgl 51 52 Sk

= G(v1,...v;) |det S|?.
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Therefore

dst...dst...ds¥... dsl,gdujo
k k
= dsi...ds}...dsy... dsppio(A1 415 - -5 k) a1 i1 - - - dag g

= pjo(@1 415 - -, k) |det S|k_" dyy ... dys
(k—n)/2

= Pjo (@141, - - arn) N(ag)" |Gy, - ) dyi ... dy,
where
N(ai;) = G(vy, ... )2
Let yp = Zle sfvi, where v1, ..., v, are as above. It can be shown that

/---/g(zl,zg,...,zk) dAg(z1) dNg(z2) ... dNg(zk)
0 0
k
:|G(v1,vg,...,vk)]k/2/ / 91, Yk) Hds{...ds‘;;
RE - JRE =1
k
:N(aij)k/ / 9(y1, . Yk) Hdsli...dsi
R*  JRF =1

for an appropriate function g, where 6 € Gy, is spanned by v1, v2, ..., v;. Therefore

/(/ /le,.. 20, 0) g (21) ...d/\g(zk)) (2.4)

Pio(@1(0), ..., Ty (0)) [(dz1)g A - A (dzpni))o]
:// f(Zl,...,Zk,G(CLLk.;.I,...,(Lkm))
0(at1,k+15e,0k,n)*

H ANo(ar g1 rsann) (Z)Pjo (A1 k15 -+ Qkn) Q1 g1 - - - dagy,
j=1

k
—/N(azj)k/ f(y17'-'7yk79(al,k+l7-"7ak,n)) HdS{ dSi
R*  JRE =1

X Pjo (aLkH, ey ak,n) dal,kﬂ . dakm
:/ f(yla'")yk79(a1,k+17"'7ak,n))

n Rn

X pio(@1 k1 - @) N (@)™ |Gy, )|V dyy - dys,

where §(ay 41, -, 0kn) = 0(v1,...,V%).
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42 Shuichi Sato

Here we note the following. Let S be as in (2.3). Then

Y1
Y2
=1 . |=(55nrk) = S(Ek Akn—)- (2.5)
Yk
Thus, writing y, = (y{,...,%%), we have
vl v Ui
yi v Ui
S:S(yl,...,yk)z ................ s
u b Ui
1 1 1
Yi+1 yl§+2 ?/721
Yier1 Y2 Yn
T:T(yl,...,yk) = SAk,nfk S R 5
FRRRREE RRRRRRREREE ;
Ye+1 Yk42 Yn
and hence
a1 k+1 a1n
Ak"nik N —_ 71T
Ak k+1 Ak n

Therefore a;; can be expressed by Yyl

Ai5 = aij(yla cee ,yk) = (S(ylv cee ,yk)_lT(ylv cee ’yk))i,jfk

for 1 <i<k,k+1<j<n.So we can write
/ f(yla"-,?/k7‘9(a1,k+17~~,(1k,n))
n RYL
. A\ (k—n)/2
Pjo (a/l,kJrlu s 7ak,n)N(aZj) ’G(yh s 7yk)‘ dyl v dyk

:/ R f(yl)'"7yk70(y17'")yk))ﬁjo(yl)”'ayk)

< |G, - )| B2 dyy L dye, (2.6)

where

Pjo (Y15 -+ -5 Yk)
= Pjo (al,k—i-l(yla e 7yk)) o 7Gk,n(y17 cee 7yk)) N (aij(yla e 7yk))n
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and we have used the relation:
0 (arps1(Wrs-- U)o Qe (Y1, - uk)) = O(vr, ... v) = 0(y1, - k),
which follows by (2.5). We note that each a;; is homogeneous of degree 0:
aij(Ty1, -, TYk) = aij(y1, ..., yr)  forall 7> 0.

Let [y] be the k x n matrix as in (2.5). We also write S(yi1,...,yx) = S([y]),

T(y1,--- k) = T([W]), aij(y1s - - - yk) = aij([y]) and pjo(y1, - - -, yx) = pjo([y]). Then
if o is a k x k matrix,

S(afyl) = aS(lyl), T(aly]) = oT([y])-

Thus if « is non-singular, we have

S(aly) ™' T(aly)) = (@S([y)) " aT([y]) = S(y)) "o~ aT(y]) = S(ly) "' T([y)),

and hence a;j(a[y]) = a;;([y]) and

pio(lyl) = pjo ([y])- (2.7)

Summing up in jo, by (2.4) and (2.6), we have

/G " f(z1,29, .., 25,0) dXg(21) dAg(22) . . . dXg(21) do(0) (2.8)

=/ A F sy 0, - k) p(yis - Uk)

< |Gyt .y FT 2 dyy L dyg,

where
pP= EE:Z%W
Jo
We can see that p is a positive constant function as follows. Let yi1,...,yr be
linearly independent in R™ and O4, ..., O be orthonormal in the space spanned by
Y1, ..., Yk. Then there exists a non-singular k x k matrix « such that
O1
O3
afy] = | .
Oy,
By (2.7), it follows that
oyt u) = p(O1, .., Op). (2.9)
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44 Shuichi Sato

Also (2.8) implies that p is invariant under the action of SO(n):

p(yr, - yk) = p(Uyr, .., Uyg) (2.10)

for U € SO(n). This can be seen as follows. Let
I= / fUz1,Uz, ..., Uz, U8) dNg(21) dNg(22) . .. dNg(2x) do (),
Gion J0F

where U6 = (Uzxy,...,Uxy) if 6 = 0(x1,...,2x). Then by SO(n) invariance of do
and (2.8), we have

I = / / f(zl,ZQ,...,zk,UH) d/\Ug(zl)d)\Ug(Zg)...d)\Ug(Zk) dd(e)
Gk:,n (Ue)k
= /G . f(z1,22, ..., 2k,0) dXg(21) dAg(22) . . . dNg(21) do(0)
k,n 0

:/ /R f(ylv"'7yk79(y1a---7yk))p(y1,...,yk)
X |G(y17 7yk)‘(kin)/2 dyl e dyk

On the other hand, using (2.8), we see that

= [ [ U U UBGncn)plon)
X |G(y1) s 7yk>|(kin)/2 dy1 e dyk

_/ R f(yla"'vylmUe(U_lylv"-7U_1yk))p(U_1y17'"7U_1yk)

‘(k—n)

x |GU 'y, ..., U ) " dy ... dyy,

:/ /R Fns ey 0y, u))p(U s U )
< |Gyr, . oy)| BT dyy L dy

Comparing the two expressions of I above, we can see that (2.10) holds true.

Rearranging Oq, ..., Oy, if necessary, we can find U € SO(n) so that UO; = e,
..., UOy = eg, where {e1,...,e,} denotes the standard basis of R”. Then by (2.9)
and (2.10) we have

P(yl, R yk) = p(61, ey ek).
This completes the proof of Lemma 2.3. O

We state a result analogous to Lemma 2.3, which will be used in proving Theorem
1.2.
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Lemma 2.4. We have
dg(wi) . .. dNg(wy) do(0) = ¢|det G(wr, . . ., wi)| P2 dwy . . . dwy,

1 <k < n, which means (2.11) below, where dwy,...,dwy are the Lebesgue surface
measure on the unit sphere S"~1 and d\g(w1), ..., dNg(wy) are as in (1.6).

Proof. By Lemma 2.3, we have

/ / Fyi, ..y, 0) ddo(y1) ... dra(yy) do(0)
Grn JY1,-,YR €0

:c/ R, 0, ) (GG, )5 day L dy.
Rn

Thus, using polar coordinates, we see that

k
/ / / F(riwy, ... rpwi, 0)(ry .. rp)F 7t H drjdig(w;) do(0)
Grn J(0,00)% J (S5 H)k

7j=1
:c/ / F(lelvu-7rkwk79(wla~w“’k))‘G(wl,,,,7wk)’(k*n)/2
(0,00)k J(Sm—1)k
X (7'1 .. .Tk)kfl dri... d’r’k dwi ... de.

Taking a function of the form

H(|x1|7a|xk|)F0(lJ1>7x;m€)7 ,I;:l'j/|$]| (1S]§k)
as F' and factoring out f(o s0)k H(ri,...,r)(r1...75) " Ydry ... dry, we have
/ / Fo(wis- . wp, 0) dhp(wr) ... dhglwr) dor () (2.11)
Grn J (S5 1)F

- c/( l)k FO(OJl, e Whes e(wl’ Tt 7wk))‘G(w17 e ka)|(kin)/2 dW1 e dUJk
Sn-

This implies what we need. O

3 Proof of Theorem 1.1

In this section we prove Theorem 1.1 assuming Theorem 1.2; also, we assume
interpolation arguments needed in the proof, the proof of which will be given in
Section 5. Let

Ak:,n(nyfla,fn):/S HTk,nf]($79) du(:z;,&)
7=0
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46 Shuichi Sato

We note that
[ @t @, 6)" d.6) = Al £ 1. 5.
S
The following result obviously implies Theorem 1.1.

Proposition 3.1. Let k be an integer such that 1 < k <n. We have

|Ak’,n(f07 f17 SRR fn)| <C H ||fj”(n+1)/(k+1),n+1‘
j=0

In fact, we have more general estimates:

n

| Ak (for 15+, Fa)l < Clpo, - -, n H 151l p; 1,

wherezj 05 —k+1 and 1 < po,...,pn < .
Proof. We have

Ak’,n(f()afl,- : 7f’fl)

n

—c / folwo) - ) | T / 1320 + 1) do(er —ag....on—a0) (V)

j=k1 0(x1—x0,..., Tk —T0)
k—n
X ‘G(.’El — X0y Tl — .CL‘O)’T d.CL‘() - dxk. (3.1)
We can see this as follows. Applying Lemma 2.1, we have

Ak,n(f07f17"’7fn)
// /fo xo) - - fr(zr) H Tenfi(@,0) | dAp(z,)(20) ... dAp(e0) (k) dv (2, 0)

j=k+1

_C/ /fo o) . .- fr(zk) H T £5((20) (1 —0,... zp—a0) 1+ 0(T1 — T0s - -+, Tk — T0))

j=k+1
X |G(x1 — xoy ..., Tk — x0)| 7 dxg ... dzy.
Combining this with the observation:
T f5((20) o(21 —20,....05—30) L » O(T1 — T, - . ., TR — T0))

= /fj((Z‘O)O(xl—mo,...,mk—:vo)i- + y) d)‘e(ml—tﬂo,m,il?k—l‘o)(y)

= /fj(xO + y) dAO(x1fxo,...,xkfzo)(y)7
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which follows by (1.4), we get (3.1).
Let w1 = 2=20.. When k > 2, define

 |zi—=ol”

1 — X

Q| xg, ———
e

/f2 1'2 fk(xk) H /f] J,‘()—l-y d>‘9 (21—20, s Tl — xo)( )

Jj=k+1

k—n
X |G(w1, 22 — 0, ..., Tk — x0)| 2 dxy... dxy;

when k£ =1, let
1 — Xo
Q| xo / 2o+ Y) dNg(z) -z
( |a:1—x0|) ]111 Fi(@o +9) Dhoger—an) (¥):

Let

_ 1 — Zo
K(zo, 1) = |1 — 20[* ") <wo, M) :

Then, it is easy to see that

Ak,n(fo,fh---,fn):/ Jo(wo) f1(w1) K (w0, 21) dxo doy.

For w; € 8" ! and zy € R", when k > 2, define

Q (20, w1)
:/f2($2+330)~--fk:(93k:+$0) 11 / fi(zj + 20) dXo(wy wa....ai) (T5)
=kt 1 0(w1,x2,...,Tk)

k—n
X |G(w1,z2,...,xk)| 2 drg... drk;

when k£ =1, let

xo,wl H / x_] + 370) d)‘e(un)(xj)

j=k+1

We note that Q (zg,w1) = |21 — 20" ¥ K (20, 21) when wy = &1 = (21 —x0)/|21 —Z0|-
We show that

SUPIIQ(wo, M g/ gn-1y < CH 1511, 1- (3.2)
Jj=2
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48 Shuichi Sato

Let w; = xj/|xj|, rj = |2j], ]A”;(:U]) = fj(xj+x0), j > 2. Then, since O(w1, z2,...,xx) =
O(wi,...,wk), k> 2, using the polar coordinates, we have
/ 53+ 20) Dot @) = [ Fo@) ey 2)
9((")17'7:27 ) k) G(UJl,..,wk)
[T B gl
0 SG(UJ ..... W)

A formula similar to this holds for £ = 1. Let
Fy(ep) = [ Blrgen)rt iy

for 2 < j < n. Then, if k£ > 2,

= c/ﬁ(rgwg).. Fr(riwr) H /Sk . Fj(wj) dNg (... ) (W5)

Jj=k+1 O(wyseees wg)

X (rg...r) | G(wr, wa, - .. ,(,uk,)|T dws ... dwg drsy ... drg
—cf BB | T [ B ()
(Sn-1)k=1 G=k+1"7 501, wp)
X |G(w1,w2,...,wk)\k_7n dws . .. dwg;
i k=1,
Q(zo,w1) = [] /k1 Fj(w;) dgoy (wj) = ] (Fj(wr) + Fj(—w1)) /2.
j=k+1 7 S0(wr) j=2

By Lemma 2.4 we see that
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/ ) Fl(wl)Q(xo,wl)dwl

Sn—=

:C/ / Fl(Wl)FQ(OJQ)...Fk(Wk)
Gk,n (Sg_l)k

X H /Sk—l Fj(w]') d)\@(&)j) Cl)\g(wl)

j=h+1

:C/Gk,n g/sg_le(wj)dAe(wj) do(6)

—¢ / T Skn(E ) | do(0).
Grn \j21

Thus by Holder’s inequality we have

/ 1F1(w1)Q(m0,w1)dw1
Sn—

Jj=1

So by Theorem 1.2 we have

/ ) Fl(wl)Q(xo,wl)dwl
Ssn—

j=1

oo dXg(wg) do(0)

< c [T ISk (ENI,, -

<C H ‘|Fan/k,n

< CTTIE s

Jj=1

< CNFllgie [T 1 5l
=2

= C|\Fullnsk [T 1£5llnpma-

=2

where the last inequality follows from Lemma 3.2 below. This proves (3.2) by the

converse of Holder’s inequality.
Recall that

An(for fro o fr) = / Jolu) f1 (0) K (u, v) dudo,

K(u,v) = v —u[f"Q <u, v

|v

—a)
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50 Shuichi Sato

By (3.2) we can show that

sup [ K (u, )lgoo < C T M fillagmas @' =1—kn! (3.3)

lv—ul
= Hv cR"™: [v| " |Q (u, ’U|>‘ > )\}‘
v
_ A~ |0 v d
X[1,00) v u, v
R" v
= / / X[1,00) ()\_17“_"+k|§2(u,w)|) L dr dw
sn=1.Jo

(A 2w 1
— / / P dr duo = / A0 )P L g
sn—1.J0 gn—1 n

1
_ )\q/ 10, )| dos,
Sn—l

n

as follows.

Hv €R": |u—v| "

where A > 0. By this and (3.2) we have (3.3).
We note that (3.3) implies

/f1 K(u,v)dv

Therefore

< il sup K (s llg.00 < Cll fllnm, LTl se1-

Jj=2

Sup

| Ak (fos f1o- - fa)| = ‘/fo(u)fl(U)K(%U) dudv

:‘/fo </f1 uvdv)du

< |l follx /fl(U)K u,v) dv
Leo(du)

< Cllfollall fillmzen TT1Fillngma-

Jj=2

(3.5)

By interpolation arguments using (3.5), which will be given in Section 5, we have
Proposition 3.1. 0

Finally, we prove the following lemma used in the proof of (3.2).
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Lemma 3.2. Let 1 < p < oo,a =n/p,w € S" 1. Define

Bof(w) = /OOO f(tw)t>tat.

Then
[ Bafllpr(sn-1y < Cllflipa-

Proof. Let g € L” (S*~1). Then

/Sn1 9(w)Bo f (w) dw = /Rn Fl@)]2]* " g(z') do

< N llpalllz]* g (@)l 00
< Clfllpallgl o g1

where the last inequality follows by arguing similarly to (3.4). This will imply the
conclusion. O

4 Proof of Theorem 1.2

In this section we give a proof of Theorem 1.2 by assuming interpolation arguments
needed in the proof, whose proof will be given in Section 5.
Let

Bin(f1,---sfn) = | | B fi(wj)drg(w;) | do(0).
G gk—1
k,n le 7]

The following result implies Theorem 1.2.

Proposition 4.1. Let 1 <k <n, k € Z. Then we have

‘Bk,ﬂ(fh B le)| < CHflun/k,n

We note that this follows by Hélder’s inequality for £ = 1. This can be described
more precisely as follows. Let 6 € G, and 6N St = {n, —n}. Then we have

| follnsk - [ fnlln e

S1a(f)(0) = 0 flw)drg(w) = (f(n) + f(=n))/2.

Let 8 : S"1 — Gy, be defined by B(w) = 6(w). We note that S~ ({#(w)}) =
{w, —w}. The measure do on G, is defined as (see [9, 3.2])

F(0) do(6) = / F(B(w)) dw.

Gl,n Snfl
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52 Shuichi Sato

Thus

n

Bttt = [ (II50000® ) do@) = [ (TI0@ + s-0)/2 )
1n \j=1

j=1

Therefore, Holder’s inequality implies Proposition 4.1 for k = 1.
As in Proposition 3.1, we have more general result, when k& > 2.

Proposition 4.2. Suppose that 2 < k <n, k € Z. Let

k-1 1 "1
<= <1, 1<j<n, Y —=k

n—1 p;j = p?
Then .
|Bk,n(f17 s 7fn)’ S C H Hfj|’Pj7”'
j=1
For k > 2, we show that
B (f1: -5 )| < ClLAI T 15l a1y /¢e—1).15 (4.1)
j=2

which implies Proposition 4.2 by interpolation. See Section 5 for the interpolation
arguments.
Let 1l <a<mn,we S8 2 and

Cof(w) = /OTr f(cost, (sint)@)|sint|*2 dt.

Suppose that a function g satisfies

g(cost, (sint)@) = g(0,&), 0<t<m @S2 (4.2)

Then we have

/ 9(0,5)Caf (@) d5
S’IL—Q

/ / g(cost, (sint)@) f(cost, (sint)@)| sint|*~2 dt dw
sn-2Jo

=C

[ sl
Snfl

<cllf
where w = (WM, '), W € R* 1, p=(n—1)/(a —1). We need the inequality

| Cafll -1 /-1 (gn-2) < CI fllpin=1)7a=1)1(gn—1), (4.3)
( ) ( )

which can be shown by applying the following lemma in the estimates above.

l|o¢—n’

p,1 g(w)’w p’,009
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Lemma 4.3. We have

(n—a)/(n—1)

1g(@) W' [*™ [ (n=1)/(n-a),00 < C </s 1g(0, &) |1/ (n=a) d&) ,

n—2
where g is assumed to satisfy (4.2) and 1 < a < n.

Proof. Let A > 0. We have

‘{w eS| 17" g(w)] > /\}‘ /n_l X[1,00) (A_llw'|°‘_"\g(w)\) dw
. C/ / X[1,00) “L(sint)*"|g(cost, (sint)@ ) (sint)" =2 dt dw
Sn—2
= C/ / X[1,00) (A7 (sint)* (0, @)|) (sint)"* dt da,
Sn—2

which is equal to

/Sn 2/ A-1g( Ow)‘)mn,a)](sint)(sint)"_2 dt de

Changing variables, we see that

= QC/sn 2/ A-lg0@/in-o) ("1 = )72 du did

mln 1 JATLg(0,@) Y/ (n— 0‘))
= 20/ / "2 (1 —u?) V2 dude
Sn—2

<C (A g(0,@)) ") dg,
Sn—2

This completes the proof. O

We assume Proposition 4.1 for By_q,, m > k — 1, and prove (4.1) for By p,
2 < k < n. This proves Proposition 4.2 for By, ,, 2 < k < n by interpolation. Since
Proposition 4.1 is true for k = 1, this will give the proofs of Propositions 4.1 and
4.2 by induction.
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54 Shuichi Sato

We note by Lemma 2.4 that

Bkn flv"':fn) (4.4)

/ fr(@n) - fulwr) H/ £3(5) dXa(w;) | dra(wn) ... ddglwr) do(0)

j=k+1
/fl wi) ... fr(wr) H /k ) Fi(w5) Aoy ... o) (W5)
] k+1 SG(w ,,,,, wi)

X |G((,u1,...,(,uk)|kT dws ... dwy.

Let w1 = e; and write wy, = (costy, (sinty)dy), 0 < ty < m, wy € S"2 for
2<¢<k. Then, for j > k+1,

f] (w]) d)‘ﬁ(wl,l..,wk) (w])

k—1
S
O(wyseees wg)

.y / - / f3(cost, (sin £)@;) (sin )2 di dXg(a, .. o) @)-
S

(02, @

Let
F(f;)(wj) = Cr(fj)(w;) = / fi(cost, (sint)@;)(sint)* 2 dt, @; € "2
0
for 2 < j < n. Define

Q(wth) = Q(W1,LL)2)(f3, e 7f’n)

for k > 3; let

Q(wr,wa) = Qwr,w2)(f3,-- -, fn)

=11 Fi(@5) Aoy g (@) |G (w1, wa) B~/

J=3""6(w1,w3)

when k = 2.
We need the following result.
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Lemma 4.4. Let w; = e; = (1,0,...,0) and w; = (cost;, (sint;)w;), w; € S"2,
2<j<k. Then

G(wi,ws, ... ,wy) = sinty...sin? t,.G(Do, . . ., D).

Proof. We have
(wj,wy) = costjcosty + sint;sinty(w;,wy),

where (w;,wy) denotes the inner product in R*1. Thus G(wi,ws,...,ws) is equal
to
1 cos to costy ... costy
costy (wa,wa) (wa,w3) ... (wa,wg)
COS t3 <w3, WQ> <w3, UJ3> e <LL)3, wk>
costy (Wi, w2) (Wi,ws) (Wi, wi)
1 costs costs o cos tx
0 1 — cos? ty (wo,ws) —costycosts ... (wa,wy) — costycosty
|0 (ws3,ws) — costzcosty 1 — cos?t3 .. {(ws,wy) — costscosty
0 (wg,w2) —costycosty (wg,ws) —costycosts ... 1 — cos? ty,
Sin2 tQ sin tg sin t3 @2’ (:33> ... sin t2 sin tk <(:)2, @k)
sin t3 sin to (W3, Wa) sin? t5 ... sintssintg(ws, W)
sin ty sin to(Wk, we)  sinty sintg(Wg, ws) ... sin? ¢y,
1 (Wa, W3) (Wa, W)
(w3, w2) 1 (w3, W)

= Sin2 tg SiIl2 t3 . Sin2 tk ................................

(Wk, w2) (W, @3) ... 1
— sin® ty sin 3 . . . sin? tG(wa, ..., Wg).
This completes the proof. O
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56 Shuichi Sato

Choose O € SO(n) so that O~'w; = e;. Then, by changing variables and
applying Lemma 4.4, we have

[ oo =c [ P00)@) PO @

I [ PUHONE) D0 @)

Jj=k+1 0(@g,....@1)
X |G(b~02, ... ,(,Nuk)|(k7n)/2 dws . .. dwy.

By Lemma 2.4 this is equal to

o L FRON@E) . PO
Gr—1,n—1 /(S ")k~1

« H / FU(0) @) dre(@;) | dre(@s) ... dre(@y) do ()

:c/G TL Stovns(F((0)(0) do(6).

k1n1j2

We have Proposition 4.1 for Bjy_1,,, m > k — 1, as the induction hypothesis and
hence we have the inequality of Theorem 1.2 for S;_1 ,,,. Thus by Holder’s inequality
and the induction hypothesis, we have

/G HS’““ 13(0)))()do(9 H!Skm (£ (0N lln—1

klnlj2

HHF Fi(ONn=1)/(h=1),n—1

< CH IE (£ (Ol n=1)/(k—1)-

j=2
Applying (4.3) with a = £k,
IE (5O n=1)/k-1) < Cllfill(n=1)/(k=1),1-

This estimate is uniform in O and hence in wi. Thus we have

'/fl(wl)fg(wg)ﬂ(wl,wg) dwq dwo

< Il [T =y sge—1)1
=2

By (4.4) this proves (4.1) for By, .
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5 Interpolation arguments assumed in proofs of Proposition
3.1 and Proposition 4.2

By (3.5) we can show the following result, which will be used in proving Proposition
3.1.

Lemma 5.1. Suppose that 1 <k <n. Let 1 <po,p1,...,pn < 7, D j—g p% =k+1.
Then

[Akn(fo, f1, -5 o)l < Clifollpo [ f1llproo - - [ fnllpn,co-

When p = oo, we consider only the case ¢ = oo in LP?9. We need the following
interpolation results.

Lemma 5.2. Let 1 <v,w < oo and

1 1

TS =1

voow
Let 0 < 0 < 1. Let 1 < s;,u,a5,b; <00, 1=0,1. We assume that a; =1 if s; =1
and that b; = 1 if u; = 1. Define A; = L*»*(R"), B; = LYY (R™), i = 0,1, and
A= (Ao,Al), B = (B(),Bl). Then Agﬂ, = Ls,v(Rn)’ where

1 1-0 0

S N S0 S1
and we require

1 1-60 0

[ + —

v ag ai
if so = s1 and also By,, = L (R"™), where

1 1-60 6

J— + —

u UuQ Ul

and we assume
o 1-0 0

1

w_ b b

if up = u1. (See [1, Chap. 3] for Ag,.) Suppose that T : A; x B; — C be a bilinear
operator such that

I T(f1; f2)| < Mill frllall foll B 2= 0,1

We assume that

T(f17 f2) - Ak,n(907gl7 cee 7gn)
with fi = g;, f2 = gr for some fized j,k, j # k; functions except for g;, gi are
fized. Also, all functions g; are initially assumed to be continuous and compactly
supported. Then

IT(f1, f2)] < CM{ M| full 5, I F2ll,,, = CML O MG fill oo | foll .
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See [10] and [19] for results relevant to Lemma 5.2.
Here we recall /_1[9], where A = (Ap, A1) denotes a compatible pair of normed

vector spaces (see 2.3 of [1]). Let F(A) be the space of all continuous functions

ffrom S ={z€ C:0<Rez <1} to ¥(A) = Ag + A1 which are analytic in
So = {2z € C:0 < Rez < 1} and functions f;(t) = f(j +it), t € R, are Aj-valued
continuous functions on R with respect to Aj-norm such that limy_, || fj(t)[[a; = 0,
j=0,1.

Let 0 <0 <1 and

A ={a € S(A):a= f(0) forsome f e F(A)}.

We define
lall 4, = nf (] fllsa :a = F0).  f € F(A,

where

1 fllzz) = max <Sup 1/ (@)l g, sup || f(1 + Z't)||A1> :
teR teR
We also write ||al|jg) for HGHA[O] when A is fixed. (See [1, Chap. 4].)

Lemma 5.3. Let 1 < D,7,4,90,91 < 00, T < qo, g1, 0< 9,77 <1,

1 1-

L_l-m, n
q q0 q1

1 1-6

— = , r<p.
p r

Then
(prqo, Lp,th)mq — (LT’ LOO)G,q — [P — (Lp,qo,LP1q1)[n}.

In the conclusion of the lemma, the equality of spaces means that the spaces are
equal with equivalent norms; we also have this rule for description in what follows.

Lemma 5.4. Let 0 <n < 1. Let 1 < a;,b; <o00,i=0,1 and 1 < s,u < co. Define
v,w by

1 1- 1 1-—

_ 77+7] _ 77+77

v agn aq ’ w bo b1 '

Let T : L% x L"Y% — C be as in Lemma 5.2. Suppose that

1T (f1, fo)| < Mill fullpsei || f2llpusi, 4= 0,1

Then
IT(fr, f2)| < CMy~"MY|| fullpoo || foll o
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Proof. By Theorem 4.4.1 of [1], we have

1—
[T, f2)) < My~ MY fulzeso ey el (o o)

From this and Lemma 5.3, the conclusion follows. [

Remark 5.5. We have analogues of Lemmas 5.2 and 5.4 for the Lorentz spaces
over S, where the operator T is replaced with the one defined by using By, in
Section 4.

We shall give proofs of Lemmas 5.2 and 5.3 in Section 6.

Proof of Lemma 5.1. We may assume

1 1 1 |
— < =< <<« Z—:k+1.
Po D1 Pn jzopj

S|

<

Define 6y € (0,1) and u; by

1 k 1 k
— = (1—100)— + 6o, — =(1-00) +0—.
Po n Ui mn
Then
1 1 k
— — =1 + —
Pbo ul
and
1 1
- < —,
Pn U1

. T R
since if o 2 then

— + — Z - - = )
Po Pn DPo Ul n
and so 111 1 kK
n
— ==t > +-(n—1)=k+1,
Po Pn M Pn—1 n n
which contradicts our assumption. Next, define 61 € (0,1) and uy by
1 k 1 1 1 k
—:(1—91)74—01—, 7:(1_91)7 —1—91*.
p1 n U ug Ul n
Then
1 1 k 1
==
b1 u2 nou
and if n > 3,
1 1
Pn UZ’
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since if we would have pi > 17127 then using
n

1 1 1 1 1 k n + 2k
bo D1 U2 bo Ui n n

we would have
1 1 1 1 1 1 n + 2k
—t—+—>—+—+—= ,

bo D1 Pn Po D1 u2 n
and hence
1 1 1 1 1 n+2k k
—t—+t— 4+ —+--+ > +—(n—2):k+1,
bo D1 Pn D2 Pn—1 n n

which violates our assumption. Also, if n =2, 1/py = 1/us.
After defining 6;_1 and u;, similarly, we can define 6; € (0,1) and u;j41 by
1 k 1 1 1 k
—=1-0)-+0—, ——=(01-6)— +6;—~
by n Usj Uj41 Uj n
for j=1,2,...,n—1. Then

11 k1
- +

We have ) )
—<— 0<j<n-2
Pn Uj+1
To see this we observe
1 1 1 1 1 1 1 k
e — 4+ = — 4+ ... 4+ 4+ = 4=
bo D1 bj Uj4+1 bo bj-1 Uj n
1 1 1 2k
bo Pj—2 Uj—1 n
_1 1 ik
Po ul n
Thus if + > —— then
Pn Uj+1
1 1 1 1 1 1 1 1
— + —+ +—+—2>—+—+ +— +
Pbo 1 ' n Pbo 1 Dy Uj+1
1 1 ik
= — 4+ —+ =
bo U n
_n+(j+ 1k
a n
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and hence
1 1 1 1 1
—+ —+ + =4+ —+--+
Po 1 i DPn DPj+1 Pn—1
n+(G+1)k k
SR L Y
n
=k+1,

1 1
Un DPn
since
1 1 1 1 n+nk
Sl IR 4+ - = =k+1.
bPo D1 Pn—1 Un n

We write A = |Ag o (fo, fi,.--, fa)]- By (3.5) and symmetry, we have
A < Clfollnsea il F2llnspall f3lln g - - - 1 fnllnge,1s

A ZCllfollallfrllnmallf2llnma 1 f3 1k - - - L frllni-
Interpolating by using Lemma 5.2 and applying symmetry,

A < Cllfollpo,coll 1l 1l folln/mall Fallnsi - N Fnllnseas

A < Cllfollpo,coll f1lln/r

Using Lemma 5.2 and symmetry,

Fallug 1 1 f3llnypn - L fallngma-

A < O follpo,coll fillpscoll folluz 1 L f3llnsk,y - - [ fallsm,ns

A < Cl[follpo,collf1llpr.coll f2llnm 1l f3lluz,1 - M fnllinmn-

Continuing this procedure,

A < Clfollpo.ooll f1llpr.00 - - 1 fn—2llpn—2.00 [l it lfun s a1l frll 1

A < Ol follpo.ooll f1llpr.00 - - Il fn2llpn—2.00l fnmtllni 1l Fllusn 1.1

Interpolating between these estimates, we have
A< CHfonpo,OOHlem,oo s ”fn—QHPn—Qyoonn_l||pn—1700||anUn71'
This and symmetry complete the proof of Lemma 5.1, since u, = pp. O
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Interpolation arguments deriving Proposition 3.1 from Lemma 5.1. We also write A =
| Ak n(fo, fi,- -, fn)|- By Lemma 5.1,

A < Clfollpo,a lf1llpr,coll f1llpa,o0 - - - [ fr=2llpn—2,00 |l fa=1llpp_1,00 [l fr [l pn,00s
A < Clfollpo,coll f1llpr, 1l f1llpa,o0 - - - [ fr=2llpn—2,00 |l fa=1llpn_1,00 [l fr [l pn,00-
Since
1 1 1 1 n n 1 1 1 n 1 n

)

n+1:In+1+§n—|—1’ n+1:gn+1+1n+1’ n+1+n—|—1:

by Lemma 5.2 in the case sy = s; and ug = u; or Lemma 5.4 and symmetry, we
have

A < Cllfollpont1llfilly, ner | F2llpa,coll fallps,c0 - - 1 fr—2llpn—2.00ll fa1llpn—1,00ll Fullpn,00;
A< Ol follponr1ll Fillprcoll F2llp, mta [ allps,o0 - - [l fa—2llpn—2.00 L fn=tllpn—1.00ll Frllpn,co-
Since
1 n 1 1n-—1 n—1 11 n n-—1
= — + J— , —_ ,
n—+1 n+ln oo n n+1 con n+1 n

by Lemma 5.4 and symmetry, we have
A< Clfollpontrll fillprnsrll f2llpy, st | F3llps.0 - - [ Fr1llpn—s,00ll Frllpn 00,

A < Clfollpont 1l fillpr il follpa,coll f3ll g, nt -+ Ml Fatllpn 1,00l frllpn,c0-

(Note that 1/(n+ 1)+ (n—1)/(n+1) =n/(n+1) # 1.) In general, since

I n—j+1 1 1l n—y
n+1 n+l n—j+1 ocon—j+1’
n—j 1 1 n—j+1 n—j

n+l oon—j+1 n+l n—j+1
1 n—7j

—— + =
n—j+1 n—-j7+1

Y

interpolating by using Lemma 5.4 between the estimates:

A< CHfOHpo,nJrl s ||fj71Hpj,1,n+1

XN Sillp, 2t 1 fitllpcoll fi+2llps a0 - - - L fnllpn,oo;

A< CHf()”po,n-i—l ce Hfj—alj—l,n+1

X W fsllpgocll Fi1ll, sy ot 542l o
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for j < n —1, we have
A < Cllfollpon+1 - - - [1fi=1llp;_1,nt1
Hfj||pg,n+1||f]+1||p]+l "+1 ||f]+2||pj+2, . ||anpn,oo

for j <n —2, and for j =n — 1 this becomes

A< CHf()Hpo,n—irl s anHpn,n—&-la

which completes the proof of Proposition 3.1 by induction. O

Next, we see that Proposition 4.2 follows from (4.1) by interpolation arguments
as above. Recall (4.1):

B (f1: - )l < ClLAIL LT Il 1)y te—1),1-

Jj=2

Let

k—1 1 1
<—<1, 1<j<n, Y —=k
n—1 Dj j:lpj

Then using Remark 5.5 with (4.1) and arguing as in the proof of Lemma 5.1 from
(3.5), by taking n — 1 and k — 1 for n and k, respectively, we have

1B (S fu)l < Cllifillposco - 1 fn=1llpn 1,00l fallpn.1- (5.1)

Similarly, as Proposition 3.1 follows from Lemma 5.1, by (5.1) and Remark 5.5 it
follows that

Bin(f1 - f)l < C T 1llpyn-
j=1

This completes the proof of Proposition 4.2.
6 Appendix
In this section we give proofs of Lemma 5.2 and Lemma 5.3.

6.1 Proof of Lemma 5.2

et A = (Ag, A1), B = (By,By) and let S(A,v,0) = S(A, (v,v),0), S(B,w,0) =
(w,w),0). Here S(A, (rg,71),0) is the subspace of X(A) consisting of all a €

) such that
o0 dt
a —/ u(t) 5 (6.1)
0

(B
(4
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with u(t) € A(A) = AgN Ay for all ¢ > 0 (see [1, 2.3]), and the integral is taken in
Y (A); further it is assumed that

max (Ht‘gu(t)’

tl_eu(t)‘

) <o
L71 (A dt/t)

00 vy dt\ Y
107 a0 = ( /0 O t) |

with the usual modification when r; = co. (See [1, 3.12]).) The norm is defined as

L70(Ag,dt/t)’ H

where

||a||5(A,(m,r1),9)

= inf {max (Ht‘eu(t)‘

We assume that w has the form

|

) tuis as in (6.1)} .
L70(Ao,dt /1) L7 (Ay,dt /)

M

ut)(z) =Y Fj(x)m;(t), (6.2)

J=1

where F; € Ag N Ay and m; is a bounded measurable function on (0, co) supported
on a compact subinterval of (0, 00).

We assume that a € A(A) is expressed as in (6.1) with u as in (6.2):

M
o0 dt * dt
a—/ u(t) — = E ¢ Fj, cj—/ m;(t) —.
0 t = 0 t

We note that [|u(t)|| 4, is measurable in ¢ for j = 0,1 and define

, HtH’u(t ‘

Lq(Al,dt/t)> :

a and u are as in (6.1) and w is as in (6.2)}.

lall g+(4,q,0) = inf { max (Hteu(t)’ L9(Ag,dt /1)

Let f1, fo be continuous functions on R™ with compact support. Let ui, us be

as in (6.2) such that
o dt .
fz' = ’U,Z(t) —, 1= 1,2.
0 t
We choose an infinitely differentiable non-negative function ¢ on R™ with compact
support and with integral 1. Put o.(z) = ¢ (e~ 'z) with € > 0. Let fl.(g) = fi * Qe
and

M
w (1)) = D F x pelw)my (),
j=1
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where ﬁj(z) =F j(i) Xk With xx denoting the characteristic function of a compact set
K in R", if
M .
wilt)(e) = D F} (@)m (t).

J=1

Then if K is sufficiently large according to the supports of fi, fa, we see that
e @, dt
o= [0, e
0

Further, we see that 13](1) * . i1s compactly supported and continuous. So we can

define
> € t € dt
wt) = [T () (1) b)) B
0 3] 3]

which satisfies

O (e * dt
150 = [ T (63)
For 0 € (0,1), we have
& dt _ 01—
[T w0 | < Gl w0 (6.4)

To see this we evaluate the integral on the left hand side as follows:

[T <] [ w0 4 ] [T

A [e.e]
<t we(t) | ‘/ 01 dt' + 1w () |oo V 240 dt‘
0 A

1 1
— 7149 —0 714071 1-6

LA, (0o + s AT ()]
= 20" (1 = )|t Pwe(t) 136 1t we(t) 1%

[

where A = 0(1 — 0) 7|t %we (1) 2 |t ~Pwe(t)||oo. Now, by Holder’s inequality,

— o — € — € dt
O] < Mo [l e a0, T

< Mol[t= 6 ()| o g ey 1t () | Lo (.t 0
Similarly,
10w (£)] < Myt~ ul () Loy g 1800 ()| o (-
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Thus by (6.3) and (6.4) we have
T, £57)] < CoMy ™" MY 47w (1) [t

HLU (Ao, dt/t ‘ ( )HL”(A1,dt/t)

=0ul (1)), (Bu.dt/t)

t19

X 1S ()11 o |

< CoMd = MY un (O ey 1 e (O

x ||t Ousg (t )IILw(Bmdt/t)H U2(t)H?LW(B1,dt/t)’

where the last inequality follows since
[ @®)lla, < Cllur @)l ) Olls; < Cllua®)]s,, i = 1.2,
with a constant C' independent of ¢ > 0. Letting ¢ — 0, we have
IT(f1, f2)| < CoMy = MYt ur () 1o ag e 1t~ NGty ey
< a8 152 a1 2O 1
and hence, taking uq, ue suitably, we see that
(T(fr, F2)l < CoMy™ MY (| fil - (2,001 2!

This and Lemma 6.1 below imply
T(f1, )l < CoME MY fill 5, 1 ol 5, -

The relation /_lg,v = L%, Baw = L*" claimed in the lemma follows from Theorem
5.3.1 of [1].

S*(B,w,0)"

Lemma 6.1. Let 1 < ¢ < 00 and 0 < 6 < 1. Then [lalg-(aq0) ~ llallz,, for
a € A(A).

See [1, Theorem 3.12.1] for the case ¢ < oo and [1, 3.14.12] for the case ¢ = 0o
We give a proof of Lemma 6.1 in the following section.

6.1.1 Proof of Lemma 6.1
Let S(A, (10,71),0) be the subspace of %(A) of all a € X(A) such that
a=ap(t) +ai(t) for every ¢t > 0, with
Ht_gao(t)‘

The norm is defined as

(6.5)

Htl—%l(t)’

<
L70(Ag,dt/t) L7 (A, dt/t)

“(L|LS A,(ro,r1),0)

= inf { t*‘)ao(t)‘
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Let ﬁ(Aa q, 0) = 5(147 (Q7 Q)’ 0)
We assume that

M
ZGJ({B (6'6)
M

—

)gy (t)
> " Hj(w)hy(t),

1

e

ao(t)(x)
ax (t)(z)

<

where G, H; € Ag N Ay and g;, hj are bounded measurable functions supported on
[e,00) and (0, 7], respectively, for some €,7 > 0.

Let a € A(A) and

lalls- (.40

= inf { Ht‘eag(t)‘

+ Htl—%l(t)‘

: (ag, a1) € 9(a, A)} ;

La(Ap,dt/t) La(Aq,dt/t)

where

9(a, A) ={(ao,a1) : ap, aj are as in (6.6) and a = ap(s) + a1(s) for all s > 0}.

The conclusion of Lemma 6.1 follows from the next two results.

HCLHS*(A,q,e) ~ ||aH§*(A,q,6)7 (6.7)

lalls=(1.q.0) ~ llell 4, (6.8)

where a € A(A).

We note that flqu is as in [1, Chap. 3], although the norms of S*(A,¢,#) and
S*(A, q,0) are stated in expressions slightly different from those of S(A,q,6) and
S(A, q,0), respectively.

Proof of (6.7). We first prove ||al|g«(1,4.0) 2 llal
u satisfying (6.2). If we define

1 s o s
ao(t):/o u(ts) 2. al(t):/l u(ts) 2.

then (ag,a1) € §(a, A) and

5*(Aq0) Let a= [ u(s)ds/s with

et

<ot Ht_eu(t)’

La(Ap,dt/t) Li(Aodt/t)’

o

<(1-0)"! Ht”u(t)\ Lo(Avdt/0

La(Ay,dt/t) —
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This implies that ||a|\§*(g7q,0) _§ Cyllal S*(A,0.0)"
Next, let (ag,a1) € 9(a, A). Take ¢ € C§°(R) such that supp(yp) C [1,2] and
Iy~ @(s)ds/s = 1. Define

o 4, ds oo _ ds
(0 = [ elats )T = [ et a5
S 0 S
Then a = by(t) + bi(t), bo(t) = 0 if ¢ is small, by (t) = 0 if ¢ is large. Also we have
1E=0t56() | La(ag.arsey < ClE a0t agag.atsey: (6.9)
11008 ()| aaraesey < ClIE0ar (8] agay aee)- (6.10)

Let
u(t) = thy(t) = —tb)(t) € A(A).

Then, w is supported in a compact subinterval of (0,00) and u is as in (6.2). We
note that

fe'e) 1 [e'e]
/ u(t)% _ / b (1) dt —/ L (#) dt = bo(1) + bi(1) = a.
0 0 1
Thus
lallg+(4,q,0 < Cmax (ertbf)(t)HLq(Ao,dt/t), [ (t)HLq(A1,dt/t)> :

By this and (6.9), (6.10) we have [(al[g+(4,4,0) < Cllallg-(4,4,0)- This completes the
proof of (6.7). O

Proof of (6.8). We first consider the case ¢ < co. We easily see that

6 1 1-6 1 Va
allge 1 ~ inf Htfa t‘ -I—Htfa t‘ > .
Iels+ (a0 (ao,a1)€9(a,A)< OO Ol
This implies
ol pgn 2 [t (a0 al,) G 60
all. s 2 inf a a — :
51(A,q.9) 0 (ao,a1)€9(a,A) Ol 4o By
o dt
Z/ (feK(ta;Ao,Al))q -
0
where K is the functional as in [1, Chap. 3|. It follows that
lallcao. a1y, < Cllalls=(4,4.0) (6.12)
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Next we prove the reverse inequality. We note the following.

/ t qu(t a; A(),A1 Z 2” kqu a;AO,Al)q

0 k=—o00

o0
—kqb
S oo (Hao(Q’“)HZO+2qua1(2’“)H?41> —c

k=—o00

) ! a \ dt
Z Zk:/o t*q@ (Hao(2k)x[2k’2k+1)(t)’ 4 + ¢4 Hal(Qk)X[Qka-&-l)(t)‘ Al) 7 e
q q ,
/ t a9 ‘ 2k72k+1)(t) + 4 Z aq (zk)X[2k72k+l)(t) 7 — ce,
Ao k A

for any € > 0 with some ag(2¥) € Ag, a1(2%) € Ay such that a = ao(2%) + a1(2%).
We note that ag(2),a1(2%) € Ag N A; since a € AgN A;. Thus we have

dt
/ t" K (t, a; Ag, A)?
0 t
00 q q dt
z / ¢ Zao(Qk)ka’QkH)(t) + ||¢+—¢ Zal X[Qk 2k+1)( ) — —C€
0 k A() Al
q
— T 0
= ]\/}gnoo ; t~ Z ap(2 X[Qk 2k+1)(t)
Ao
T at
tl 0 Z CL]_ X[Qk 2k+1)( ) 7 — C€
Ay
=TI

To comply with the definition of the norm of S*(4, ¢, ) in (6.8) (see (6.6)), this may
be modified as follows.

M q
I= ]\/}gnoo ; 9 < Z a0(2k)X[2k?2k+1)(t) +aX[2M+1,oo)(t))
k=—M Ao
M T\ at
+ t1—9 ( Z ai <2k)X[2k72k+1)(t) + aX(o}QIM)(?f)) 7 — CE€.
k=—M

A

> inf <Ht—9ao(t)‘ ! + Htl—%l(t))q ) — ce
(a0,a1)€9(a,A) L4(Ao,dt/t) La(Ay,dt/t)
q
R Nallge (.40 = o
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which implies that

dt

| R s a0, 40 2 laly, (6.13)
0 ;

Aq,0)
Combining this with (6.12), we have
lalls*(a,40) ~ llallca0,41)a.-

The case ¢ = oo can be handled as follows by an obvious modification of the
arguments for the case ¢ < co. Asin (6.11), we have

ol hoon = inf (st fanl0lls, +supt a0l ) (019

> inf supt™? (||lao(t Tt lay(t
(a0,a1)€5(a,A) t>0 (H ( )HAO llax ( )||A1)

> supt 'K (t,a; Ao, A1)
t>0

= HGH(Ao,Al)G,OO-

Next, we prove the reverse inequality. As in the proof of (6.13) we have

supt ? K (t, a; Ao, A1) ~ sup2 " K (2%, a; Ao, A1)
t>0 kEZ

2 sup2™ (Jlan(2)ag + 2 ar(2)]1a, ) e
E€Z

+1
Ao

> supt™?
t>0

Z a0(2k)X[2k,2k+1)(t)

keZ

D ar(28)x gk e (1)

keZ

— CE€.

Ay

We modify this as follows to comply with the definition of the norm of S*(A4, g, )
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in (6.8).

supt P K (t, a; Ao, Ar)
t>0

> lim su
~ M—oc0 t>10)

M
t=? ( Z a(](Qk)X[Qk’zk-‘rl)(t) +aX[2M+1,oo)(t)>

k=—M

Ao

+

— C€

M
$1-0 ( Z a1(2k)x[2k72k+1)(t) + aX(O,Q—M)(t)>

fe=—M

Aq

M
1
> = i -0 2"
=2 \ B (kZM ao(2%) X2k 2r+1) () + aX(am+1 o) (t))
=— AO
M
—|—su%) ¢ ( Z a1(2k)X[2k72k+1)(t) + CLX(OQM)(t)) —ce
t>
=M

Ay

> inf Ht‘"a t H + Htl“’a t H > —c
~ (a07a1)69(a7A) ( 0< ) LOO(Ao,dt/t) 1( ) LOO(Al,dt/t) ¢
= Haug*(ﬁ,oo,e) —ce

for all € > 0, where the first inequality holds since 0 < # < 1. Thus it follows that

t 9K (t,a; Ay, Ar) N > ||a|§*(;170079). (6.15)
Lo (dt /1)

By (6.14) and (6.15) we have

llall g (4,00,0) ~ llall(A9,A41).00 -
This proves (6.8) for ¢ = oc. O

This completes the proof of Lemma 6.1. We refer to [10] and [1, 3.12] for relevant
results.

6.2 Proof of Lemma 5.3
To prove Lemma 5.3, we need the next two results.
Lemma 6.2. Let f € LP + L*° 1 < p < oco. Then

1/p

K riora)~ ([ " i) (6.16)

where f* denotes the nonincreasing rearrangement of f.
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Lemma 6.3. Suppose that 1 < p < q < 0o and p < oo. Let 1/r = (1 —0)/p,
0<0<1. Then

(LP,L*)gq = L™, with equivalent norms. (6.17)

Lemma 6.2 is found in Theorem 5.2.1 of [1]. Lemma 6.3 is also almost in the
same theorem (the case p = ¢ < oo is not stated there). Here we give a proof for
completeness.

Proof of Lemma 6.3. We first consider the case ¢ < co. Since

< e dt\Ve
o, = ([ (oK 29) 97 psa<on

by Lemma 6.2 we have

Wl ~ </ooo (t‘g” /0 Sy ds> " Cf) v
= (/OOO (t_9P+p /Ol(f*(stp))p ds> a/p Cit)

Since ¢/p > 1, Minkowski’s inequality with changing variables implies that

! ° dt\ P4 1/p
||fH(LP,Loo)9‘q <C (/O </0 t(_9+1)q(f*(5tp))q tt) d5>
= 1 dt\ "1
-¢ (/0 prsH (/0 tq/r(f*(t))q 7 ) ds)

1 1/p 00 d 1/q
ey ([eta) ([Toraord)

= Cp Y9077 flrg,

1/q

1/p

where we have used the relation 1/r = (1 —0)/p.
To prove the reverse inequality, we simply apply that 0 < f*(t?) < f*(s), if
0<s<tP, to get

~ » a/p !
£l 2oLy, > C (/0 (t—Hp/o (f*(s))P ds) Cff)

% /v dt\ '
)
> Cllflra

/a
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Next we consider the case ¢ = co. By Lemma 6.2 we see that

£l (e Loy 0 = iugt_eK(t,f;Lp,Lm)
>

< Csupt™? (/Otp(f*(S))p d8>1/p

>0
tP 1/p
< Csups'/mf*(s)supt~? </ s~PIT ds) = 1.
530 >0 0

Using the relation 1/r = (1 — 0)/p, we have

tP 1/p
I =Csup sl/rf*(s) supt™? </ s ds>
0

5>0 t>0
= COVPsup s f*(s)
s>0
= Ceil/prHnoo
Also,
tP 1/p
Il = Compe? ([ ras)
t>0 0
> C'supt 0t f*(tP)
>0
= Csupt!/" f*(t)
>0
= C||f||r‘,00~
This completes the proof of the case g = cc. O

Proof of Lemma 5.3. By Lemma 6.3, since r < g;, we have
LP9 = (L",L%)g,q;, =01 (6.18)
By Theorem 5.3.1 of [1] and Lemma 6.3, we have

(L0, 1) = 121 = (1, )0, (6.19
Also, by Theorem 4.7.2 of [1],
((LT7 Loo)e,qoa (Lrv Loo)e,ql)[n] = (Lra LOO)Q,Q' (620)

Although Theorem 4.7.2 is stated with 6,6, € (0,1) such that 6y # 61, we easily
see that we may assume that 6y = 6; = 0 to get the result above. Combining (6.18),
(6.19) and (6.20), we see that

(LP#ZO’ LP:‘Il)mq — (LPJZO’ LIM]l)[n] — Lp$q‘
This completes the proof of Lemma 5.3. 0

We give a proof of (6.20) in Section 6.2.1 below.
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6.2.1 Proof of (6.20)
Let

o0

1/q
q
08 = (an)kez : an € C,k € Z, || (on)l s = ( > (27 ) <oy,

k=—o00

where 1 < ¢

< o0, 0 < < 1, with the usual modification when ¢ = oco. Let
1 S 4,490,491 S 00, 1

<r<oo,0<6,n<l,

q qo q1

Let X; = qu , 7 =0,1, with A= (Ao,Al) Ag=L", Ay = L. Let X = (X(),Xl).
Let a € Ay .g> @ # 0. We show that a € X[ ] By Lemma 3.2.3 and Theorem 3.3.1

of [1], there exists a sequence (uy)yez in A(A) such that a =Y u, in (A) and

H(J(Ta“v;‘i))uueg < Cllall5,,,-

11—
_ Lo

We first assume that ¢ < oco. For § > 0 and z € C with 0 < Rez < 1, let

Oy e _ o \a(1/q1—1/q0)(z—n)
fulz) = (2702w Dal 3! )

where 1/¢; = 0 if ¢; = 0o, and

f(2) = exp(§ Z fulz

Uy,

Then
[exp(=d(it = )| £l 4,,,, < C (12", fulit); A)), | a0 < Cllall4,,-

Lemma 3.2.3 of [1] implies the first inequality. The second inequality can be seen as
follows. First note that —ng(1/q1 — 1/q0) = q/qo — 1. Thus, if gy < oo,

172", £ (it); A)),, [0
_ ZQ—szqu@u qo0— q)J(Q ,u,,;A)q_q°||a||%);qq<](2”,uy;A)q"
14
= 27w A allf, ¢
< Clla]®
If go = oo, then —nq(l/ql —1/q0) = —1 and

1(72", £(i8); A),, | g =sup2” w2 J(2" ups A all 4, T (27, w5 A) = |lal 4,
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Also, we have

fexp(=0(L+it =) IF (L +it)]4,,, < ClI(I f(1+i8): ), [l < Clals, .

since (1 —n)q(1/q1 —1/q0) = q/q1 —1 and
(a) if ¢1 < o0,
g1+ i ), |2
= 22_91"11291’(‘]1—‘1)J(2V’uy; Ao ||a|]?439;q¢](2”,u,,; Ay

—Oqu v A -
=32 (2 s Al

14
q1 .
< Clall?, ;

(b) if g1 = oo, then (1 —n)q(1/q1 — 1/q0) = —1 and
H J(2Y, fu,(1 4 1it); ) qul = sup2 Ovobv y(ov ul,;A)_IHaHAQ’qJ(T,uy;A)

— Jlall4,,-

Thus f € F(Ap g, Ao ) and f(n) = a; also HaHX[n] < Cllal| 4,,, by letting § — 0.

If ¢ = oo, then ¢y = ¢1 = 0. Let f,(z) = u,. Then we can argue similarly (more
directly) to the case ¢ < oo to have the same conclusion.

Next, we show that a € Ag’q assuming a € X[n]' Take f € ?(14_197(10,1419,[11) such
that f(n) = a. Define

g(z) = 25771 (2).

Then g € F(Apy,, Agg) and g(n) = a. Thus a can be expressed by the Poisson
integral in ¥(A) (see [1, Chap. 4]):

o= /Oo Po(n, £)g(it) dt + /_OO Pu(n,)g(1 + it) dt.

—00

This proves
K(2",a; A) (6.21)

< 2"7/Po(v7,t)K(2”7f(z't);A) dt+2(1””/Pl(mt)K(Q”,f(l+it>§f‘1) di

n

_ ( / Po(n, ) K (2, £(it); A) dt)ln ( / Pun, ) K(2%, £(1+it); A) dt) ,
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if v is chosen to satisfy

27 = </ Po(n, ) K (2, f(it); A) dt) (/ Pi(n, K (27, f(1 +it); A) dt) o

Putting
C, =2 / Po(n, ) K (2%, f(it); A) dt,
D, =2 [ P K (2 0+ it A) at,

by Lemma 3.1.3 of [1], (6.21), Holder’s inequality and Minkowski’s inequality, we
have

lallz,,, < CI(K(2",a;4)),[|g

(1-n)/q0 n/q1
cofzer) (ED?)

<o ([ nmalue. i), pa)

(/a nt) | (K(2%, F(1+it); A )quldt>n

<c([nmolrls, dt)l_" ([ nonoisa+iols,, @)’

< CHfHS"(Ae,qO,AG,u)'

This implies |lal|z, < C’||a|\)g[n], completing the proof of (6.20).

/\
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