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Abstract

A Study on Structural Changes in Cities:
Spatial and Temporal Agglomeration Mechanisms

of Economic Activities

by

Lu Miao

Traffic congestion is a major issue in most cities worldwide. The main reason for traffic
congestion is that traffic capacity is less than traffic demand. For recent years, economists
have been advocating transportation demand management (TDM) measures to deal with
urban traffic congestion.

However, as noted by Takayama (2015), TDM measures are not necessarily socially desirable
in the long-run. To accurately evaluate the long-run effects of TDM measures on structural
changes in cities, we investigate the mechanism of TDM measures. Specifically, we broadly
divide TDM measures into the following 2 types, and investigate each type of TDM measures’
long-run effects on (spatial and temporal) structural changes in cities in Part I (Chapter 2 and

3) and Part II (Chapter 4 and 5), respectively.
1) Reduction in road traffic demand (by using public transit to reduce road traffic demand).

2) Reduction in spatial and temporal agglomeration of traffic demand (e.g., staggered work

hours, flextime, and road pricing)

In the following, each part and chapter of this dissertation are summarized.
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Chapter 11is the introduction that summarizes the theoretical background and the purpose
of the present dissertation.

Part I of the dissertation develops the first departure time choice and mode choice model
considering scale economies in public transport and investigating the properties of equilibria
under different public transport fare regulations (marginal cost regulation/average cost
regulation/without regulation).

We analyze urban public transport into two types: rail transit (Chapter 2), reduces traffic
demand by separating a portion of commuters from road traffic; and carpooling (Chapter 3),
which which shares the road with automobiles and reduces traffic demand by increasing the
number of commuters in an automobile.

Chapter 2 develops a model of multi-modal commute with bottleneck congestion and scale
economies in rail transit. To this end, we incorporate the models of de Palma et al. (2017)
and Tabuchi (1993) into the standard bottleneck model (Vickrey, 1969). We then show the
properties of equilibria when the regulator sets rail fares equal to the marginal, average cost
and with no regulation on rail fares. By comparing these equilibria, we clarify the impacts of
the regulations on the number of rail commuters and commuting costs.

Chapter 3 develops a model of multi-modal commute with bottleneck congestion and scale
economies in carpooling services. Similar to Chapter 2, we show the properties of equilibria
when the regulator sets carpooling fares equal to the marginal cost, average cost and with no
regulation on carpooling fares. By comparing these equilibria, we clarify the impacts of the
regulations on the number of carpooling commuters and commuting costs.

Part II of the dissertation is the first to investigate the spatial and temporal agglomeration
mechanisms of economic of activities while considering urban spatial structure as an open
city (Chapter 4) and multi-city (Chapter 5).

Chapter 4 investigates the mechanisms of spatial and temporal agglomeration of economic
activities by introducing spatial structure (open city and multiple residential locations) into
a model of WST choice (Henderson, 1981). By using the properties of the potential game, we
characterize equilibrium and optimal distributions of population and WSTs.

Chapter 5 investigates the mechanisms of spatial and temporal agglomeration of economic

activities in the context of a different urban structure (multi-city and multiple residential
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locations in each city) from that of Chapter 4. Then, by using the properties of the potential
game, we characterize equilibrium and optimal distributions of intercity and intracity populations
and WSTs.

Finally, Chapter 6 concludes the dissertation by summarizing the main findings, contributions
and some directions for future work.

Overall, this dissertation contributes to proceed systematic understanding of mechanisms
behind TDM measures, and more accurate evaluation of the long-run effects of various TDM
measures on structural changes in cities, so that traffic congestion can be alleviated more

effectively.

Key Words: bottleneck congestion, modal split, scale economies, spatial and temporal agglomeration

economies, open city model, system-of-cities model, potential game
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Introduction

1.1 Background

Traffic congestion is a major issue in most cities worldwide. For example, in 2021, the
average American driver lost 36 hours and spent $564 due to congestion. Nationally, traffic
congestion in the U.S. cost drivers about 3.4 billion hours and $53 billion (Pishue, 2021).

The main reason for traffic congestion is that traffic capacity is less than traffic demand. For
recent years, economists have been advocating transportation demand management (TDM)
measures to deal with urban traffic congestion. As shown in Figure 1.1, there are two broad
types of TDM measures: 1) reduction in road traffic demand (by using public transit to reduce
road traffic demand), 2) reduction in spatial and temporal agglomeration of traffic demand
(e.g., staggered work hours, flextime, and road pricing).

However, as noted by Takayama (2015), TDM measures that alleviate traffic congestion
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Transportation demand management (TDM) measures

Reduction in spatial and temporal
Reduction in road traffic demand o ]
agglomeration in traffic demand

The number / T \
iR = -
of workers |_—7— N\~
iy Gy Gy qnny gy

~ Work start time

Ficure 1.1: Types of TDM measures.

during peak hours by adjusting traffic demand (i.e., reducing temporal clustering) are not
necessarily socially desirable in the long-run. To accurately evaluate the long-run effects of
TDM measures on structural changes in cities, we investigate the mechanism of each type of
TDM measures.

First, we focus on the measures of reduction in road traffic demand. Since road traffic
demand changes over time, here we discuss effects of measures for road traffic demand
reduction on temporal distribution of economic activities. So far, a number of studies
(e.g., Takayama, 2015; Li et al., 2020) on departure time choice model have succeeded
in developing dynamic frameworks that can adequately describe peak-period congestion.
However, frameworks used in most studies cannot properly address urban transit systems
because most of them only consider solo-driving commuting and ignore public transport
which can significantly reduce road traffic demand and alleviate peak congestion.

Although studies on departure time choice and mode choice that considering public
transport have been developed in recent years, most of these studies failed considering the
effects of scale economies which is an important characteristic of public transport sector, or
assumed that fares for public transport are only set at optimal levels (cf. Introduction of Part
D).

Second, we focus on the measures of reduction in spatial and temporal agglomeration
of economic activities. It is readily that huge traffic demand that causes traffic congestion
(negative congestion externalities) is mainly due to the agglomeration of firms in central
business districts (CBDs) and the same work start time (WST) workers have. These phenomena

of the spatial and temporal concentration of firms and workers are caused by positive
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production externalities. Hence, economists also advocate another TDM measures —reducing
spatial and temporal agglomeration of economic activities. This type of TDM measures
aims to deal with urban traffic congestion by changing the balance of positive and negative
temporal externalities. That is, these TDM measures reduce positive temporal externalities
(temporal agglomeration economies) alongside negative temporal externalities (temporal
agglomeration diseconomies).

In fact, the implementation of TDM measures affects not only temporal distribution of
traffic demand but also spatial distribution of economic activities. For example, changes
in the distribution of WSTs affect urban land use patterns because traffic demand of peak
hours and congestion situations will be changed. Moreover, changes in urban land use
patterns affect WSTs distribution because origins and destinations of traffic demand and
congestion situations will also change. Thus, it is important to consider the interaction
between spatial and temporal distributions of economic activities. However, no study has
yet investigated desirable spatial and temporal distributions by considering both spatial and

temporal externalities (cf. Introduction of Part II).

1.2 Dissertation Overview

1.2.1 Objectives

The goal of the dissertation is to clarify whether TDM measures are socially desirable
in the long-run. To this end, we address the two main issues mentioned in Section 1.1 and
investigate the long-run effects of TDM measures on (spatial and temporal) structural changes

in cities. More specifically, our objectives are:
1. Verification of long-term effects of reduction in road traffic demand:

(a) Tobuild dynamic frameworks that can adequately describe peak-period congestion.
(b) To consider mode choice between solo driving and public transport.

(c) To consider the characteristics of different public transport and scale economies.

)

(d) Toinvestigate the effects of the existence and types of public transport fare regulations

on transportation demand and commuting costs by different modes.
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(e) To systematically analyze and compare the properties of all equilibria that arise in

situations where public transport fares are set under different regulations.

2. Verification of long-term effects of reduction in spatial and temporal agglomeration of

economic activities:
(a) To establish basic frameworks for analyzing the endogenous distributions of urban
population and WSTs.
(b) To consider different spatial structures of cities.
(c) To consider spatial and temporal agglomeration economies and diseconomies.
(d) To investigate the interaction between spatial and temporal externalities.

(e) To characterize equilibrium and optimal distributions of populations and WSTs by

using the properties of potential game.

1.2.2 Main Contributions

The main scientific contributions of this dissertation are summarized hereafter.

1. Verification of long-term effects of reduction in road traffic demand

Part I of the dissertation develops the first departure time choice and mode choice
model considering scale economies in public transport and investigating the properties
of equilibria under different public transport fare regulations (marginal cost regulation/

average cost regulation/without regulation).

Note that we analyze urban public transport into two types: rail transit, reduces traffic
demand by separating a portion of commuters from road traffic; and carpooling, which
which shares the road with automobiles and reduces traffic demand by increasing the
number of commuters in an automobile. Rail transit and carpooling are analyzed in

Chapter 2 and 3, respectively.

We show that if average cost regulation is implemented simultaneously with the
development of public transport, the number of public transport commuters will not

increase and equilibrium commuting costs will not change; if average cost regulation is
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implemented when public transport operators are monopolistically competitive, public
transport commuters will increase and equilibrium commuting costs will decrease. We
demonstrate that this result holds regardless of whether public transport is assumed to

be rail transit or carpooling.

2. Verification of long-term effects of reduction in spatial and temporal agglomeration of economic
activities
PartIl of the dissertation is the first to investigate the spatial and temporal agglomeration
mechanisms of economic of activities while considering urban spatial structure as an

open city (Chapter 4) and multi-city (Chapter 5).

e Chapter 4 shows that greater interaction among different WSTs rural-to-urban
migration (spatial agglomeration), and the increase in urban population does not

necessarily improve social welfare.

e Chapter 5 shows that the greater the interaction among different cities, the more
clustered the WSTs distribution, and greater interaction among different WSTs
leads to intercity population concentration (spatial agglomeration). The equilibrium

spatial (temporal) distribution may be less (more) agglomerated than at the optimum.

Note that, it is extremely difficult to extend bottleneck model to urban land use theory
with multiple residence locations to consider spatial and temporal agglomeration economies
and diseconomies. Hence, in the dissertation, for the first step to investigate the interaction
of spatial and temporal agglomeration economies and diseconomies, by using Henderson
(1981) model to describe temporal agglomeration economies and diseconomies. For the
future works, we will incorporate Part I into Part II to analyze the mechanisms of spatial and

temporal agglomeration of economic activities accurately.

1.2.3 Dissertation Outline

This dissertation consists of 6 chapters that are briefly described in the following paragraphs
(see also Figure 1.2). The main 4 chapters (excluding Chapter 2, 3, 4, and 5) are organized

into 2 parts.
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Part I includes Chapters 2 and 3 that investigate long-term effects of reduction in road
traffic demand. In this part, we consider multi-modal commute with bottleneck congestion
in rail transit and carpooling, respectively, by considering scale economies in these public
transports.

Part II investigate long-term effects of reduction in spatial and temporal agglomeration of
economic activities In this part, we verify the long-term effects in different urban structures
(open city and multiple cities) by considering spatial and temporal agglomeration economies
and diseconomies.

Note that each chapter is a complete stand-alone research article including an abstract,

introduction, methodology, results, and conclusions with its own (mathematical) notations.

Temporal Distribution of Economic Activities

e

|
\ Chapter 2 ]
I
I

Rail Transit and Automobile

Scale Economies

\E Chapter 3 ] ]

Carpooling and Solo Driving

Multi-modal Commute with Bottelneck Congestion

Chapter 1 y - — - — — — — Chapter 6
Introduction Henderson (1981) Conclusions and Future Works

| |
\ + ‘
| Alonso (1964) ‘
| I
\ Chapter 4 ‘
— Open City Model :—
PART II' |
| Chapter 5 \
| System-of-cities Model I
.. __SSrSnSnEIEnenenene J

Spatio-temporal Distribution of Economic Activities

Ficure 1.2: Organization of the dissertation.

This dissertation is organized in more detail as follows.

Chapter 2 develops a model of multi-modal commute with bottleneck congestion and scale
economies in rail transit. To this end, we incorporate the models of de Palma et al. (2017)
and Tabuchi (1993) into the standard bottleneck model (Vickrey, 1969). We then show the
properties of equilibria when the regulator sets rail fares equal to the marginal cost or average

cost and when there is no regulation on rail fares. By comparing these equilibria, we clarify
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the impacts of the regulations on the number of rail commuters and commuting costs.

Chapter 3 develops a model of multi-modal commute with bottleneck congestion and scale
economies considering both carpooling and solo driving. Similar to Chapter 2, we show the
properties of equilibria when the regulator sets carpooling fares equal to the marginal cost or
average cost and when there is no regulation on carpooling fares. Then by comparing these
equilibria, we clarify the impacts of the regulations on the number of carpooling commuters
and commuting costs.

Chapter 4 investigates the mechanisms of spatial and temporal agglomeration of economic
activities by introducing spatial structure (open city and multiple residential locations) into
a model of WST choice (Henderson, 1981). By using the properties of the potential game, we
characterize equilibrium and optimal distributions of population and WSTs.

Chapter 5 investigates the mechanisms of spatial and temporal agglomeration of economic
activities in the context of a different urban structure (multi-city and multiple residential
locations in each city) from that of Chapter 4. Then, by using the properties of the potential
game, we characterize equilibrium and optimal distributions of intercity and intracity populations
and WSTs.

Finally, Chapter 6 concludes the dissertation by summarizing the main findings, contributions

and some directions for future work.






Part1

Temporal Distribution of

Economic Activities






Introduction

Since the seminal work of Henderson (1981), a number of studies (e.g., Wilson, 1992; Arnott
etal., 2005; Arnott, 2007) have developed models of WST choice that consider traffic congestion
and productivity effects. These studies provide insights into TDM measures by examining
the equilibrium and optimal distributions of WSTs and optimal congestion tolls. However,
analytical difficulties inevitably that arise in models limit these studies because of their
nonconvexities due to considering temporal agglomeration economies and diseconomies.
Foremost among their limitations is that they use flow congestion models to describe traffic

congestion, which are inappropriate for dealing with peak congestion.

So far, a number of studies (e.g., Takayama, 2015; Li et al., 2020) on departure time choice
model have succeeded in clarifying the effects of various TDM measures (e.g., dynamic
congestion pricing) based on dynamic frameworks that can adequately describe peak-period
congestion. However, frameworks used in most studies cannot adequately address urban

transit systems because they only consider solo-driving commuting and ignore public transport.

As mentioned in Section 1.2.2, we analyze urban public transport into two types: rail
transit, reduces traffic demand by separating a portion of commuters from road traffic; and
carpooling, which which shares the road with automobiles and reduces traffic demand by
increasing the number of commuters in an automobile. We next introduce the previous
studies of departure time and mode choice models considering rail transit and carpooling,

respectively.
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1.2.4 Rail Transit and Automobile

Studies introducing rail transit into standard departure time choice model have made
steady progress since Tabuchi (1993) (e.g., Huang, 2000; Kraus, 2003, 2012; Huang et al.,
2007; Sean Qian and Michael Zhang, 2011; Gonzales and Daganzo, 2012; Wu and Huang,
2014; Li and Zhang, 2020). However, most of the studies assumed that “convenience of public
transport does not depend on the number of its users.” In fact, it is widely known that the
convenience (e.g., fare, service frequency) of public transport such as rail transit and bus
strongly depends on the number of its users. That is, the greater the number of users, the

more convenient public transport becomes.

One of the essential factors that make the convenience of public transport highly dependent
on the number of users is “scale economies.” This is because most of the operating costs
required to provide and improve the convenience of public transport services are fixed costs
that are independent of the number of users (rather than variable costs that vary depending on
the number of users). Hence, in public transport, scale economies that “the more passengers

there are, the lower the operating costs per person” work strongly.

To develop and implement appropriate urban transportation policies that take advantage
of public transport commuting, it is necessary to analyze the characteristics of the industry,
which requires huge fixed costs. It is particularly important to note that these industries
are characterized not only by scale economies but also by natural monopolies if there is

no regulation. For this reason, policies are generally adopted to regulate fares to average

fixed cost

costs (i.e., marginal cost + mBor of commuters

) rather than marginal costs. Nevertheless, most
of the studies assumed that public transport fares are fixed (independent of the number of
commuters). Although this assumption can be interpreted as assuming a socially desirable
situation in which fares are set equal to marginal cost, it is inconsistent with either no
regulation or average cost regulation (where fares change depending on the number of

commuters).

Unlike many other studies, Tabuchi (1993) has developed a departure time and mode
choice model considering scale economies for rail transit. He then succeeded in comparing

the properties of equilibrium, first-best optimum (social optimum), and second-best optimum
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under marginal and average cost regulations. However, the model for rail commuting is
assumed as a simple framework that is static and ignores crowding on trains (i.e., assuming
infinite-capacity trains), which is an issue during rush hour. Furthermore, although it has
been confirmed that multiple equilibria exist under average cost regulation, the analysis only
focused on the equilibrium that minimizes total commuting costs (i.e., large number of rail
commuters). !

Compared with these studies, this chapter is characterized by a systematic analysis and
comparison of all equilibrium characteristics that arise in situations where rail fares are set
under marginal cost regulation, average cost regulation, and without regulation. The results
of our analysis imply that the equilibrium commuting cost under average cost regulation can
be higher than without regulation (i.e., monopoly).

Another feature of this chapter is that rail commuting is modeled in a dynamic framework
including crowding on trains. This framework is not only an extension of Tabuchi (1993), but
also enables the evaluation of the effects of various TDM measures (including “dynamic” ones
such as time-of-day fares), fare regulations, and their combinations on urban transportation
system. Therefore, the framework developed in this chapter can provide a theoretical

foundation for appropriate urban transportation policies.

1.2.5 Carpooling and Solo Driving

In recent years, “carpooling” has been attracting attention as a new commuting mode of
commuting due to the advancement of information technology and the widespread use of
smartphones. This is because it is expected that the reduction of traffic demand through
carpooling (i.e., sharing an automobile among multiple people) will significantly alleviate
traffic congestion during peak hours. Hence, theoretical studies (e.g., Huang, 2000; Sean Qian
and Michael Zhang, 2011; Xiao et al., 2016; Ma and Zhang, 2017; Yu et al., 2019) analyzing the
effects of carpooling commuting behavior have been accumulating by extending bottleneck

model (e.g., Vickrey, 1969; Henderson, 1981; Arnott et al., 1990, 1993) that can represent

1We also analyze other equilibria under average cost regulation and natural monopoly, which are not
considered in Tabuchi (1993). We then investigate the differences in properties among equilibria, and the effects
of rail fare regulations are clarified from the results.
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traffic congestion during peak hours.

Since these previous studies have focused on the effect of carpooling on reducing transportation
demand (i.e., reducing the number of automobiles by increasing the number of carpool users),
the other settings for carpooling commuting have been simplified. That is, all of these studies
assumed “the convenience of carpooling itself does not depend on the number of users,”
and ignored “economies of scale.” As a result, the findings of previous studies are likely to
be strongly dependent on these settings. Therefore, it is essential to take these settings into
account in order to develop and implement appropriate urban policies utilizing carpooling

commuting. 2

2The analysis procedure is the same as in Chapter 2.
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Multi-modal Commute with Bottleneck

Congestion: Rail Transit and Automobile

2.1 Departure Time and Mode Choice Model

We develop a commuters’ departure time and travel mode choice model considering
scale economies in rail transit. To this end, we formulate a model considering commuters’
departure time and travel mode choice based on Vickrey (1969) and de Palma et al. (2017),
and the behavior of rail operator by extending Tabuchi (1993).

2.1.1 Basic Assumptions

We consider a city consisted of a CBD and a residential area connected by a road and a

railroad (Figure 2.1). The N commuters are ex ante identical. Each chooses his or her CBD
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CHAPTER 2. MULTI-MODAL COMMUTE WITH BOTTLENECK CONGESTION: RAIL TRANSIT AND AUTOMOBILE

arrival time ¢t € R and travel mode from automobile and rail transit (hereafter, subscripts c
and p denote automobile and rail transit, respectively). The numbers of respective users are
denoted by N, and N,. We then assume that commuters have the same work start time t*
and who arrive at CBD at t* do not have to pay schedule delay costs.

The road has a single bottleneck with capacity u just before the CBD (commuters arrive at
the CBD just after spilling out of the bottleneck). To model queuing congestion, we employ
first-in-first-out (FIFO) and a point queue in which vehicles have no physical length as in
standard bottleneck models (e.g., Vickrey, 1969; Arnott et al., 1993). Thus, the total travel
time for automobile commuters arriving at work at time ¢ is the sum of queuing time g(t) in
bottleneck and free-flow travel time Tj. from residential area to bottleneck.

There are 2m + 1 trains, indexed in order of departure, which run at a fixed time interval.
We assume that only one train arrives at the CBD exactly at the work start time t*, and there
are m trains before/after t*. For convenience, we denote the train arriving at the CBD at t* as
train 0, and the trains arriving at the CBD k trains before and after train 0 as train —k and k,
respectively. Then, the arrival time of train k € K = {-m,-m +1,...,0,...,m — 1, m} at the
CBD is denoted by t;. Moreover, we assume that the capacity of each train is s > 0 and the

total travel time from residential area to CBD is Ty,, independent of k.

2.1.2 Behavior of Workers

Commuters choose travel mode and CBD arrival time to minimize their commuting costs.
In this section, assumptions for automobile commuting and rail commuting are described in
order.

Commuting cost c.(t) of automobile commuters who arrive at work at time ¢ is expressed

Work start time ¢*

ﬂ &  Automobile Bottlencck >

Residentia P
. . apact
Area Jﬁﬁ Rail transit pacty

N commuters Departure time: — >t

to t

Ficure 2.1: The Monocentric City.

16



2.1. DEPARTURE TIME AND MODE CHOICE MODEL

as the sum of travel time cost a{q(t) + Ty, }, schedule delay cost |t* — t| and fixed cost Ccar(e.g.,

fuel, parking): !

co(t) = ag(t) + B|t* —t| + aToc + Cear- (2.1)

where a > 0 is the value of per unit travel time of automobile commuters, § > 0 is early/late
delay cost per unit time. We assume a > f so that an equilibrium in our model satisfies the
FIFO property (i.e., automobiles must leave the bottleneck in the same order as their arrival

at the bottleneck) as in the case of the standard departure time choice model.

Rail commuters incur monetary disutility depending on passenger number and train
capacity. Asin de Palma et al. (2017) and consistent with empirical findings (e.g., Wardman
and Whelan, 2011; Haywood and Koning, 2015), we give the crowding cost g(n) of train k

as a linear function of the passenger number 7;:

glm) = 22K, 22)

S

where A > 0 denotes the magnitude of crowding cost.

Commuting cost c,(t) for rail commuters is given as the sum of crowding cost g(ry)
determined by CBD arrival time t;, schedule cost B|t* — t,|, travel cost aTy, independent of

tr, and fare p:

Cp(tk) = g(ny) + BIt" — t| + alop +p. (2.3)

The fixed cost Ccar can be interpreted as automobile ownership costs minus the benefits of non-commuting
purpose.
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2.1.3 Behavior of Rail Operator

Rail operator operates trains during the time when passengers exist and sets the fare p and

the number of trains 2m + 1 according to profit 7. The profit 7 is defined as follows:

n=(p—-c)N,—am—F. (2.4)

where c is marginal cost, am is the cost determined by the number of trains, and F is fixed
cost.

As is clear from the definition of profit 7, scale economies operate in the supply of rail
transit services in this model. Therefore, as discussed in the introduction of Part I, the rail
transit sector becomes a monopoly if it is left to market competition. In this case, it is socially
desirable to regulate rail fares equal to the marginal cost, however, there are drawbacks such
as causing deficits for operators. Hence, policies that regulate fares to the level of average
cost are generally adopted.

We then consider the following 3 types of situations to investigate the effects of the existence

and types of rail fare regulations on rail operator on equilibrium: 2

TasLE 2.1: 3 Types of Rail Fare Regulations.

Marginal cost requlation  Rail fares are regulated equal to the marginal cost. The number

of trains is set to minimize the social cost in equilibrium.

Average cost regulation Rail fares are regulated equal to the average cost (i.e., zero profit
for rail operators). The number of trains is set to minimize the

social cost in equilibrium.

Monopoly Rail fares and the number of trains are set with no regulation.

2We assume that when regulation is implemented, the number of trains is simultaneously specified by the
government. This is because under marginal cost regulation, operators” optimal behavior is to set m = 0
(minimizing the deficit from fixed costs), and under average price regulation, m has no impact on profit 7 (i.e.,
profit is always zero, independent of the number of trains). More specific methods of setting m (i.e., the level at
which social costs are adopted in equilibrium) are explained in Section 2.3.2.
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2.1. DEPARTURE TIME AND MODE CHOICE MODEL

Marginal Cost Regulation

We consider a case that the regulator sets marginal cost regulation on rail fares. In this
case, the number of trains is set to minimize the social cost (total commuting cost — operator

profit) in equilibrium, and rail fare p is set equal to the marginal cost:

p=c. (2.5)

Average Cost Regulation

We then consider a case that the regulator sets average cost regulation on rail fares. In this
case, the number of trains is set to minimize the social cost (total commuting cost — operator
profit) in equilibrium as in the case of marginal cost regulation, and rail fare p is set equal to

the average cost:

am + F
. 2.6
c+ N, (2.6)

=
I

Equation (2.6) shows that the more the rail commuters, the lower the carpooling fare P,

reflecting the positive externalities (scale economies) that characterize rail commuting.

Monopoly

We finally consider a case where a rail operator sets the fare p and the number of 2m + 1
trains with no regulation. In this case, the operator anticipates the rail transit demand
N,(p, m) corresponding to p, m. That is, p, m are set to satisfy the first-order condition of the

profit maximization problem (i.e., to maximize the operators’ profit):

d
Ny(p,m)+(p - c)%Np(p, m) =0, (2.7a)

d
(p =)o —Np(p,m)—a=0. (2.7b)
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2.1.4 Assumptions of Rail Transit

We next introduce assumptions regarding rail transit. We assume that the costs independent

of CBD arrival time satisfy the following condition:
aTop + ¢ > aTye + Cear- (2.8)

This means that if there is no traffic congestion (i.e., the road capacity u is infinite), everyone
will use an automobile. 3 That is, we assume that the city is favorable for automobile use.

Furthermore, we assume that the time zone [t_,,, t,,] during which trains operate is set such
that the following conditions are satisfied in equilibrium: commuting costs remain the same
for any train k € K (i.e, consistent with the equilibrium commuting cost), and commuters
have no incentive to use the train at any time outside the time zone because the cost is above
the equilibrium commuting cost. *

These assumptions imply that rail operators behave to avoid situations such as “trains
operate with no passenger (due to high commuting cost)”, “no train service during the time

zone that commuters want to use.” > Under these assumptions, the greater the number of

trains 2m + 1, the shorter the time interval between trains.

2.2 Equilibrium Conditions

AsinTabuchi (1993), Huang et al. (2007) and Wu and Huang (2014), we consider commuters’
choices regarding CBD arrival time and travel mode in the following 2 stages: commuters
first decide their travel modes (first stage), and then choose their CBD arrival times (second
stage).

In this case, equilibrium can be obtained by solving backward from the second stage.
That is, firstly, given commuters their travel modes (numbers N5, N, of commuters by travel

modes), we then solve the equilibrium conditions for the choice of CBD arrival time for

3This assumption implies that we assume a city (e.g., a regional city) with relatively low fixed costs Cear
incurred by automobile commuting.

#Specifically, we assume that the following conditions are satisfied: c,(ty + 0) > cp(tm) V6 > 0.

SDifferent operation time zone from the above assumptions can also be considered. However, those situations
are not addressed in this paper because they lead to (unnecessary) complications in model analysis.
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automobile and rail transit commuters. Next, given the commuting costs c, C; by travel
modes in equilibrium in the second stage, we then solve the equilibrium conditions for the
choice of travel mode, and obtain the equilibrium in the first stage.

Hereafter, we call the equilibria in first and second stage described above “equilibrium
of mode choice” and “equilibrium of departure time”, respectively. In preparation for
investigating the characteristics of these equilibria in the following sections, this section

formulates the equilibrium conditions for each stage.

2.21 Equilibrium Conditions of Departure Time Choice

As mentioned above, CBD arrival time choice for commuters is based on the premise
that travel mode is fixed. Therefore, the equilibrium conditions of departure time choice for
automobile commuters are consistent with the equilibrium conditions of standard departure

time choice model:

c; =cc(t) if n(t)>0,
(2.9a)
c: <c.(t) if n()=0,
nt)=yu if gq(t) >0, (2.95)
n(t)<up if g(t) =0,
/00 n(t)dt = N.. (2.9¢)

where n(t) is the number of commuters arriving at CBD at time ¢ (i.e., CBD arrival rate).
Condition (2.9a) is the no-arbitrage condition for CBD arrival time choices. This condition
means that at equilibrium, each commuter has no incentive to change his/her CBD arrival
time unilaterally. Condition (2.9b) is the capacity constraint of the bottleneck. It implies
that the departure rate n(t) at the bottleneck equals capacity p if queue occurs at the
bottleneck (i.e., g(t) > 0) at CBD arrival time (i.e., bottleneck outflow time) t; otherwise,
the departure rate is lower than y. Condition (2.9¢) is flow conservation for automobile
commuting demand. These conditions give n(t), 4(t), and ¢} at equilibrium as functions of

the number of automobile commuters N..
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Equilibrium conditions for departure time choice of rail commuters are given by the

followings as in de Palma et al. (2017):

c, =cp(ty) if ng >0,

: (2.10a)
¢, < cp(ty) if np=0,
Z ng = Np. (2.10b)
keK

where condition (2.10a) is the no-arbitrage condition for departure time choices, and condition
(2.10b) is the conservation law of the population of rail commuters. These conditions give

ng, ¢, at equilibrium as functions of the number of rail commuters Np.

2.2.2 Equilibrium Conditions of Mode Choice

Commuters” mode choices are based on the commuting cost ¢, c;, in the departure time

choice equilibrium, hence, equilibrium conditions of mode choice are given as follows:

c:(Ne) = ¢y(Np) if Ne>0, N, >0,
ci(Ne) < ¢;(Np) if N, =0, (2.11a)
N 2 ¢5(N,) if N, =0,

Ne+N, =N. (2.11b)

Condition (2.11a) is the equilibrium condition for commuters” mode choice, which expresses
the following: if both automobile and rail transit are used, the commuting cost of both modes
is the same; if only one of the modes has commuters, the commuting cost of the used mode is
lower than the other. Condition (2.11b) is the conservation law of the number of commuters.

Equilibrium condition (2.11) implies that the mode choice equilibrium N¢, N, is a Nash
equilibrium of a population game with the payoff function (=cz(Nc), —c,(Ny)). It means that
the findings of Sandholm (2010) in the field of population game can be applied to characterize
the equilibrium.

We use the findings on potential game in the field of population game. First, we show the
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properties of potential game: as shown in Sandholm (2001), a game is a potential game if

there exists a potential function P(N)) satisfying the following condition:

d . .
mP(Np) = =, (Np) + cz(No). (2.12)

The equilibrium of this potential game coincides with the set of N, Ni(= N —Nj) satisfying
the Karush-Kuhn-Tucker condition of the following optimization problem (Sandholm, 2001):
max P(Ny) st. 0<N.<N. (2.13)
P
In addition, the potential game has the following properties regarding the local stability of
the equilibrium:

Equilibria that locally maximize the potential function are (locally) stable under a

wide class of adjustment dynamics, ® whereas other equilibria are unstable.

The above properties of potential game imply that the uniqueness and stability of equilibria
can be investigated by checking the shape of P(Ny).

The mode choice model constructed in this chapter has the following potential function:

P(N,) = /ONP {50 + c:(N = )} dx. (2.14)

This is because ¢ (N.) and c;(Np) are continuous functions (the proof is in the next section).
In the next section, we characterize the equilibrium by using the properties shown in this

section.

2.3 Equilibrium of Departure Time and Mode Choices

This section clarifies the equilibrium characteristics of the model shown in the previous

sections. Specifically, we show that the commuting cost is uniquely determined in departure

6This adjustment dynamics includes the best response dynamic (Gilboa and Matsui, 1991), the Brown-von
Neumann-Nash dynamic (Brown and von Neumann, 1950), and the projection dynamic (Dupuis and Nagurney,
1993), which have been adopted in many studies. If the equilibrium is an interior solution, replicator dynamic is
also included. See Sandholm (2005) for other dynamics.
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time choice equilibrium, and then indicate the uniqueness and stability of mode choice

equilibrium.

2.3.1 Departure Time Choice Equilibrium

Equilibrium conditions(2.9), (2.10) of departure time choice of automobile and rail commuters,
respectively, are consistent with standard departure time choice models and de Palma et al.

(2017) model, as discussed in the previous section. Therefore, equilibrium commuting costs

*

¢¢, ¢, are uniquely determined, as proved by Lindsey (2004) and de Palma et al. (2017).

*

p
N¢, N, by the same analytical procedure as in previous studies (see 5.A for their derivations):

Equilibrium commuting costs c, c;, are given by the following continuous function of

ce(Ne) = %Nc +aToc + Cear, (2.15a)

. A
cp(Np) = %Np +aTop +p. (2.15b)

2.3.2 Mode Choice Equilibrium

In this section, we use the equilibrium commuting costs (2.15) obtained in the previous
section to clarify the properties of the mode choice equilibrium for each of the cases where
rail fares and number of trains are set under marginal cost and average cost regulations, and
with no regulation.

In addition, the main objective of this chapter is to investigate the effects of the existence
and types of rail fare regulations on transportation demand and commuting costs by different
modes. Hence, we do not consider extreme cases in which everyone uses automobile or rail
transit, regardless of the existence and types of rail fare regulations. In order to eliminate
these extreme cases, we assume the existence of an equilibrium in which both modes are
used in each case where rail fares are set equal to the marginal cost or average cost or without

regulation. 7 Furthermore, the conditions for parameter values that satisfy this assumption

7Specifically, we assume that in each situation of marginal cost regulation/average cost regulation/monopoly,
there exist at least one case of N, N; > 0 satisfying cz(N;) = c;,(N;).

24



2.3. EQUILIBRIUM OF DEPARTURE TIME AND MODE CHOICES

are shown at the end of this section.

Marginal Cost Regulation

Under marginal cost regulation, fare p is set equal to marginal cost c. From this relationship
and the equilibrium condition (2.11a), the numbers N yc*, NMC of commuters under equilibrium

is uniquely determined as follows:

-1
Ny = (i + ﬁ) B, (2.16a)
sm  2u
NY© =N - NI, (2.16b)
B= %N — (aTop +¢) + (aToc + Cear) - (2.16¢)

MCx

Moreover, the equilibrium commuting cost ¢~ in this case is expressed as follows:

_ BAN + ps(aTo, + c)m +2uM(aTyc + Cear)

MC+
2uUA + Bms

(2.17)
These results confirm that N%,VIC* and cM“ are a monotonically increasing function and a
monotonically decreasing function of m, respectively. This is because under marginal cost
regulation, an increase in the number of trains raises the fixed costs of rail operators while

having no effect on rail fares.

Under marginal cost regulation, the number of trains 2m + 1 is set to minimize the social

cost. That is, m is given by the solution of the following social cost minimization problem:

min SC = M
m

N +am+F. (2.18)

MCx

After solving for this minimization problem, the m that minimizes the social cost, and the
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number of rail commuters N ;)VIC* under this condition are as follows: 8

MC+x — NMC* A ﬁ N

m P EEE' (219&)
.2 aA2u B
N :FH B - ?%N . (2.19b)

These results confirm that rail commuters will increase under the following conditions:
the road is more likely to be congested, trains are less crowded, and schedule costs are higher
(i.e., greater B, s and lower u, A), additionally, the number of train will be set more frequently

when the road is more likely to be congested and schedule costs are higher.

Average Cost Regulation

We next characterize the mode choice equilibrium in average cost regulation. The rail fare
p set by rail operators equals to average cost (2.6). In this case, according to equilibrium
condition (2.11a), multiple equilibria exists if there exists N, € (0, N) satisfying the following
conditions:
(5

2 —

8m, which minimizes social costs, is not necessarily a natural number. Hereafter, for convenience, as in
de Palma et al. (2017), we use the m obtained by the analysis that examines the effect of the existence and types of
regulations in equilibrium. Since the number of trains that minimize social costs is at 2m + 1 with the decimals
rounded up or down, it does not significantly change the qualitative results.
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Then, the number of rail commuters N l‘fc* when multiple equilibria exist is given by

NS =, (2.21a)
B—\/B2—4(am +F)(ﬁ+%)
AL B ’

2(%+£)
B+\/B2—4(am +F)($+2%)

A B
2(%+£)

ACx _
Np1 =

(2.21b)

AC _
sz =

(2.21c)

Note that if N, € (0, N) satisfying (2.20) does not exist, N ;*OC* = 0 is the only equilibrium.
However, this is contrary to the assumption at the beginning of Section 2.3.2 that “there exists
an equilibrium in which both modes are used." Therefore, in this chapter, we only consider
a situation in which multiple equilibria exist. The condition under which the equilibrium is

non-unique is given as follows, will be clarified in the analysis that follows:

al B
B>2 (\/;Jr \ /ZF) : (2.22)

Since the multiple equilibria exist, we characterize their stability. From (2.6) and (2.15),
potential function of mode choice model under average cost regulation is expressed as follows:

1p

P(Np) = - {EZ(N — Np) +aTye + Ccar} (N = Np) (2.23)

N A Np N m
0 S m o Np
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By using the fact that N4 N, AC* satisfy (2.20), the followings are valid.

pl 7
4 —P(N2X™) <0 (2.24a)
ON, 10 ’ '
J ACx* 82 ACx*
N, P(N2) =0, ONE P(N™) > 0, (2.24b)
J ACx* a2 ACx*
aNpP(N ) =0, N, )ZP(N ) < 0. (2.24¢)

Thus, it is readily confirm that N ;AOC*, N AC* are stable equilibria (i.e., locally maximize P(N)),
N ;flc* is unstable equilibrium.

We can also confirm these results through the numerical examples shown in Figure 2.2. In

these numerical examples, we use the following parameter values:

N =5000, a=1, =08, A =1, u=>50, s =100,

a=1, F=40000, Cer =5, c =1, To. = 5, Ty, = 10.

Since the profit of rail operators is zero, social cost SC is expressed as follows:

SC = c*“N. (2.25)

AC+

where ¢ is the average commuting cost, and it can be expressed as follows by denoting the

number of rail commuters as N;fc*:

cAC F (N - N;fc*) + aTpe + Cear. (2.26)
2u

Therefore, social cost SC depends on which equilibrium emerges.

We assume that the number of trains 2m + 1 is set under the emergence of an equilibrium

that has the lowest social cost (i.e., more commuters take rail transit). ° In this case, m“<*

minimizing the social cost SC satisfies %Nﬁc" = 0in terms of (2.25), (2.26). Then from (2.20),

9This assumption means that “the number 2m + 1 of trains is set to sat1sfy 2 N ACx — 07 As discussed in

Footnote 2, the value of m will be undefined without this assumption.
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m*"~" is given as follows:

* A *
mAC — _NAC )

2.27
Ny (2.27)
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In this case, the number of rail commuters is as follows:

NG =0, (2.28a)
NAC = % {D _.|p2- 4%1—"} , (2.28b)
NAC = % {D +.|p2 - 42‘%1-"} , (2.28¢)
D =B -2,/ (2.28d)

As is clear from these results, the condition for the existence of multiple equilibria is given
by (2.22).

From the above results of average cost regulation show that the equilibrium has the
following properties: If the initial state is that the number of rail commuters is less than N ;xc*/
the stable equilibrium that eventually emerges is N ;C* ; and if more rail commuters than N F‘flc*
in the initial state, stable equilibrium N ;?zc* emerges. That is, the implementation of average
cost regulation will reduce the number of rail commuters, unless many commuters use rail
transit prior to the implementation. Therefore, if average cost regulation is implemented
simultaneously with the development of rail transit, the number of rail commuters will not
increase (since the initial number of rail commuters is zero). This is because the fewer the

number of rail commuters, the more expensive their fares will be.

Monopoly

We then investigate the equilibrium properties of the case where rail operators determine
the fare and the number of trains with no regulation on rail fares. When both modes have
commuters, from equilibrium condition (2.10a), the number of rail commuters N, (p, m) under
fare p and the number of trains 2m + 1 satisfy the following condition:

p

mo_ (A, B)
Np = (% + E) {B - (P - C)} (229)
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Substituting (2.29) into (2.7), the number of rail commuters N, m™" and p™ in equilibrium

are given as follows:

-1
me_ (A B) B
Ny = (sm + 2#) 5 (2.30a)
= iN o (2.30b)
sa P’ '
p = g +c. (2.30c)

From this relationship, the number of rail commuters N™ is as follows:

N™ =D, (2.31)

g
p
The above results show that the equilibrium when rail operators behave monopolistically has
similar properties to the equilibrium under marginal cost regulation. In fact, there will be
more rail commuters when road is more congested, trains are less crowded, and schedule
costs are higher (i.e., greater f and s, lower u, A). Moreover, when the road is easily congested

and the schedule costs are high, the number of trains is set to be higher.

Additionally, the profit 7t of rail operator in equilibrium can be expressed as follows:

12 Vs

Thus, © > 0 under the condition (2.22).

Ep_r. (2.32)

p

The Existence Conditions of Equilibrium where Both Modes Are Used

Using the results obtained from the above analysis, we show the conditions for the existence
of equilibrium where both modes are used, as assumed at the beginning of Section 2.3.2. In
order for both modes to be used, the number of rail commuters, N;, must satisfy the following

conditions in equilibrium where fares and the number of trains are set under marginal cost
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regulation / average cost regulation / no regulation.
0< N; < N. (2.33)

Rearranging this conditions, the following conditions can be derived:

2u al p
N > : {2(4 - +,/2#F G}, (2.34a)

2u  aAG

—_— 2.34
N<ﬁsG2—a/\' (2.34b)
G = (aToc + Cear) — (aTop + ). (2.34¢)

Here, (2.34a), which is derived from the conditions under which rail transit can be used under
average cost regulation (i.e., N F‘;‘lc*, N ;2(3* exist), requires that the population size of the city
analyzed must exceed a certain level. This is because cities with small populations have large
burdens under fixed costs, thus no one uses rail transit. Meanwhile, (2.34b), which is derived
from the conditions under which automobile commuters exist under marginal cost regulation
(i.e., N;,VIC* < N), requires that the population size not be too large. This is because if the
population is too large, the timetable will be set very closely, with the effect that everyone

will use rail transit.

2.4 Comparison of Equilibria

This chapter compares the characteristics of equilibria under marginal cost regulation/
average cost regulation/no regulation obtained so far. We then use these results to clarify the
impacts of the existence and types of regulations on rail operators on urban transportation

system.
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2.4.1 Comparison of the Number of Rail Commuters

Firstly, let us compare the number of rail commuters. From the results of the previous

section, we obtain the following relation (see Appendix 2.B for the proof):
MCx AC* * AC= AC+ _
N > sz > Ny™ > N]g1 > Np0 =0. (2.35)

This result is consistent with the intuition that the implementation of marginal cost regulation
leads to the maximum use of rail transit. Meanwhile, we can also confirm the following
properties of equilibria when the regulator sets rail fares equal to the average cost or without
regulation on rail fares: The number of rail commuters N in equilibrium with no regulation
is more than the unstable equilibrium N ;ﬁc* and less than the stable equilibrium N ﬁzc* under
average cost regulation.

These results imply the following equilibrium properties:

1) If the average cost regulation is implemented simultaneously with the development of rail
transit (the number of rail commuters is zero when the regulation is implemented), the

number of rail commuters will not increase;

2) If rail operators implement average cost regulation after monopoly (the number of rail
commuters is N;* when the regulation is implemented), the number of rail commuters

will increase.

That is, the results in this chapter show that a hasty implementation of average cost regulation
will hinder the use of rail transit.

In addition, the above results do not change whether m is given as a parameter (i.e.,
assuming the same level regardless of the existence or type of regulation). In fact, using

(2.16a), (2.21) and (2.30a) gives exactly the same relationship as (2.35).

2.4.2 Comparison of the Number of Trains

We then consider m, which represents the number of trains. Using the relation (2.35) and

(2.8) of the number of rail commuters, the relation of m is given as follows (see Appendix 2.C
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for the proof):

MC ACx >

m *>m2 ACx

m™ > mp > mé“c* =0. (2.36)

where m?c* denotes the level of m when the number of rail commuters is N ;}C* under average
cost regulation. This relationship shows that the higher the number of rail commuters, the

higher the number of trains.

2.4.3 Comparison of Equilibrium Commuting Costs

Finally, we compare equilibrium commuting costs c*.
Since automobile commuters exist in all types of equilibrium, equilibrium commuting cost

satisfies the following relationship:

¢t = %NZ + aTy: + Cear- (2.37)

This means that the more rail commuters, the lower the equilibrium commuting cost.

Based on the above, we obtain the following relationship for equilibrium commuting costs:

M < cfc* <™ < c‘fc* < cf?c*. (2.38)

where C?C* denotes the equilibrium commuting cost when the number of public transport
commuters is N ;fl.c* under the average cost regulation. From this result, we can confirm that
the marginal cost regulation leads to the lowest commuting cost, whereas the commuting

cost under the average cost regulation can be higher than no regulation on rail fares.

2.5 Summary and Discussions

In this chapter, we developed a framework considering commuters’ departure time and
mode choice behavior, and scale economies in rail transit. We then show the properties of
equilibria when the regulator sets rail fares equal to the marginal cost or average cost and

when there is no regulation on rail fares.
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By comparing these equilibria, we obtained the following findings:

1) The implementation of marginal cost regulation leads to the highest number of rail

commuters and the lowest equilibrium commuting costs;

2) If average cost regulation is implemented simultaneously with the development of rail
transit, the number of rail commuters will not increase and equilibrium commuting costs

will not change;

3) Ifaverage costregulation isimplemented when rail operators are monopolistically competitive,

rail commuters will increase and equilibrium commuting costs will decrease.

These results imply that when it is difficult to implement marginal cost regulation, a hasty
implementation of average cost regulation can lead to a socially undesirable situation (i.e.,
high rail fares and non-increasing in the number of rail commuters). The above results also
indicate that one way to alleviate the problem is to “allow rail operators to be a monopoly to
increase the number of rail commuters, and then implement average cost regulation.” These
results are unique to this chapter and have not been presented in previous studies.

Since this chapter focused on the impacts of the marginal cost/average cost regulations
on rail fares, we only consider the equilibria under those regulations/without regulation.
Thus, it is important to clarify the impacts of other regulations such as price-cap regulation
(Kidokoro, 2006), compare social (i.e., first-best) optimum and second-best optimum as in
Tabuchi (1993) and obtain insights on policies to achieve them (e.g., subsidies, time-of-day-
varying fare, congestion pricing). Additionally, the departure time and mode choice model
used in this analysis is base on the assumption that only one type of public transportation, rail
transit, exists. Therefore, it is also important to develop a framework for public transportation

such as buses (which share road space with automobiles) based on the results of this chapter.
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Appendix

2.A Derivation of Equilibrium Commuting Costs

2.A.1 Automobile Commuting Costs

As proven in the studies using standard departure time choice model, n(t) satisfying

equilibrium conditions satisfies the following condition:

if tel[tE -
n(t) = . <l ] (2.39)

0 otherwise

where, tE [t1] is the earliest [latest] CBD arrival time of commuters and is given as follows:

N
tE=p -2 =y =L (2.40)
2u 2

Therefore, equilibrium commuting cost c;. is expressed as follows:

. N,
ci(Ne) = 52—; + aToe + Cear. (2.41)
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2.A.2 Rail Commuting Costs

Based on equilibrium condition (2.10a) and the assumption in Section 2.3, if there exists an

equilibrium, the following conditions are satisfied: 1°

. _ Ang .
cp:T+ﬁ|t —ti| +p +aTy Vk € K. (2.42)

Note that this can be rewritten as
S * *
nk:K{cp—[ﬂt —tk|—p—0zT0p} Vk e K. (2.43)

Substituting (2.43) into the conservation law of the population of rail commuters (2.10b) yields

the following relationship:

N, = {(2m +1) (c; —p- aTop) - Tsc} : (2.44)

s
A
where TSC is the total scheduling cost. Assuming that the time interval of trains is 7, then

TSC is given as follows:

TSC = Z BIt* — te| = B(m + Vymt (2.45)
keK

Substituting this into (2.44), cp is expressed as follows:

. _ AN Blm +)mrt
Cp_(2m+1)s 2m + 1

+p+ alyy. (2.46)

Then using t,, = t* + tm, n,, = 0 (" the assumption introduced in Section 2.1.3), (2.42) can

be rewritten as follows:

¢, =pmt+p+alyy. (2.47)

0Specifically, we use the following assumptions: commuting cost remain the same no matter which train a

commuter chooses (cp =cp(ty) Yk € K); commuters will not use the train (1;; = n—;; = 0) if it runs at any time
other than time zone [t—y;, t].
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Substituting (2.46) into (2.47), 7 satisfies the following condition:

T= .
pm?s

(2.48)

Finally, substituting (2.48) into (2.47), equilibrium commuting costs for rail commuters is

given by a function of N,:

% /\Np
CP(NP) = % +p+ aTOp- (249)

2.B Comparison of the Number of Rail Commuters

Based on (2.28) and (2.31), the numbers of rail commuters under average cost regulation

and monopoly have following relationship:
AC+ * ACx ACx _
N, > N > N, >Ny, =0 (2.50)

Moreover, since Z%N > B under (2.8), the number of rail commuters under marginal cost

regulation (2.19b) satisfies following relationship:

2u
p

NY'< > —=D. (2.51)

Therefore, N},VIC* >N ;"ZC* holds and (2.35) is obtained.

2.C Comparison of the Number of Trains

It is readily that based on (2.27), (2.30b) and (2.35), m under average cost regulation and

monopoly are in the following order:

ACx m# AC» AC* _
my = >m™ > mp > my =0 (2.52)

Furthermore, since z'%N > B under (2.8), (2.19a) indicates that mM<* satisfies the following
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relationship:
mMe > @Nyc*. (2.53)

S

Therefore, mM“ > m?c* holds and (2.36) is obtained.
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Multi-modal Commute with Bottleneck

Congestion: Carpooling and Solo Driving

3.1 Departure Time and Mode Choice Model

We develop a commuters’ departure time and travel mode choice model considering scale

economies in carpooling based on standard bottleneck model (Vickrey, 1969).

3.1.1 Basic Assumptions

We consider a city consisted of a CBD and a residential area connected by a road (Figure
3.1). The N commuters are ex ante identical. Each chooses his or her CBD arrival time ¢t € R
and travel mode from solo driving and two-person carpooling (hereafter, subscripts s and

p denote solo driving and carpooling, respectively). The numbers of respective users are
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denoted by N, and Np. We then assume that commuters have the same work start time t*
and who arrive at CBD at t* do not have to pay schedule delay costs.

The road has a single bottleneck with capacity u just before the CBD (commuters arrive at
the CBD just after spilling out of the bottleneck). To model queuing congestion, we employ
first-in-first-out (FIFO) and a point queue in which vehicles have no physical length as in
standard bottleneck models (e.g., Vickrey, 1969; Arnott et al., 1993). Thus, the total travel
time for commuters arriving at work at time ¢ is the sum of queuing time () in bottleneck
and free-flow travel time Tj from residential area to bottleneck. In our model, Ty has no effect

on the results of the subsequent analysis, hence, we set Ty = 0 to simplify the notation.

3.1.2 Behavior of Commuters

Commuters choose travel mode k € {s, p} and CBD arrival time to minimize their
commuting costs. In this section, assumptions for solo commuting and carpool commuting
are described in order.

Commuting cost ¢,(t) of solo commuters who arrive at work at time ¢ is expressed as the

sum of travel time cost ag(t), schedule delay cost n(f) and fixed cost Cear: *

cs(t) = aqg(t) + n(t) + Cear, (3.1a)

(t'—t) if t<t,
at=1" 1 (3.1b)
Y-t i t>

Work start time t*
. Bottleneck
Residential | &8 solodriving -
= >{CBD
carpooling Capacity
N commuters Departure time: — >t
to e t1

Ficure 3.1: The Monocentric City.

1See Footnote 1 in Chapter 3.
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3.1. DEPARTURE TIME AND MODE CHOICE MODEL

where a > 0 is the value of per unit travel time of commuters. g > 0, y > 0 are early and late
delay costs per unit time, respectively. We assume a > f§ so that an equilibrium in our model

satisfies the FIFO property.

Commuting cost ¢, (t) of carpool commuters who arrive at work at time ¢ is expressed as the
sum of travel time cost aq(t), schedule delay cost 7)(t), fare P for carpooling and non-monetary

cost O(Np):

cp(t) = aq(t) +n(t) + P+ O(Np). (3.2)

where O(N,) denotes congestion externalities due to increased carpooling demand (i.e.,
increased temporal and psychological burden), We also assume that 6(N,) is a monotonically

convex function of N p-

3.1.3 Behavior of Carpooling Operator

Carpooling operator sets the fare p according to profit 7. The profit 7 is defined as follows:

= PN, - cN, - F. (3.3)

where c is marginal cost, F is fixed cost.

As is clear from the definition of profit ©, scale economies operate in the supply of
carpooling in this model. Therefore, as discussed in the introduction of Part I, the carpooling
sector becomes a monopoly if itis left to market competition. In this case, itis socially desirable
to regulate carpooling fares equal to the marginal cost, however, there are drawbacks such as
causing deficits for operators. Hence, policies that regulate fares to the level of average cost

are generally adopted.

We then consider the following 3 types of situations to investigate the effects of the existence

and types of carpooling fare regulations on carpooling operator on equilibrium:
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TasLe 3.1: 3 Types of Carpooling Fare Regulations.

Marginal cost requlation ~ Carpooling fares are regulated equal to the marginal cost.

Average cost regulation Carpooling fares are regulated equal to the average cost (i.e.,

zero profit for carpooling operators).

Monopoly Carpooling fares are set with no regulation.

Marginal Cost Regulation

We consider a case that the regulator sets marginal cost regulation on carpooling fares. In

this case, carpooling fare P is set equal to the marginal cost:
P=c. (3.4)

Average Cost Regulation

We then consider a case that the regulator sets average cost regulation on carpool fares. In

this case, carpooling fare P is set equal to the average cost:

F
P = —. 3.5
c+ N, (3.5)

Equation (3.5) shows that the more the carpooling commuters, the lower the carpooling
fare P, reflecting the positive externalities (scale economies) that characterize carpooling

commuting.

Monopoly

We finally consider a case where a carpooling operator sets the fare P with no regulation.
In this case, the operator anticipates the carpooling demand N),(P) corresponding to P. That

is, P is set to satisfy the first-order condition of the profit maximization problem (i.e., to
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maximize the operators’ profit):

N, (P) + (P - C)%NP(P) = 0. (3.6)

3.2 Equilibrium Conditions

We consider commuters’ choices regarding CBD arrival time and travel mode in the
following 2 stages: commuters first decide their travel modes (first stage), and then choose

their CBD arrival times (second stage).

In this case, equilibrium can be obtained by solving backward from the second stage. That
is, in the first stage, given numbers of commuters N = {N;, N, } of travel modes in equilibrium
(hereafter, we call N travel mode distribution). Commuters choose their CBD arrival time
t to minimize their commuting costs cs, cp. Hence, equilibrium commuting costs c;, c; are
the functions of travel mode distribution N. Next, given equilibrium commuting costs cj, cj,

commuters choose their travel modes. Hence, the travel mode distribution in equilibrium is

determined.

Hereafter, we call the equilibria in the first and second stage described above “short-
run equilibrium (equilibrium of mode choice)” and “long-run equilibrium (equilibrium of
departure time)”, respectively. In preparation for investigating the characteristics of these
equilibria in the following sections, this section formulates the equilibrium conditions for

each stage.

3.2.1 Short-run Equilibrium Conditions

As mentioned above, CBD arrival time choice for commuters is based on the premise that

travel mode is fixed. Therefore, the short-run (departure time choice) equilibrium conditions
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are consistent with the equilibrium conditions of standard departure time choice model:

. _ it
c, =ck(t) if n(t)>0 Vk € {s, p}, (3.7a)

cp Sc(t) if n(t)=0

ns(t)+ 82 =y if q(t) > 0,

(3.7b)
() + 2 <y i q(e) =0,
/00 ni(t)dt = Ny Vk e {s, p}. (3.70)

where n4(t) + n”T(t) is the number of automobiles arriving at CBD at time ¢ (i.e., CBD arrival

rate). This is because we assume that 2 people make a carpooling.

Condition (3.7a) is the no-arbitrage condition for CBD arrival time choices. This condition
means that at equilibrium, each commuter has no incentive to change his/her CBD arrival
time unilaterally. Condition (3.7b) is the capacity constraint of the bottleneck. It implies that
the departure rate n(t) at the bottleneck equals capacity u if queue occurs at the bottleneck
(i.e., q(t) > 0) at CBD arrival time (i.e., bottleneck outflow time) ¢; otherwise, the departure

rate is lower than p. Condition (3.7c) is flow conservation for automobile commuting demand.

Next, let us investigate the uniqueness of short-run equilibrium. Equilibrium conditions
(3.7) of departure time choice is consistent with standard departure time choice models,
as discussed in the previous section. Hence, as in Daganzo (1985) and Lindsey (2004),
commuting costs ¢, ¢, indeparture time choice equilibrium are uniquely determined, and are

given by the following continuous function of N., N, (see Appendix 3.A for their derivations):

., 0 1
Cg = ﬁ (Ns + ENp) + Ccar/ (383)
) 1
¢y = ﬁ N + EN” +60(N,) +P. (3.8b)
where N + %Np denotes the total number of automobiles, and 6 = ﬁ—yy

Condition (3.8a) shows that the total number of commuting automobiles is positively
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correlated to equilibrium commuting costs, which reflect the traffic congestion externalities
during peak hours. We can also confirm that the types of regulations on carpooling operators

have no direct effect on departure time choice equilibrium.

3.2.2 Long-run Equilibrium Conditions

Commuters” mode choices are based on the commuting cost ¢, c;, in the departure time
choice equilibrium, hence, equilibrium conditions of mode choice are given as follows:
c=cy if Ny>0
Vk e {s, p}, (3.9a)
¢ <c if Ny=0

Ns+ N, = N. (3.9b)

Condition (3.9a) is the equilibrium condition for commuters’ mode choice, which expresses
the following: if there are both solo driving and carpooling commuters, the commuting cost
of both modes is the same; if only one of the modes has commuters, the commuting cost
of the chosen mode is lower than the other. Condition (3.9b) is the conservation law of the
number of commuters.

Since we consider scale economies in carpooling, multiple equilibria may exist that satisfy
the long-run equilibrium condition (3.9). As a preparation for investigating the uniqueness
and stability of the long-run equilibrium, let us show that a potential function f(N) exists in
our model.

The function f(N) is a potential function if it satisfies the following condition for any N

satisfying the population conservation law (3.9b):

J J _
I ) - N, f(N)=—c; +c. (3.10)

*

P
model that satisfies condition (3.10).

where ¢, c;, are clearly integrable from (3.8). Therefore, a potential function exists in our

As in Sandholm (2001, 2010), the long-run equilibrium conditions (3.9a) and (3.9b) are

equivalent to Karush-Kuhn-Tucker (KKT) conditions of the following optimization problem:
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st.N;+N, =N, Ny 20, N, > 0. (3.11b)

Therefore, the equilibrium set N* exactly coincides with the set of KKT points for problem
(3.11).

Then, we use the above properties to investigate the uniqueness of the long-run equilibrium.
Since the KKT points of problem (3.11) are long-run equilibria, the uniqueness can be
investigated by checking the shape of the potential function f(N). Thatis, if f(N) is unimodal,
thelong-run equilibrium is unique; otherwise, it is non-unique. Because the Hessian matrix of
the potential function in our model is not necessarily negative definite, the potential function

is not necessarily unimodal, which indicates that the equilibrium is not necessarily unique.

We next consider the local stability of long-run equilibria N* because our model generally
includes multiple equilibria as shown above by using the findings in Sandholm (2001). Stable

and unstable equilibria have the following properties:

Equilibria N* that locally maximize the potential function are (locally) stable under

a wide class of adjustment dynamics, 2 whereas other equilibria are unstable.

Hereafter, we characterize the long-run equilibria of each types of regulations.

3.3 Long-run Equilibrium

In this section, we characterize the long-run equilibria under “marginal cost regulation”,

“average cost regulation” and “monopoly”.

2This adjustment dynamics includes the best response dynamic (Gilboa and Matsui, 1991), the Brown-von
Neumann-Nash dynamic (Brown and von Neumann, 1950), and the projection dynamic (Dupuis and Nagurney,
1993), which have been adopted in many studies. If the equilibrium is an interior solution, replicator dynamic is
also included. See Sandholm (2005) for other dynamics.
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3.3.1 Marginal Cost Regulation

Under marginal cost regulation, carpooling fare P is set equal to marginal cost c. From
this relationship and the equilibrium condition (3.9a) and (3.8), the numbers NFI,VIC*, NMC of

carpooling commuters under equilibrium is uniquely determined as follows:

Ny =671 (AC). (3.12)

where 671(-) is the inverse function of 6(-), and AC = Cear — .

3.3.2 Average Cost Regulation

We next characterize the long-run equilibrium in average cost regulation. The carpooling
fare P set by carpooling operators equals to average cost (3.5), which is the marginal cost plus a
fixed cost per commuter as a service charge. In this case, according to equilibrium conditions
(3.9a) and (3.9b), the number Nﬁc* of carpooling commuters in equilibrium satisfies the

following condition:

F
AC+ _ -1 _
NAC =0 (AC —Np) . (3.13)

where 6(-) is a monotonically increasing function (07(-) is also a monotonically increasing
function), hence, there are at most 3 types of N ;,AC* satisfying condition (3.13) that satisfy the

following condition:
NAS > NOE > N = 0. (3.14)

To examine its stability, we show the potential function f(N):

NP
f(N)=- {% (2Ns2 + N§ + 4N + ZNP) + CearNs + / O(x)dx +cNy + Flan} . (3.15)
0
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In this case, N ;fc* that satisfies the following condition is an equilibrium.

32

AC+ ACx

p
That s, Nﬁc* € [0, N] that locally maximize potential function f (Nﬁc*, N - N;,*C*) is a stable
equilibrium.

Then by using the fact that the equilibria satisfy the KKT conditions of the maximization
problem of potential function, we find that N ;f‘lc* and N ﬁ,)c* are stable equilibria, and N ;f‘zc*
is an unstable equilibrium. This is because when there are 3 types of N, satisfying KKT

conditions, only the 2 types at both sides will always maximize the potential function.

3.3.3 Monopoly

We finally investigate the long-run equilibrium properties of the case where carpooling
operators determine the fare with no regulation on carpooling fare. The number of carpooling
commuters N* and carpooling fare P obtained by solving profit maximization problem are

uniquely determined and are as follows:

Ny =07" (AC - N,0'(Ny)) . (3.17)

P™ = &'(N,)N, + c. (3.18)

3.4 Comparison of Long-run Equilibria

This chapter compares the characteristics of long-run equilibria under marginal cost
regulation/ average cost regulation/no regulation obtained so far. We then use these results
to clarify the impacts of the existence and types of regulations on carpooling operators on

urban transportation system.
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3.4. COMPARISON OF LONG-RUN EQUILIBRIA

3.4.1 Comparison of the Travel Mode Distribution

Firstly, let us compare the number of carpooling commuters. From the results of the

previous section, we obtain the following relation (see Appendix 3.B for the proof):
MC+ ACx * ACx AC+ _
N, > Npl > Ny™ > sz > Np3 =0. (3.19)

This result is consistent with the intuition that the implementation of marginal cost regulation
leads to the maximum use of carpooling. Meanwhile, we can also confirm the following
properties of equilibria when the regulator sets carpooling fares equal to the average cost
or without regulation on carpooling fares: The number of carpooling commuters N* in
equilibrium with no regulation is more than the unstable equilibrium N ;"ZC* and less than the
stable equilibrium N ;ﬁc* under average cost regulation.

These results imply the following equilibrium properties:

1) If the average cost regulation is implemented simultaneously with the development
of carpooling (the number of carpooling commuters is zero when the regulation is
implemented), the number of carpooling commuters will not increase (N %C*). This is
because implementing average cost regulation when no one is using carpooling will case

high fares, thus, commuters have no incentive to use carpooling.

2) If carpooling operators implement average cost regulation after monopoly (the number
of carpooling commuters is N;™ when the regulation is implemented), the number of
carpooling commuters will increase. This is because carpooling operators, in order to
increase their own profits, set their fares lower than the average cost regulation and

promote the use of carpooling.

Therefore, a hasty implementation of average cost regulation will hinder the use of carpooling.
Inaddition, (3.19) also shows the following property: if average cost regulation isimplemented
as the initial state with N, the number of carpooling commuters will increase and N pAlc*
will be achieved. This is because evolutionary game theory shows that if the initial state is
greater [resp. lower] than N F‘;“ZC* when implementing average cost regulation, the equilibrium

changes to N ]flc* [resp. N ;%C*].
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The above results, assuming that the implementation of marginal cost regulation is not
realistic, indicate that the following measures can be effective in increasing the number
of carpooling commuters in the future: (1) Initially, achieve N;™ by allowing carpooling
operators to be monopolistic without implementing regulation; (2) Then implement average

cost regulation to achieve N ’ﬁc*.

3.4.2 Comparison of Equilibrium Commuting Costs

Next, we compare equilibrium commuting costs c¢*. From (3.8) and (3.9), equilibrium

commuting cost is expressed as follows:
1 0
ot = (N - EN;) ﬁ + Cear- (3.20)

This means that the more carpooling commuters, the lower the equilibrium commuting cost.

Based on the above, we obtain the following relationship for equilibrium commuting costs:

ACx ACx

MC+ mx ACx
c <M<y < (3.21)

From this result, we can confirm that the marginal cost regulation leads to the lowest
commuting cost, whereas the commuting cost under the average cost regulation can be

higher than no regulation on carpooling fares.

3.4.3 Numerical Example

In this section, we numerically analyze our model and show the characteristics of the

analysis results. Let us assume 6(N,) as follows:
0(N,) = N,. (3.22)
Then we use the following parameter values:

F =10000, Cear = 2500, ¢ =1000, N = 55. (3.23)
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3.5. SUMMARY AND DISCUSSIONS

As shown in Section 3.4, a,  and y have no effect on the number of carpooling commuters.

The number of carpooling commuters in different regulations is shown in Figure 3.2. We
confirm that the number-magnitude relation of carpooling commuters is consistent with
(3.19).
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-1500
0

Ficure 3.2: The number of carpooling commuters in different regulations
(numerical example).

3.5 Summary and Discussions

In this chapter, we developed a framework considering commuters” departure time and
mode choice behavior and scale economies in carpooling. We then show the properties of
equilibria when the regulator sets carpooling fares equal to the marginal cost or average cost
and when there is no regulation on carpooling fares.

By comparing these equilibria, we obtained the following findings:

1) The implementation of marginal cost regulation leads to the highest number of carpooling

commuters and the lowest equilibrium commuting costs;

2) Ifaverage cost regulation isimplemented simultaneously with the development of carpooling,

the number of carpooling commuters will not increase and equilibrium commuting costs
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will not change;

3) If average cost regulation is implemented when carpooling operators are monopolistically
competitive, carpooling commuters will increase and equilibrium commuting costs will

decrease.

These results imply that when it is difficult to implement marginal cost regulation, a hasty
implementation of average cost regulation can lead to a socially undesirable situation (i.e.,
high carpooling fares and non-increasing in the number of carpooling commuters). The above
results also indicate that one way to alleviate the problem is to “allow carpooling operators to
be a monopoly to increase the number of carpooling commuters, and then implement average
cost regulation.” These results are unique to this chapter and have not been presented in
previous studies.

Since this chapter focused on the impacts of the marginal cost/average cost regulations on
carpooling fares, we only consider the equilibria under those regulations /without regulation.
Thus, it is important to clarify the impacts of other regulations such as price-cap regulation
(Kidokoro, 2006), compare social (i.e., first-best) optimum and second-best optimum as in
Tabuchi (1993) and obtain insights on policies to achieve them (e.g., subsidies, time-of-day-
varying fare, congestion pricing). Additionally, one of the main objectives of this paper is to
construct the basis of a framework for analyzing commuter choice behavior in the context of
economies of scale in carpooling commuting. For this reason, we analyzed the characteristics
of equilibrium conditions under the assumption that there are only two travel modes (solo
driving and carpooling) and that carpooling is made by 2 commuters. In the future, it will
be necessary to relax these assumptions and verify measures to achieve the socially optimum

and their effects.
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Appendix

3.A Derivation of Equilibrium Commuting Costs

As proven in the studies using standard departure time choice model, the number of
automobiles n,(t) + n"T(t) satisfying short-run equilibrium conditions satisfies the following

condition:

np(t) | p if t € [tE, 4]

ns(t) + >

(3.24)
0 otherwise

where, tE [t!] is the earliest [latest] CBD arrival time of commuters and is given as follows

based on short-run equilibrium conditions:

E _ 4= _ 7/ Np

tE =t CESr (Ns + 5 ) , (3.25a)
. B Ny

th =4 T (Ns + 5 ) i (3.25b)

. . . . N,
Since we assume that 2 people make a carpooling, the total number of automobiles is N + —-.

Then, by using equilibrium commuting costs ¢; and ¢, expressed as follows, we obtain

(3.9).

¢y = cs(t%) = ¢s(t") = n(t%) + Cear, (3.26a)

¢y, = cp(t%) = cp(t™) = (%) + P + O(N)). (3.26b)
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3.B Derivation of Equilibrium Commuting Cost with no Regulation

We solve the profit maximization problem of the carpooling operator and obtain the fare
P which maximizes the profit. In long-run equilibrium, if each travel mode has commuters,
equilibrium commuting cost of each mode is equal, hence, based on (3.8a) and (3.8b),

carpooling fare P can be expressed as follows:
P = Cear — O(Np). (3.27)
Substituting (3.27) into (3.3), profit 7t can be rewritten as follows:
= [Cear — O(N,)| N, — cN,, — F. (3.28)
The first-order condition of the profit maximization problem gives the following:
Cear — O(Np) = N,0'(Ny) —c = 0. (3.29)
Then using (3.27) and (3.29), carpooling fare P™ is given by the following:
P™ = ¢+ N,0'(Np). (3.30)

By using (3.30) and (3.9), the number of carpooling commuters with no regulation is

expressed as follows:

Ny = 07" (Cear — ¢ + N0’ (Np)) . (3.31)

3.C Proof of the Number-Magnitude Relation of Carpooling Commuters

We investigate the number-magnitude relation of carpooling commuters. Firstly, based
on (3.12), (3.17) and the assumption that 671(-) is monotonically increasing, the magnitude

relation of the number of carpooling commuters under marginal cost regulation and without
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regulation is given by the following:
NMC N = 071 (AC) - 07! (AC - N;‘“G’(N;“*)) > 0. (3.32)

Hence, N’I,\/IC* > N, that is, the number of carpooling commuters under marginal cost

regulation is greater than without regulation.

Next, (3.12) and (3.13) gives the magnitude relation of the number of carpooling commuters

under marginal and average cost regulation as follows:

Ny - NS =67 (AC) - 07"

F

AC — ) > 0. (3.33)

AC*
NP

Hence, we obtain that N},V[C* > Nrf‘c*.

Finally, we investigate the magnitude relation of the number of carpooling commuters
under average cost regulation and without regulation. We assume that carpooling operators’
profits are positive in equilibrium with no regulation ("." if profits are negative, operators will

exist):
n=PN," —cN™ - F > 0. (3.34)

Moreover, it follows from (3.18) that P = ¢ + N;,I‘*G’(N;,n*), thus, (3.34) can be rewritten as

follows:

* N/ mx F

Thus, the number of carpooling commuters with no regulation satisfies the following condition:

Ny =607 (AC - N,0'(Np)) < 07 (AC - Nip) . (3.36)

The result shows N ;20 <N, <N AC+ which is consistent with the result in Figure 3.3.

pl 7

Therefore, from the above results, we obtain (3.19).
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FiGure 3.3: The number of carpooling commuters in different regulations.
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Part 11

Spatial and Temporal Distributions of

Economic Activities
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Introduction

In Part II, we review existing literatures on temporal and spatial externalities.

Studies considering temporal agglomeration economies and diseconomies have been accumulated
since the seminal work of Henderson (1981). After Henderson (1981) , a multitude of
studies considering WSTs distribution and traffic congestion appeared (e.g., Arnott et al.,

2005; Yoshimura and Okumura, 2001; Mun and Yonekawa, 2006; Takayama, 2015; Fosgerau
and Small, 2017) . However, these studies assumed the same spatial structure as Henderson
(1981) that urban spatial structure is composed of a single CBD, a single residential area and
a congestible road connecting the two areas. Thus, these previous studies cannot explain the

changes in urban land use of economic activities.

Studies on spatial structure side also have been accumulated over the years. Henderson
(1974) spearheaded a system-of-cities theory concerned with optimal city size. Fujishima
(2013) was the first to apply potential game approach on system-of-cities theory by considering
Pigouvian tax policies in the presence of multiple equilibria in order to achieve an optimal city
size distribution. Moreover, studies of urban land use theory (e.g., Fujita, 1989; Kanemoto,
1980; Anas et al.,, 1998; Brinkman, 2016) that examined the regularity of urban spatial
structure (interaction between transportation and land use), traced to Alonso (1964), have
been developed. However, these theories did not consider the effect of WSTs distribution on
traffic congestion. As a result, previous system-of-cities theory and land use theory cannot

be directly applied to investigate the changes in WSTs by implementing TDM measures.

So far, only Wilson (1992) and Takayama (2019) considered the interaction between WSTs

distribution and land use pattern in a closed monocentric city. However, Wilson (1992)
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only considered negative spatial and temporal externalities. Although Takayama (2019)
considered negative spatial externalities as well as positive and negative temporal externalities,

positive spatial externalities are yet to be discussed.
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An Open City Model Considering Spatial and

Temporal Agglomeration Economies

41 The model

4.1.1 Basic assumptions

We consider a spatial structure that consists of one monocentric city and one rural area
(Figure 4.1). Let the urban population be N, = },c 2.ier 1a,i, the rural population be N,
and the total population of the two regions be fixed at N. The number of residential locations
in the city is A. Then, we index the residential locations from the side of CBD and let
A ={1,2,...,A} be the set of locations. The area of every residential land is the same at L.

All firms are located in the CBD of their cities and each firm chooses its WST from the

feasible set {ti,ft2,...,tr}, where t; = t;1 + 7 foralli € {2,3,---,I} and 7 is a positive
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constant. The length of a workday is assumed to be identical and fixed at H for all firms;
therefore, each firm is characterized by its WST. For convenience, we call the firm that starts
work at time ¢; “firm i.” We further assume the existence of an interval in the workday when

all firms begin work (i.e., tt < t1 + H).

All roads connecting each location are homogeneous, and we further call the road between
location a — 1 and a “road a.” The number of workers who start work at t; passing through

road a is denoted by x,,; and expressed by

A
Xgi= Z np ;. (4.1)
b=a

We assume the transportation cost of workers at firm i passing through road a is c(x,,;). Like
Henderson (1981), we assume that c(x,,;) is a nonnegative, monotonically increasing, and

strictly convex function.

Behavior of workers

All workers are ex ante identical. Assume that workers commute from their locations to
CBD only in their cities. Each worker chooses his or her WST ¢; indirectly by choosing an
employer (i.e, afirmi € 7 = {1,2,...,1}). The number of workers who reside at location
a and work at firm i is denoted by n = (114,i)se1,ic7, and we further call it the population and

WST distribution. The number N, of workers working at firm 7 and the number M; of workers

T T, workday H

work start time: ¢y ty t3 - t; --- t;+H

Ficure 4.1: One Monocentric City and One Rural Area.
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residing in location a are expressed, respectively, as follows:

N, = Z Na,i, (42a)
iel

M; = Z M i. (4.2b)
aceA

The utility of workers who reside at a and start work at ¢; is given by the following quasi-

linear function:

U(Za,i, Ya, ti) = Za,i + f(Ya) — 0i(ts). 4.3)

where z, ; denotes consumption of numéraire goods, y, is the lot size at a, and f(y,) is the
utility from land consumption. We assume that f(x) is strictly monotonically increasing,
concave, and twice differentiable for x > 0. Moreover, lim,_,o f'(x) = 00, limy_,o X f’(x) < c0.

1 6i(t;) denotes schedule delay cost and is given by the following:
oi(ti) = ylti = t°]. (4.4)

where y > 0 is early/late delay cost per unit time. 2 ¢* is the most desired work schedule for
commuters that best fits in with their daily activities (e.g., leisure activities with family and

friends), thus, commuters with WST ¢* do not incur schedule delay cost. 3

The budget constraint is expressed as
a
Wi =2, +TalYa + Z c(xp,i)- (4.5)
b=1

where w; denotes the wage from firm i and r, denotes the land rent at a. Agricultural rent

does not qualitatively change subsequent results; hence, we assume it to be zero.

1We assume that the WSTs which firms can choose is discrete. That is because most of WSTs are clustered at
several points in time such as 8:00, 8:30, 9:00.

2In this chapter, based on the empirical findings by Hall (2021), we assume that the marginal schedule delay
costs for early and late arrival are equal. Besides, this assumption does not qualitatively change the results
obtained from this chapter.

3Note that schedule delay cost here is different with that in Part I.
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The first-order condition of the utility maximization problem gives the following;:

"(Yo)=r, if y,>0
Y Y Va € A. 4.6)

fl(ya) <71, if Ya =0

where the prime denotes differentiation. The marginal utility of land consumption is infinity

at y, = 0; thus, we must have y, > 0 and
ra=f'(ys) >0  VaeA. (4.7)

Let L denote the land supply in every residential location, and land demand of residential
land 7 is given by N,y,. Thus, according to the supply-demand equilibrium, y, = L/N, is

obtained.

From (4.3), (4.5), and (4.7), we obtain the following indirect utility function v, ;:
a

Vg, = Wi = Y (1) + h(N) = Bi(k). (48)
b=1

where h(N,) = f(Ya) — *alYa = f(NLa - N%f’(NLa) at location a. h(N,) can be rewritten as
f(ya) — raya; hence, this represents net utility from land consumption. Furthermore, since
LZf//(NLa)
— <

a

W(N,) = 0. (4.9)

h(N,) is a strictly decreasing function. That is, the more workers the less net utility from land

consumption.

Behavior of firms

All firms produce homogeneous goods under constant returns to scale technology and
perfect competition with free entry and exit, which require one unit of labor to produce one
unit of output and is chosen as numéraire. We introduce the same productivity effect as in

Henderson (1981) and Tabuchi (1986). That is, the longer the overlapping time interval of
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firms and the greater the number of firms located in one city, the greater the productivity.
This implies that a firm’s productivity depends on the number of workers M = (M;);cr of

cities and WSTs.

Specifically, we define that G; is the daily output of a firm i and determined by M = (M;);er

which shows the distribution of each WST. G; is expressed as follows:

GiM)=a Z e itIM; = a Z e~ M. (4.10)
jerl jel

Eq. (4.10) shows the effect of positive temporal agglomeration externalities on firms’
productivity. Thatis, the more clustered the distribution of WSTs, the greater the productivity

~T and

effects. a > 0 denotes the magnitude of the productivity effects. Let1—-¢ = e
denote ¢ € [1, 0] as a temporal discounting rate that the greater the value of ¢, the greater
the positive temporal agglomeration externality (i.e., the more necessity of synchronizing

different firms” work schedules). Thus, (4.10) can be rewritten as follows:

Gi(M) = a 2(1 — ¢)li=ilm;. (4.11)

jel

Under the production function defined in (4.11), each firm chooses its city and WST to

maximize profit per worker:

max7; = Gi(M) — w;. (4.12)
1

4.1.2 Equilibrium

In our model, each firm chooses a WST, and each person chooses to live in urban area
as a worker or in rural area as a farmer. If a person chooses to live in urban area, he/she
will choose a residential location, and an employer; if a person chooses to live in rural area,
Therefore, the equilibrium distributions of urban population and WSTs n* can be determined.
We then describe these equilibrium conditions that satisfy n*. Hereafter, we use superscript

* to distinguish variables relating to equilibrium.
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Foralla € A, i € I, equilibrium satisfies the following conditions:

i=w;— Zzzl C(xb,i) + h(Na) - 6i(ti) if Ng,i > 0,

(4.13a)
> wi—Yy_qc(xpi)+h(Ng) = 0i(t;) if n,;=0,
n'=G(M)-w; if Y,cahai>0, (4.13b)
> Gi(M)—-w; if Y,canai =0,

Z Z nai+N, = N. (4.13¢)

aeA iel

where ii is the utility of rural area, and 7" is the equilibrium profit, which equals zero because

of free entry and exit of firms.

Conditions (4.13a) and (4.13b) are the equilibrium conditions for workers’ choice of firm
and firms’ choice of WST, respectively. Condition (4.13a) implies that at equilibrium, each
worker has no incentive to change employer unilaterally. Condition (4.13b) means that if
workers are employed by firm i, the firm earns the equilibrium profit * = 0; otherwise, the
profit must be less than zero. Condition (4.13c) is the conservation law of the population of

workers.

We easily show that conditions (4.13a) and (4.13b) can be rewritten as the following

condition because 7 = 0.

(4.14a)

Z Z nai+ N, = N. (4.14b)

where v, /(1) denotes the indirect utility of workers living in location 2 and employed by firm
ias

a

04,i(n) = Gi(M) = ) c(xp,i) + h(N) = 6i(t;). (4.15)
b=1

68



4.2. EQUILIBRIA CHARACTERIZATION

4.2 Equilibria Characterization

We now characterize the equilibrium. First, we indicate the uniqueness and stability of
equilibrium by using the properties of a potential game. We next clarify the properties of

workers’ distributions of different residential locations and WSTs.

4.2.1 Potential game

To characterize the equilibrium, we invoke the properties of potential game introduced
by Monderer and Shapley (1996) and Sandholm (2001). The equilibrium conditions are
represented by (4.14); hence, the equilibrium n* can be viewed as a population game in
which the set of players is S = [0, N, ], the common action set is A X 7, and the payoff
vector is v(n) = (04,i(1)) e 7 je7- As is evident from the definition, the equilibrium is a Nash
equilibrium of the game. Thus, we denote this game by S = {S, A X I, v}. We define that

S is a potential game if a continuously differentiable function P(n) exists, such that

dP(n) JP(n) ‘ _
ona;  omy; Ug,i(n) —vpj(n) YaeA,ie€l andn €A (4.16)

where A = {n € R | Dued 2ier Na,i = Nu} denotes the set of workers’ spatial and temporal
distributions, and P(n) is defined on an open set containing A so that its partial derivative
is well-defined on A. This condition requires the existence of a function in which gradient
VP(n) equals the payoff vector v. Sandholm (2001) demonstrated that, if payoffs v(n) are
continuously differentiable, this condition is equivalent to the following condition called

externality symmetry:

9v,,i(n) _ Jvpj(n)

= Ya,be A, i,j€ 1 andn € A. 4.17
. E a A, 1, and n (4.17)
dv,,i(N) :
From (4.15), o, can be rewritten as follows:
dv,,i(n) . dupj(n)
4 = 1-— li=jl = — 4.18
81’15,]' OL( ¢) 8na,i ( )
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Thus, game S satisfies (4.17). Moreover, rural area satisfies the following condition:

dP(n)

N = (4.19)

Therefore, we derive the following proposition.
Proposition 4.1 Game S is a potential game with the potential function
P(n) = P1(n) = P2(n) = P3(n) = Pa(n) + Ps5(n). (4.20)

where Pi(n), P2(n) and P3(n) are convex functions that respectively in terms of the effects
on productivity, traffic congestion and land consumption; P4(n), Ps(n) are linear functions

respectively in terms of the effect on schedule delay cost and rural population change such

that
Py(n) = % Z M;G;(M), (4.21a)
iel
oP(n) ~
#ﬂ/i = ; c(xp,i), (4.21b)
Ps(n) = - Z N.f (NL) , (4.21¢)
aeA a
Py(m) = > Midi(ti), (4.21d)
iel
Ps(n) = ii (N - Z Z ng,l-) . (4.21e)
acA iel

Proof See Appendix 4.A.1.

The equilibrium of a potential game is characterized by the maximization problem of the

potential function. Let us consider the following problem:

mr?xP(n) s.t. Z Zna,i <N, n,; 20 VaeA,iel.
acA iel
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Let v* be a Lagrange multiplier for the constraint ) ,c# 2ljcr #ai < N. The first-order

condition is '981;(2) < i in which the equality holds whenever n,; > 0. Then, by (4.16),

we have v, ;(n) = vp,j(n) for any residential locations a and b, WSTs i and j. We also have
Ve x(n) < vgi(n)if ngg =0and n,; > 0, foralla,c € A,i, k € 1. Thus, n is an equilibrium.
By similar reasoning, it follows that the converse is also true. That is, if # is an equilibrium,
it satisfies the necessary condition for problem (4.22). We then can readily verify that the
Karush-Kuhn-Tucker (KKT) conditions of this problem (4.22) are equivalent to equilibrium
conditions (4.14). Therefore, the equilibrium set of the game S exactly coincides with the set

of KKT points for problem (4.22).

4.2.2 Uniqueness

To characterize the equilibrium, we first examine its uniqueness. The KKT points of
problem (4.22) are equilibria; thus, the uniqueness can be investigated by checking the
shape of potential function P(n). Specifically, if P(n) is unimodal, the equilibrium is unique;
otherwise, it is non-unique. It follows from this property and the convexity of P(n) that we

have the following proposition.

Proposition 4.2 The equilibrium is generally non-unique.

Proof Pi(n), Py(n), and P3(n) are convex functions; hence, P(n) is not generally a concave

function but can be a convex function. Therefore, P(#n) is not generally unimodal.

4.2.3 Stability

We next consider the local asymptotic stability of equilibria because our model generally
includes multiple equilibria as shown in Proposition 4.2. Specifically, we examine whether we
canjustify an equilibrium through the existence of a learning process that makes players settle
down in their equilibrium strategies. This chapter describes adjustment dynamics 17 = V(n)
that maps the distributions of urban population and WSTs 1’ € A to a set of Lipschitz paths
in A, which starts from n°. Although we usually consider a specific evolutionary dynamic

for stability analysis, we see that a more general analysis is possible due to the existence of a
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potential function. That is, the stability of equilibria can be characterized under a broad class
of dynamics. In particular, we consider the class of admissible dynamics which satisfies the

following conditions:

(PC) V(n) #0implies V(n) - v(n) = Y scq 2ier Va,i(n)vg,i(n) > 0.

(NS) V(n) = 0implies that n is a Nash equilibrium of the game S.

Condition (PC), called positive correlation, requires a positive correlation between the adjustment
dynamics V(n) and the payoffs v(n) out of rest points. This implies that, under this condition,
all Nash equilibria of the game S are rest points of the adjustment dynamics V(n). + Condition
(NS), called Nash stationarity, asks that every rest point of the adjustment dynamics V(n) be
a Nash equilibrium of game S. Therefore, under the conditions (PC) and (NS), 7 = V(n) =0
if and only if n is a Nash equilibrium of game S. Specific examples of admissible dynamics
include the best response dynamic (Gilboa and Matsui, 1991), the Brown-von Neumann-Nash
dynamic (Brown and von Neumann, 1950), and the projection dynamic (Dupuis and Nagurney,
1993). 5 Importantly, the replicator dynamics (Taylor and Jonker, 1978), which is often used
in spatial economic models (e.g., Fujita et al., 1999), are not admissible. Under replicator
dynamics, a rest point is always attained on the boundary, but the boundary points are not
always Nash equilibria. Therefore, condition (NS) does not hold under replicator dynamics.
As demonstrated by Sandholm (2001) that a Nash equilibrium of a potential game is
asymptotically stable under any admissible dynamics if and only if it locally maximizes an

associated potential function. We have the following property:

For game S, equilibrium #°*, which locally maximizes the potential function P(n), is (locally)

stable under admissible dynamics. Other equilibria n"* are unstable.

Therefore, we can examine the stability of equilibria only by checking the shape of the

potential function.

4See Proposition 4.3 of Sandholm (2001).
5See Sandholm (2005) for more examples.
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Because P4(n) (temporal agglomeration diseconomies due to schedule delay) and Ps(n)
(economic effects of rural population) are linear functions, the shape of the potential function
P(n) given by (4.22) depends on Pi(n) (spatio-temporal agglomeration economies due to
productivity effects), P»(n) (spatio-temporal agglomeration diseconomies due to traffic congestion)
and P3(n) (spatial agglomeration diseconomies due to land consumption). Therefore, spatio-
temporal agglomeration economies and diseconomies determine stable equilibrium in our
model.

In fact, if Pi(n) is dominant and the potential function P(n) is convex, the state of
concentrated intercity population and clustered WSTs is a stable equilibrium. Moreover,
if P>(n), P3(n) are dominant and P(n) is concave, the state of dispersed urban population and
staggered WSTs is the only equilibrium. By using the properties of the potential function,

when nY

is an initial state, stable equilibrium can be obtained by searching from n° to local
maximizer n*. That is, stable equilibrium can be easily obtained by locally solving a simple
optimization problem. Numerical analysis will be performed by using the characteristics in

Section 5.

4.2.4 Distributions of urban population and WSTs
We next characterize the distributions of urban population and WSTs under equilibrium.
The utility function (4.15) of the workers in location a can be rewritten as follows:

0a,i(1) = 0a-1,i(n) = c(x4,i) + h(Na) = h(Ng-1). (4.22)

Let supp(n*) be the support of equilibrium n* (i.e., supp(n*) = {(a, i) | n,,>0,aeAA,ie I}).
By using supp(n*), we have

=v"—c(x; )+ h(N;) = h(N;_)) if (a—1,i)€supp(n’),

Va,i(n%) (4.23)

<0 - c(x;’i) +h(N;) = h(N:_,) if (a—1,i) ¢ supp(n”).

where v*(= i1) denotes the equilibrium urban utility. From (4.23), we can obtain the following

proposition.
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Proposition 4.3 Equilibrium #n* has the following properties.

(i) Suppose N; > 0 and (a — 1,i), (a —1,j) € supp(n*), then, (a,i), (a,]) € supp(n*) and

* _ *
X, = xa,]. > 0.

*

o and

(ii) Suppose N, > 0, (a —1,i) ¢ supp(n*) and (a —1,j) € supp(n*), then, n;,i <n
X <X i

Proof See 4.A.2.

This proposition shows that the nearer the CBD where workers live, the narrower their
distribution of WSTs. That is, supp((n;_1 Jier) C supp((n; ier), and this result exactly

coincides with the empirical observation of Fosgerau and Kim (2019).

Moreover, since if (a,17), (a —1,1) € supp(n*), then v, ;(n*) = v,4-1,;(n*). We obtain
h(N;) = h(N;_;) = c(x ;) > 0. (4.24)
Hence, we have the following proposition.

Proposition 4.4 Suppose N; > 0 and N’_, > 0 under equilibrium, then N; < N_,. That is,

the nearer the residence is from the CBD, the greater the population.

4.3 Optimum

The equilibrium is not generally efficient because of the positive and negative externalities.
Therefore, this section discusses TDM policies, such as staggered work hours and taxation,
for achieving the optimal distributions of urban population and WSTs. To address this issue,
we first define the social welfare function and then analyze Pigouvian policies’ effectiveness
for achieving local optimum. Hereafter, we use superscript o to distinguish variables relating

to local optimum.
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4.3.1 Definition of social welfare function

We define the social welfare function as the sum of producer surplus and consumer surplus.

Thus, social welfare maximization problem is given by the following:

max W(n) = Wi(n) = Wa(n) - Wa(n) — Wa(n) + Ws(n)
s.t.n €A. (4.25)
where, Wi(n), Wr(n), W3(n), Wy(n) and Ws(n) are respectively in terms of the effects of

productivity, traffic congestion, land consumption, schedule delay cost and rural population,

and are expressed as follows:

Wi(n) = Z M:Gi(M) = 2P;(n), (4.26a)
iel

Wa(n) = Z Z Xa,iC(Xa,i), (4.26b)
aeA iel

Ws(n) = — g‘[ N, f(N%) = P3(n), (4.26¢)

Wa(n) = )" Midi(t:) = Pa(n) (4.26d)
iel

Ws(n) = ii (N - Z Z na,i) = Ps(n). (4.26€)

aeA iel

Wi(n) = 2P1(n), W3(n) = P3(n) are convex; thus, the social welfare function W (1) may have
multiple maxima. That is, except the global maximizer (i.e., first-best optimum) n°° of W(n),
local optima #n° that locally maximize W(n) may exist. Moreover, characterizing the global
maximum is extremely difficult. Thus, we focus on the policy to achieve local optimum n°

from stable equilibrium n*.
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4.3.2 Distributions of intracity population and WSTs under local optimum

Local optimum n? is the local maximum point of social welfare function W(n); therefore,
p p

it satisfies the following KKT conditions of the optimization problem (4.26).

0t = 6a,i(no) if 1’12/1. >0, (4 o7 )
z/a

0 > B,(n°) if n°, =0,

> > ns=N. (4.27b)

aeA iel
where, 7, ;(n) is expressed as follows:

a

80,i(1) = 00,1 (1) + Gi(M) = ) ¢'(xp,1), (4.28)
b=1
The following proposition is obtained using these KKT conditions and adopting the same

procedure as in Section 3.4.

Proposition 4.5 Local optimum n° has the following properties.

(i) Suppose N > 0 and (a —1,1), (a —1,j) € supp(n°), then, (a,i), (a,]) € supp(n’) and

X0 = xZ,]. > 0. Moreover, suppose N > 0 and (a2 —1,i) ¢ supp(n’), (a—1,j) €

0

< xa,]..

0 0 0 o
supp(n°), then, ng ; < n . and x7 ;

(ii) Suppose NJ > 0 and N;_l > 0, then, N < N;—r

This proposition shows that properties of the distributions of intracity population and WSTs
under local optimum, coincide with equilibrium. That is, the local optimum satisfies the

following properties.
(a) The nearer the CBD where workers live, the narrower their distribution of WSTs.

(b) The nearer the residence is from the CBD, the greater the population.

4.3.3 Pigouvian policies
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We next discuss tax/subsidy policies that attain the optima as stable equilibria. To achieve
the optimum, we consider Pigouvian policies, such as congestion tolls. We do so because
the optimal state is supported as an equilibrium by imposing such policies that workers are
responsible for their externalities at the optimum. The Pigouvian policy that introduces
tax/subsidy pf,i(n) to workers, is given by

a

Pa,i(n) = Gi(M) — Z ' (xp,i)Xp,i- (4.29)
=)

Under the Pigouvian policy, our model is viewed as a potential game S = {S, A x I, ¥},

where 9, i(n) = v,,i(n) + p,,i(n), because the following potential function exists:
P(n) = P(n) + pai(n) -n = W(n). (4.30)

The KKT conditions of the maximization problem of the potential function P(n) subject to

n € Ais given by the following:

0" =v4i(n)+pain) if ny;>0 ‘
YVae A,iel, (4.31a)

0" > v4i(n) +pgi(n) if n,; =0

Z Z nai < N. (4.31b)

aeA iel

This implies that the local optimum 7’ must be a Nash equilibrium of the game S.

Effects of policy implementation on the intracity spatial and temporal structure

We next investigate the effects of Pigouvian policy on the distributions of urban population
and WSTs. More specifically, we analyze the effects of introducing policies when the

equilibrium n” is given as the initial state.

First, we consider the effects on the distribution of urban population. Suppose (a -1, 1),
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(a =1,j) € supp(n®), the following always holds:
Bai(n") = Do i) = —¢'(x x5 ; <0, (432)

which can be rewritten as 0, ;(n*) < 04-1,i(n").
Second, let us analyze the effects on the distribution of WSTs. Suppose (a,i), (d,a,i +1) €

supp(n*), because of vj [(n%) = vg,i41(n"), we have

a
Ba,n) = Ba,1(n) = 3 { ey ) = @ x| = e ) = @ ¥ | ] @39
b=1

Moreover, since

8[c(x)a—xc’(x)x] — _¢"(x)x <0, (4.34)

if M; > M, we obtain 0,;(n") < 9,,4+1(n"). That is, according to Proposition 4.3, if M} >

i+17
M*

I,1» we have the following conditions.

* *
X, 2 Xy Ya e A,

(4.35)

*

there exists 2 € A such that x ; > x7 ;.
From the these results, we obtain the following proposition.

Proposition 4.6 Consider that Pigouvian policies are introduced in equilibrium #n*. We have

the following properties.
(i) Forall (a,i), (a —1,1i) € supp(n*), we have 9, ;(n*) < 0,-1,i(n").

(ii) Suppose M: > M?_ , for all (a, 1), (a,i + 1) € supp(n*), we have 9;,i(n") < 0g,i41(n").

In this Proposition, (i) shows that the implementation of the tax/subsidy policy p,,i(n) has
an increasing effect on the population distribution near CBD when equilibrium »* is taken as
the initial state. (ii) implies that the implementation of the tax/subsidy policy p,,i(1n) staggers

WSTs for each residential location.
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It is noteworthy that though the local optimum distribution of WSTs in each residential
location is more staggered than stable equilibrium, the local optimum distribution of total
WSTs can be more clustered than stable equilibrium. This is because the population density
near CBD will be higher after policy implementation, where WSTs distribution is more
clustered than suburban. Therefore, staggering WSTs can not only improve but also decrease

social welfare.

Effects of Policy Implementation on the Rural-to-Urban Migration

Next, we consider the effects on the distribution of urban population. Based on (4.28), the

relationship between 9, ;(n*) and v, ;(n*) is expressed as follows:

651,1'("*) > va,i(n*) if pa,i(n*) > 0/
(4.36)
0q,i(n*) <vgi(n*) if pgi(n*) <O0.

Then we have the following proposition.

Proposition 4.7 Suppose n” is an equilibrium such that N;; > 0, then we have the following

properties:

(i) If ps,i(n*) > 0 for all (a, i) € supp(n*), N3 > N;.

(ii) If pg,i(n*) < 0 for all (a,i) € supp(n*), NS < N;,.

This proposition shows that Pigouvian subsidy (tax) leads to rural-to-urban (urban-to-
rural) migration. Since p,,i(n) = Gi(M) — X;_; ¢’(xp,i)xp,i, this proposition also implies that
high temporal agglomeration economies (high productivity) and low spatial and temporal
agglomeration diseconomies (high commuting cost) promote rural-to-urban migration. Besides,
since commuting cost c(x,,;) is a monotonically increasing, and strictly convex function of x, ;,

the less population density and the less commuting cost lead to rural-to-urban migration.
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4.4 Numerical Examples

We numerically analyze our model and show the distributions of urban population and
WSTs. This analysis assumes that the number of residential locations is A = 10, and the
number of WSTs is I = 11. We also assume f(x) = —%, c(x) = t(1 + xP), and use the following

parameter values:

N =1000, a=10.0, pu=20, t=20,

y =100, #=10, L=3. (4.37)

We then investigate the characteristics of stable equilibrium n* and local optimum n°’ with

changes in parameters  and ¢.

4.4.1 Stable Equilibrium
Distributions of Urban Population and WSTs

We assume that L = 3 is fixed, and investigate the changes in the distributions of urban
population and WSTs under stable equilibrium. Then, we confirm the correspondence
between numerical and the theoretical results obtained in Section 4.2. Figure 4.2 shows
the number of workers in each WST t;. We can confirm the patterns from these results, which

are consistent with Proposition 4.3 that the nearer the CBD where workers live, the narrower
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FiGure 4.2: The number of workers in each WST (¢ = 0.6).
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their distribution of WSTs.

Figure 4.3 shows the number n* = (N;),ea of workers in each residential location under
stable equilibrium. This numerical result confirms that “the nearer the residential location is
from the CBD, the greater the population” in Proposition 4.4. The above results are consistent

with the result in Takayama (2019).
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Ficure 4.3: Percentage of Workers in Each Residential Location.
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Ficure 4.4: Distributions of WSTs and Population under Different Traffic
Situations (¢ = 0.6).

Next, we investigate the effect of traffic congestion (the value of §). It is apparent from
Figure 4.2 that the worse the traffic congestion, the lower the urban population. This is because
worse traffic congestion (great ) causes greater effects of spatial and temporal agglomeration
diseconomies that leads to urban-to-rural migration.

Figure 4.4a depicts the distributions of urban population when g = 1.70, 1.75. It shows
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that urban population density increases as traffic congestion increases. That is, reduction
in commuting costs has brought about effect that workers choose to live in large houses in
suburbs. This result is also consistent with the result in Takayama (2019).

Figure 4.4b depicts the distributions of WSTs under different traffic situations. It shows
that the increase in traffic congestion leads to clustered WSTs. This is because increased
traffic congestion leads to lower spatial agglomeration economies due to urban-to-rural
migration, and as a result, firms choose to cluster their WSTs to improve productivity
(temporal agglomeration economies). This result indicates that the effect of traffic situation
on WSTs distribution is contrary to the finding of Takayama (2019) when considering the

urban spatial structure as an open city.
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(a) Urban Population. (8) Population Density.

Ficure 4.5: Urban Population and Population Density under Different Temporal
Discount Rate
(p=175L=3).

Next, we clarify the interaction of spatial and temporal distributions. To this end, we
investigate the effect of different temporal discount rate (¢) on urban population and population
density. Figure 4.5a depicts urban population under different temporal discount rate (¢)
and shows that the less effect of interaction among different WSTs (the lower temporal
agglomeration economies) leads to urban-to-rural migration (spatial dispersion). This is
because the lower temporal agglomeration economies leads to lower urban utility.

Figure 4.5b depicts urban population density under different temporal discount rate (¢)

and shows that the less effect of interaction among different WSTs (the lower temporal
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agglomeration economies) does not necessarily lead to greater urban population density.
This is because the lower temporal discount rate (¢), the higher the land rent will be due to
the increase in urban population. As a result, workers choose to live in large houses in the

suburbs.

4.4.2 Comparison between Local Optimum and Stable Equilibrium

This section investigates the local optimum properties and compares them with the
properties of stable equilibrium. To this end, we verify the consistency with theoretical
analysis results, and qualitatively analyze new properties through numerical analysis. Then

through these findings, we clarify the impact of policy implementation.
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FiGure 4.6: The number of workers in each WST under local optimum
(B=175L=3,¢=0.6).

First, we show the distributions of urban population and WSTs under local optimum.
Figure 4.6 shows the number of workers of each WST, and Figure 4.7a shows the stable
equilibrium and local optimum distributions of the percentage of workers in each residential
location. These results confirm that the distributions of urban population and WSTs are
consistent with Proposition 4.5 (similar properties to stable equilibrium). Additionally, we
have confirmed that the same results are obtained with other parameters, as in the case of
L=3,8=175 ¢ =06

We then compare the distributions of urban population and WSTs between stable equilibrium

and local optimum. Figure 5.6a implies that “population density near CBD under local
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Ficure 4.7: Comparison of the distributions of urban population and WSTs
under stable equilibrium and local optimum (L = 3, § =1.75, ¢ = 0.6).

optimum is higher than that under stable equilibrium,” and it coincides with the policy
implementation effects shown in Proposition 4.6 (i).

Figure 4.7b shows the percentage of workers of each WST in each residential location under

{s,0}
o1 . . n i
stable equilibrium and local optimum, where af’”} =~
a

VYa € A,i € I. Here, we list
only the cases of residential locations 1 and 2. The figure implies that “WSTs distribution
in each residential location under local optimum is more staggered than that under stable

equilibrium,” and it coincides with the policy implementation effects shown in Proposition

4.6 (ii).

Urban Population under Stable Equilibrium and Local Optimum

This section investigates the effect of policy implementation on population migration.
Specifically, we clarify the conditions under which the policy implementation will lead
to urban-to-rural (rural-to-urban) migration by comparing urban population under stable
equilibrium and local optimum in each combination of L and f.

Figure 4.8 depicts the comparison of urban population distributions under stable equilibrium
and local optimum when ¢ = 0.6, y = 100. This figure shows that implementing Pigouvian
policies (tax) in the case of high urban cost (high commuting cost and high land rent) will
lead to urban-to-rural migration; implementing Pigouvian policies (subsidy) in the case of

low urban cost (low commuting cost and low land rent) will lead to urban-to-rural migration.
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These results are consistent with Proposition 4.7 and imply that whether the increase of urban

population can improve social welfare depends on urban cost.
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Ficure 4.8: Comparison of Urban Population Distributions under Stable
Equilibrium and Local Optimum (¢ = 0.6, y = 100).

4.5 Summary and Discussions

This chapter developed an open city model considering spatio-temporal agglomeration
economies by introducing urban spatial structure and rural area into Henderson (1981)’s
WST choice model. We showed that our model belongs to a class of potential game. Then, by

using the properties of the potential game, we show the following properties of the model:

1) The greater interaction among different WSTs leads to spatial agglomeration (i.e., rural-

to-urban migration), however, does not necessarily lead to lower population density.
2) The increase of traffic congestion leads to clustered WSTs.

3) The urban population at optimum can be lower than at equilibrium when urban cost is

high.

Here, Property 3) implies that it is likely to be socially undesirable if policies (e.g., promotions

of urban population inflow) are implemented ineptly.
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This chapter aims to establish a basic framework for analyzing the endogenous distributions
of urban population and WSTs. Thus, we assumed that “firms are located in one CBD” and
“firms and workers are homogeneous.” However, these assumptions are considered to have
a strong influence on the distributions of urban population and WSTs. Therefore, it would
be valuable for future research to extend this model into multi-central urban structure and

investigate the effects of heterogeneities in firms and workers.
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Appendix

4.A Proofs

4.A.1 Proof of Proposition 4.1

It follows from (4.16), (4.17) that P(n) is a potential function. Because P4(n) is a linear
function, hereafter, we prove the convexity of Pi(n), P»(n), P3(n) to clarify the convexity of

potential function P(n).

First, let us investigate the convexity of P1(n). Hessian matrix of Pi(n) is expressed as

follows:
O D D
V2Pi(n) = a = a(Ex ® D). (4.38a)
O D D

where, ® denotes the Kronecker product, E4 is an A X A matrix with all elements equal to
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Land®=(1-¢)P, D=

I-11-2 --- 0

The positive/negative definite of @ coincides with the positive/negative definite of its

inverse matrix ®~'; hence, we focus on @

1 ¢ -1
p-1 1+(1-¢2 ¢-1 0
o] ¢-1  1+(1-¢)P ¢-1
L
o p-1 1+(1-¢p ¢-1
¢-1 1

where ( = a[1 - (1 - ¢)?].

(4.39)

Let y;; denote the element (i, j) of @7, from the Gershgorin circle theorem, )\i‘l which

denotes any eigenvalue of @~ exists in the range of
Mi_l_?/iil <R; Viel.

where R; = Z§:1 il
Applying (4.40), it is readily that /\l._1 exists in the following range:

¢ g 1279
2-¢ " T2a ¢

1
0<—
T 2«
Therefore, A; is nonnegative.
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Let u be the eigenvalue of E4, E be an A X A identity matrix. Then, since

l-p 1 1
1 1-p 1
EA—[JEZ
11 1-p
= (A-pp’,

the eigenvalues of E4 are u = 0, A, the eigenvalue of V2Pi(n) is A; p > 0. Thus, V2P (n) is

positive-semidefinite, that is, P1(n) is a convex function.

Next, let us focus on the convexity of P>(n). Hessian matrix of P>(n) can be expressed as

follows:
Veir Ve Ve -+ Ve
VCZZ VC23 VCZA
V2Py(n) = Vess - Vesn | (4.42a)
(0
VCAA
) ]
Vcaa:diag{ Zc'(xb,i)] } (4.42b)
b=1 iel

We observe that V2P,(n) is a diagonal matrix, 7 is an upper triangular matrix, and all the
diagonal elements are positive. Thus, all the eigenvalues are positive, namely, V2P5(n) is

positive-semidefinite. Moreover, since ¢’(x) > 0, VP»(n) is a convex function.

We next investigate the convexity of P3(n). Hessian matrix of P3(n) is expressed as follows:
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H> (0]

V2P3(n) = H;

H4

H, = ' (No)L.

, (4.43a)

(4.43b)

where I is a 1 X I matrix with all elements equal to 1. Since h’(x) < 0, the eigenvalues of

V2P5(n) are positive and V2P5(n) is positive definite, namely, P3(n) is a convex function.

4.A.2 Proof of Proposition 4.3

Suppose (a —1,i), (a —1,j) € supp(n*) foralla e A,i,j e I.

0q,i(0") = 0,,j(1") = —c(x4,i) + c(x4,7).

Thus we have the following condition:

Va,i(n") > v,,(n*) if x5 <xg,
Ua,i(n*) = Ua,j(n*) if Xa,i = Xa,j,

Va,i(n") < vg,(n*) if x4 > x4

Suppose (a —1,17) ¢ supp(n*) and (a — 1, j) € supp(n*), we have

va,i(n*) - va,]-(n*) < —C(Xa,i) + C(xa,j)-
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Therefore, we have the following condition:
va,i(n*) < Z)a,]'(n*) if Xg,i > Xg,j- (4.47)

Suppose N, > 0, thus, there exists i which satisfies x,; > 0. Moreover, from (4.45) and
(4.47), we observe that x,,; > 0if (a — 1,1) € supp(n*). Combining this result with (4.45), we
have Proposition 5.3 (i).

Furthermore, it follows from (4.47) that if (a — 1,i) ¢ supp(n*) and (a — 1, ) € supp(n”),
Xa,i < Xg,; holds. By combining this result with Proposition 4.3 (i), n,,; < 14,j holds, thus, we

have Proposition 4.3 (ii).
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A System-of-cities Model Considering

Spatio-temporal Agglomeration Economies

5.1 The model

5.1.1 Basic assumptions

We consider a spatial structure that consists of two monocentric cities (Figure 5.1). Let
D = {I, II} be the set of cities and each city is homogeneous. The number of residential
locations in each city is the same at A. We index the residential locations from the side of
CBD and let A ={1,2,...,A} be the set of locations. The area of each residential land is the
same at L.

All firms are located in the CBD of their cities and each firm chooses its WST from the

feasible set {t1,f2,...,tr}, where t; = t;1 + 7 foralli € {2,3,---,I} and 7 is a positive
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Monocentric city I Monocentric city II

@@@@

workdayH
work start time: t1 tg t3 et - 14+ H

Ficure 5.1: Two monocentric cities.

constant. The length of a workday is assumed to be identical and fixed at H for all firms;
therefore, each firm is characterized by its WST. For convenience, we call the firm that starts
work at time ¢; “firm i.” We further assume the existence of an interval in the workday when

all firms begin work (i.e., t < t; + H).

All roads connecting each location are homogeneous, and we further call the road between
location 2 — 1 and a “road a.” The number of workers who start work at ¢; passing through

road a in city d is denoted by xZ ; and expressed by

1l
M
S

(5.1)

S8
1]
B

We assume the transportation cost of workers at firm 7 in city d passing through road a
is c(xgl.). Like Henderson (1981), we assume that c(xgi) is nonnegative, monotonically

increasing, and strictly convex function.

Behavior of workers

All workers are ex ante identical and the total number of workers of the two cities are
fixed at N. Assume that workers commute from their locations to CBD only in their cities.
Each worker chooses his or her WST ¢; indirectly by choosing an employer (i.e., a firm
iel ={1,2,...,1}). The number of workers who reside at location a in city 4 and work at
firm i is denoted by n = (nj/i)deg),ue a,ier, and we further call it the distributions of populations

and WSTs. The number N¢ of workers working at firm i in city d and the number Mf of
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workers residing in location a in city d are expressed, respectively, as follows:

Ni=>nt, (5.2a)
iel

Mi=) nl. (5.2b)
a€A

The utility of workers who reside at a and start work at ¢; is given by the following quasi-

linear function:

u(zg v t) =20+ Fye) = dilti). (5.3)

where z ; denotes consumption of numéraire goods, y4isthelotsizeataincity d,and f(y?)is
the ut111ty from land consumption. We assume that f(x) is strictly monotonically increasing,
concave, and twice differentiable for x > 0. Moreover, lim,_,o f/(x) = 00, limy e X f'(x) < 0.

1 6,(t;) denotes schedule delay cost and is given by the following:
oi(ti) = ylti — t"|. (5.4)

where y > 0 is early/late delay cost per unit time. 2 ¢* is the most desired work schedule for
commuters that best fits in with their daily activities (e.g., leisure activities with family and

friends), thus, commuters with WST ¢* do not incur schedule delay cost. 3

The budget constraint is expressed as
wi =23+ iyl + Z c(xf ). (55)

where wf denotes the wage from firm i and r¢ denotes the land rent at a in city d. Agricultural

rent does not qualitatively change subsequent results; hence, we assume it to be zero.

1We assume that the WSTs which firms can choose is discrete. That is because most of WSTs are clustered at
several points in time such as 8:00, 8:30, 9:00.

2In this chapter, based on the empirical findings by Hall (2021), we assume that the marginal schedule delay
costs for early and late arrival are equal. Besides, this assumption does not qualitatively change the results
obtained from this chapter.

3Note that schedule delay cost here is different with that in Part I.

95



CHAPTER5. A SYSTEM-OF-CITIES MODEL CONSIDERING SPATIO-TEMPORAL AGGLOMERATION ECONOMIES

The first-order condition of the utility maximization problem gives the following;:

fyhHy=rd if yi>0

fflyy<rd if yi=0

Yd e D,a € A. (5.6)

where the prime denotes differentiation. The marginal utility of land consumption is infinity

at y4 = 0; thus, we must have y? > 0 and
rd=f'(yHh>0 VdeD,aecA. (5.7)

Let L denote the land supply in each residential location, and land demand of residential land
a in city d is given by N4y, Thus, according to the supply-demand equilibrium, y? = L/N¢
is obtained.

From (5.3), (5.5), and (5.7), we obtain the following indirect utility function UZ ;

a
vy =wi — Z c(x )+ H(NJ) = 6i(t:). (5.8)
b=1
where h(N?) = f(y?) — riyd = f(NLg) - NLgf’(NLg) at location a. h(N9) can be rewritten as
f(y?) — rdy?; hence, this represents net utility from land consumption. Furthermore, since

2¢m( L

N L's (Nf )
h'(Ny) = ——— < 0. (5.9)

3
N{

h(N¥)is a strictly decreasing function. That is, the more workers the less net utility from land

consumption.

Behavior of firms

All firms produce homogeneous goods under constant returns to scale technology and
perfect competition with free entry and exit, which require one unit of labor to produce one
unit of output and is chosen as numéraire. We introduce the same productivity effect as in

Henderson (1981) and Tabuchi (1986). That is, the longer the overlapping time interval of
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firms and the greater the number of firms located in one city, the greater the productivity.
This implies that a firm’s productivity depends on the number of workers m = (M;-i)deZ),ie T

of cities and WSTs.

Specifically, we define that gfl is the productivity factor of firm i in city 4 and determined

by m? = (Mfl)z‘e 7 which shows the distribution of each WST. g;j is expressed as follows:

gfl(md) = Z e"t"_thM]d =a Z e‘Tli_ﬂM]‘.i. (5.10)
jel jel

Eq. (5.10) shows the effect of positive temporal agglomeration externalities on firms’
productivity. Thatis, the more clustered the distribution of WSTs, the greater the productivity
effects. @ > 0 denotes the magnitude of the productivity effects. Let 1 — ¢ = ¢™* and denote
¢ € [1,0] as a temporal discount rate that the greater the value of ¢, the greater the positive
temporal agglomeration externality (i.e., the more necessity of synchronizing different firms’

work schedules). Thus, (5.10) can be rewritten as follows:

g?(md) —a Z(l _ (p)li—]'lM]?l‘ (5.11)

jer
We then let Gf denote the daily output of a firm i in city 4 which is given by g;.i as follows:

Gi(m) = gl(m™) + (1 - y)g (m). (5.12)

Eq. (5.12) shows the effect of positive spatial agglomeration externalities on firms’ productivity.
d,d € D (d # d) denotes the two different cities. 1 € [0, 1] denotes the spatial discount rate:
the greater the value of 1), the greater the positive spatial agglomeration externality (i.e., the

more necessity of the intercity spatial agglomeration of different firms).

Under the production function defined in (5.12), each firm chooses its city and WST to

maximize profit per worker:

max n? = G?(m) - w;i. (5.13)
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5.1.2 Equilibrium conditions

In our model, each firm chooses a city and a WST, and each worker chooses a city, a
residential location, and an employer. Therefore, the equilibrium distributions of populations
and WSTs n* can be determined. We then describe these equilibrium conditions that satisfy

n”. Hereafter, we use superscript * to distinguish variables relating to equilibrium.

Foralld € D, a € A, i € 1, equilibrium satisfies the following conditions:

. _ 4 d d ey i d
v = w! - X0 c(xd )+ h(NG) = 8i(t:) if n? >0, (5.14a)
o' > wl = Ny e(xd )+ h(NG) - 0i(ts) i nf, =0,

. ~d d d
' =Gi(m)-w; if Yeqany;>0, (5.14b)
> Gfl(m) - w;'i it Yien ”Z,z‘ =0,

> >t =N. (5.14c)

deD acA iel

where v* denotes the equilibrium utility, and 7 is the equilibrium profit, which equals zero

because of free entry and exit of firms.

Conditions (5.14a) and (5.14b) are the equilibrium conditions for workers’ choice of firm
and firms’ choice of WST, respectively. Condition (5.14a) implies that at equilibrium, each
worker has no incentive to change employer unilaterally. Condition (5.14b) means that if
workers are employed by firm i, the firm earns the equilibrium profit 7* = 0; otherwise, the
profit must be less than zero. Condition (5.14c) is the conservation law of the population of

workers.

We easily show that conditions (5.14a) and (5.14b) can be rewritten as the following

condition because 7 = 0.

(A vgl.(n) if ”Zli >0,
’ ’ (5.15a)
vt 20l () if nd =0,

> >l =N. (5.15b)

deD acA iel
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where Z)Z ;(n) denotes the indirect utility of workers living in location 2 and employed by firm
ias

a

vy (n) = G{(M) - Z c(xy )+ h(N{) = 6:(t). (5.16)
b=1

5.2 Equilibrium

We now characterize the equilibrium. First, we indicate the uniqueness and stability of
equilibrium by using the properties of a potential game. We next clarify the properties of

workers’ distributions of different cities, residential locations, and WSTs.

5.2.1 Potential game

To characterize the equilibrium, we invoke the properties of potential game introduced
by Monderer and Shapley (1996) and Sandholm (2001). The equilibrium conditions are
represented by (5.15); hence, the equilibrium n* can be viewed as a population game in which
the set of players is S = [0, N], the common action set is D X A x I, and the payoff vector
isV(n) = (vud Z.(n)) . As is evident from the definition, the equilibrium is a Nash

4 deD,aeA,iel
equilibrium of the game. Thus, we denote this game by S = {S, D x A x I, V}. We define

that S is a potential game if a continuously differentiable function P(n) exists, such that

dP(n) JP(n) _
ond. gpd
b,j

a,i

vg,l.(n) - Ug,j(")
VieD,ac A,ic] andn eA. (5.17)

where A = {n € RPxAXI | DdeD DiaeA uiel ”Z,i = N} denotes the set of workers’ spatial and
temporal distributions, and P(n) is defined on an open set containing A so that its partial
derivative is well-defined on A. This condition requires the existence of a function in which
gradient VP(n) equals the payoff vector V. Sandholm (2001) demonstrated that, if payoffs

V(n) are continuously differentiable, this condition is equivalent to the following condition
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called externality symmetry:

0! (n) 90l (n)

d
8715,]. ana,i

Vd,de€ D, a,beA,i,jel andn €A.

avg/i(n)
d
ny i

From (5.16), can be rewritten as follows:

8vgi(n) . 505 (n)
—— =a(l-y)(1- ¢)i=il = 'fd
81’lb,]. 8na,i

Game S satisfies (5.18); thus, we derive the following proposition.

Proposition 5.1 Game S is a potential game with the potential function

P(n) = P1(n) — Pa(n) — P3(n) — Py(n).

(5.18)

(5.19)

(5.20a)

where P1(n), P2(n) and P3(n) are convex functions, and P4(n) is a linear function such that

Piim =3 > > M{Gi(m),

deD iel
dP>(n) \ d
= C(Xb,-),
a”g,z‘ bzz; Z
L
Pym) == > > Nif(=),
deD acA Nﬂ
Py(m) = > > MI;(t:).
deD iel

Proof See Appendix 5.A.1.

(5.20b)

(5.20¢)

(5.20d)

(5.20e)

Here, P1(n), P2(n), P3(n) and P4(n) are respectively in terms of the positive spatio-temporal

externalities due to productivity effects, negative spatio-temporal externalities due to traffic
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congestion, spatial agglomeration diseconomies due to land consumption and temporal
agglomeration diseconomies due to schedule delay.
The equilibrium of a potential game is characterized by the maximization problem of the

potential function. Let us consider the following problem:

max P(n)

st nd =N, n! >0 VieD,aedA,iel. (5.21)
deD aeA iel
Let v* be a Lagrange multiplier for the constraint Y jcq) 3 e Sier 1% ; = N. The first-order

a,i
P < u* in which the equality holds whenever n? . > 0. Then, by (5.17), we

condition is and 0

have Ug,i(") = vba’j(n) for any cities d and d, residential locations a and b, WSTs i and j. We
also have vf/k(n) < vs/i(n) if nf,k =0and ng,i >0, foralld,d e D,a,c € A,i k € I. Thus, n
is an equilibrium. By similar reasoning, it follows that the converse is also true. That is, if n
is an equilibrium, it satisfies the necessary condition for problem (5.2.1). We then can readily
verify that the Karush-Kuhn-Tucker (KKT) conditions of this problem (5.2.1) are equivalent to
equilibrium conditions (5.15). Therefore, the equilibrium set of the game S exactly coincides

with the set of KKT points for problem (5.2.1).

5.2.2 Uniqueness

To characterize the equilibrium, we first examine its uniqueness. The KKT points of
problem (5.2.1) are equilibria; thus, the uniqueness can be investigated by checking the
shape of potential function P(n). Specifically, if P(n) is unimodal, the equilibrium is unique;
otherwise, it is non-unique. It follows from this property and the convexity of P(n) that we

have the following proposition.

Proposition 5.2 The equilibrium is generally non-unique.

Proof Pi(n), P»(n), and P3(n) are convex functions; hence, P(n) is not generally a concave

function but can be a convex function. Therefore, P(n) is not generally unimodal.
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5.2.3 Stability

We next consider the local asymptotic stability of equilibria because our model generally
includes multiple equilibria as shown in Proposition 5.2. Specifically, we examine whether we
can justify an equilibrium through the existence of a learning process that makes players settle
down in their equilibrium strategies. This chapter describes adjustment dynamics 77 = V(n)
that maps the distributions of populations and WSTs n° € A to a set of Lipschitz paths in
A, which starts from n’. Although we usually consider a specific evolutionary dynamic for
stability analysis, we see that a more general analysis is possible due to the existence of a
potential function. That is, the stability of equilibria can be characterized under a broad class
of dynamics. In particular, we consider the class of admissible dynamics which satisfies the

following conditions:
(PC)  V(n) # O implies V() - V(1) = Syep Tae Dies VI, (m)0? (1) > 0.
(NS) V(n) = 0 implies that n is a Nash equilibrium of the game S.

Condition (PC), called positive correlation, requires a positive correlation between the adjustment
dynamics V(n) and the payoffs V(n) out of rest points. This implies that, under this condition,
all Nash equilibria of the game S are rest points of the adjustment dynamics V(n). * Condition
(NS), called Nash stationarity, asks that every rest point of the adjustment dynamics V(n) be
a Nash equilibrium of game S. Therefore, under the conditions (PC) and (NS), 7 = V(n) =0
if and only if n is a Nash equilibrium of game S. Specific examples of admissible dynamics
include the best response dynamic (Gilboa and Matsui, 1991), the Brown-von Neumann-Nash
dynamic (Brown and von Neumann, 1950), and the projection dynamic (Dupuis and Nagurney,
1993). > Importantly, the replicator dynamics (Taylor and Jonker, 1978), which is often used
in spatial economic models (e.g., Fujita et al. (1999)), are not admissible. Under replicator
dynamics, a rest point is always attained on the boundary, but the boundary points are not

always Nash equilibria. Therefore, condition (NS) does not hold under replicator dynamics.

4See Proposition 4.3 of Sandholm (2001).
5See Sandholm (2005) for more examples.
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As demonstrated by Sandholm (2001) that a Nash equilibrium of a potential game is
asymptotically stable under any admissible dynamics if and only if it locally maximizes an

associated potential function. We have the following property:

For game S, equilibrium #°*, which locally maximizes the potential function P(n), is (locally)

stable under admissible dynamics. Other equilibria n** are unstable.

Therefore, we can examine the stability of equilibria only by checking the shape of the

potential function.

Because P4(n) is a linear function, the shape of the potential function P(n) given by (5.2.1)
depends on P1(n), P2(n) and P3(n). Therefore, spatio-temporal agglomeration economies and

diseconomies determine stable equilibrium in our model.

In fact, if Pi(n) is dominant and the potential function P(n) is convex, the state of
concentrated intercity population and clustered WSTs is a stable equilibrium. Moreover,
if P>(n), P3(n) are dominant and P(n) is concave, the state of dispersed intercity and intracity
populations and staggered WSTs is the only equilibrium. By using the properties of the
potential function, when n? is an initial state, stable equilibrium can be obtained by searching
from n° to local maximizer n*. That is, stable equilibrium can be easily obtained by locally
solving a simple optimization problem. Numerical analysis will be performed by using the

characteristics in Section 5.

5.2.4 Distributions of intracity population and WSTs

We next characterize the distributions of intracity population and WSTs under equilibrium.

The utility function (5.16) of the workers in location a city d can be rewritten as follows:

of (n) = 0l () = c(xf ) + h(N) = h(NLL,). (5.22)
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Let supp(n*) be the support of equilibrium n* (i.e., supp(n*) = {(d, a, i) | ng*l. >0,deD,ac
A, i € I'}). By using supp(n*), we have

=0" - c(xg*l.) +h(N#) = h(N*™) if (d,a-1,i) € supp(n*),
o (n") ' ol PP (5.23)
<ot — c(xl‘fl*l.) +h(NF) = h(N% ) if (d,a-1,i) ¢ supp(n®).

From (5.23), we can obtain the following proposition.

Proposition 5.3 Equilibrium #n* has the following properties.

(i) Suppose N > 0and (d,a-1,i),(d,a —1,]) € supp(n*), then, (d, a,i),(d, a, j) € supp(n*)

de _ od+
and Xpi = xu’j > 0.

(ii) Suppose N,f* >0, (d,a—-1,i) ¢ supp(n*) and (d,a —1,j) € supp(n*), then, nj/*i < ngfj
d

and x® < x%*.
a,i a,j

Proof See Appendix 5.A.2.

This proposition shows that the nearer the CBD where workers live, the narrower their
distribution of WSTs. That is, supp((ngli1 Jiep,ier) C supp((n‘;"i)dez),ie 7), and this result
exactly coincides with the empirical observation of Fosgerau and Kim (2019).

Moreover, since if (d,a,1i), (d,a —1,1) € supp(n*), then vg [(n*) = vg_l .(n*). We obtain
H(NE) = h(NE ) = c(x®) > 0. (5.24)

Hence, we have the following proposition.
Proposition 5.4 Suppose N > 0 and Nfil > 0 under equilibrium, then N < N :il. That

is, the nearer the residence is from the CBD, the greater the population.

5.2.5 Conditions of intercity population concentration

To characterize the equilibrium distribution of intercity population, we investigate the

equilibrium condition of intercity population concentration.
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Hereafter, let N denote the population in city d (i.e., N = 3,c 4 Yicr n? ). In addition,
we suppose the existence of an equilibrium n*, such that (I, 2, i) ¢ supp(n*) for any a € A,

i € 1, then
v (n) 20} (n") VaeA,iel. (5.25)

It follows from (5.12), (5.15a) and (5.16) that (5.25) can be rewritten as follows:

Ca,i(n)
lp z (04 Z]E[(l — g[))ll_]I(M]I* _ M]H*)’ (526a)
Caitn) = 3 e ) = el + HONT) = HONG) (5.26b)

b=1

Let f, i(n*, ¢) denote the right-hand side of (5.26a). Then, %’(Z*’@ > (0, and we have the

following proposition.
Proposition 5.5 Suppose n” is an equilibrium, then these statements are equivalent:
(i) (IL,a,i) ¢ supp(n*) foralla e A,i e 1.
(i) ¢ > fui(n*,p)forallae A,ieT.
Proof See Appendix 5.A.3.

This proposition implies that the distributions of intercity population and WSTs have the

following properties:

(@) The lower the positive temporal agglomeration externality (the lower ¢), the intercity

population will be concentrated.

(b) The lower the positive spatial agglomeration externality (the lower ¢’), the more clustered

the WSTs.

From the aforementioned properties, it is clear that temporal distribution and spatial
distribution of economic activities can affect each other. More specifically, property (a) shows

that alleviating traffic congestion by staggering the WSTs can lead to intercity population
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concentration. Property (b) shows that the alleviation of traffic congestion by dispersing the

intercity population distribution can lead to more clustered distribution of WSTs.

5.3 Optimum

The equilibrium is not generally efficient because of the positive and negative externalities.
Therefore, this section discusses TDM policies, such as staggered work hours and taxation,
for achieving the optimal distributions of populations and WSTs. To address this issue, we
first define the social welfare function and then analyze Pigouvian policies’ effectiveness for
achieving local optimum. Hereafter, we use superscript o to distinguish variables relating to

local optimum.

5.3.1 Definition of social welfare function

We define the social welfare function as the sum of producer surplus and consumer surplus.

Thus, social welfare maximization problem is given by the following:

maxW(n) = Wi(n) - Wa(n) — Ws(n) — Wa(n)

s.t.nm € A. (5.27)

where, Wi(n), Wa(n), Wa(n) and Wy(n) are respectively in terms of the effects of productivity,

traffic congestion, land consumption and schedule delay cost, and are expressed as follows:

Wi(n) = Z Z M?GH(m) = 2P1(n), (5.28a)
deD iel

Wa(m)= 3" %" > xde(xd ), (5.28b)
deD aeA iel ' '

Waln) == > ST NEF(Z5) = Pan), (5.280)

deD aeA N’l

Wi(n) = Z Z M%6;(ti) = Pa(n). (5.28d)

deD iel

Wi(n) = 2P1(n), W3(n) = P3(n) are convex; thus, the social welfare function W(n) may have
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multiple maxima. That is, except the global maximizer (i.e., first-best optimum) n*° of W(n),
local optima #n° that locally maximize W(n) may exist. Moreover, characterizing the global
maximum is extremely difficult. Thus, we focus on the policy to achieve local optimum n°

from stable equilibrium n*.

5.3.2 Distributions of intracity population and WSTs under local optimum

Local optimum n° is the local maximum point of social welfare function W(n); therefore,

it satisfies the following KKT conditions of the optimization problem (5.28).

nx _o~d 0 : do
0* =0 (n°) if n“% >0,
(5.29a)

o > 99 (n°) if ngf’i =0,

Z Z nf = N. (5.29b)

deD acA iel
where, ’55 l.(n) is expressed as follows:

a
o4 () = 0 (n) + G(m) - > /(). (5.30)
b=1
The following proposition is obtained using these KKT conditions and adopting the same

procedure as in Section 3.4.

Proposition 5.6 Local optimum n° has the following properties.

(i) Suppose N[f" > 0 and (d,a—-1,i), (d,a—-1,j) € supp(n®), then, (d,a,i), (d,a,j) €

supp(n’) and x;l"l. = x;i”]. > 0. Moreover, suppose N > 0 and (d,a — 1, i) ¢ supp(n®),

do
a,i

do
a,j’

(d,a-1,j) € supp(n’), then, n?° < ”5,0]' and ng’i <x

(ii) Suppose Ng" > 0 and Njfl > 0, then, N[f" < Njfl.

This proposition shows that properties of the distributions of intracity population and WSTs
under local optimum, coincide with equilibrium. That is, the local optimum satisfies the

following properties.
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(a) The nearer the CBD where workers live, the narrower their distribution of WSTs.

(b) The nearer the residence is from the CBD, the greater the population.

5.3.3 Pigouvian policies

We next discuss tax/subsidy policies that attain the optima as stable equilibria. To achieve
the optimum, we consider Pigouvian policies, such as congestion tolls. We do so because
the optimal state is supported as an equilibrium by imposing such policies that workers are
responsible for their externalities at the optimum. The Pigouvian policy that introduces
tax/subsidy pzri(n) to workers, is given by

a

pa () = G{(m) - Z c’(xp )xp (5.31)
b=1

Under the Pigouvian policy, our modelis viewed as a potential game S= {S, DxAXI, 17},

where va,i(n) = vuli(n) + Pu,i(n)’ because the following potential function exists:
P(n) = P(n) + p? ,(n) - n = W(n). (5.32)

The KKT conditions of the maximization problem of the potential function P(n) subject to

n € Ais given by the following:

0 = vZ,i(") + pgli(n) if ”g,i >0
0" 20l (n)+pd (n) if nd =0

a,i

VieD,ae A,ieT, (5.33a)

> >t =N. (5.33b)
deDa

eA iel

This implies that the local optimum 7° must be a Nash equilibrium of the game 8.
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Effects of policy implementation on the intracity spatial and temporal structure

Wenextinvestigate the effects of Pigouvian policy on the distributions of intracity population
and WSTs. More specifically, we analyze the effects of introducing policies when the
equilibrium n* is given as the initial state.

First, we consider the effects on the distribution of intracity population. Suppose(d,a -1, i),

(d,a—-1,j) € supp(n®), the following always holds:
Ua (n*) =70 vu 1i(m) =—c (xd*)xd* <0, (5.34)

which can be rewritten as 62,1‘(”*) < 63_1/1.(11*).
Second, let us analyze the effects on the distribution of WSTs. Suppose(d, a,i),(d,a,i +1) €

supp(n*), because of v (n ) =04 ,(n*), we have

a,i+

as,i<n*>—@z,i+l<n*>:i{[c<x§,>—c'<x x| - et -G x|} 699

b=1

Moreover, since

dlc(x) - c'(x)x] _

Ep —c"(x)x <0, (5.36)
if Md* > Mld:l, we obtain Z’}Z,i(n*) < va .+1(n*). That is, according to Proposition 5.3, if
M; de > Mfl:y we have the following conditions.

x> xd Ya e A,

az— a,i+1

(5.37)
d*

there exists a € A such that x > X

From the these results, we obtain the following proposition.

Proposition 5.7 Consider that Pigouvian policies are introduced in equilibrium n*. We have

the following properties.

(i) Forall (d,a,i),(d,a —1,i) € supp(n*), we have 63/1.(11*) < z'};l_l,i(n*).
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(ii) Suppose Mfl* > M®*

& forall(d,a,i),(d,a,i+1) € supp(n), we have 6;1,1.(11*) < 6Z,i+1(”*)'

In this Proposition, (i) shows that the implementation of the tax/subsidy policy pgli(n) has
an increasing effect on the population distribution near CBD when equilibrium »* is taken as
the initial state. (ii) implies that the implementation of the tax/subsidy policy pg,i(n) staggers
WSTs for each residential location.

It is noteworthy that though the local optimum distribution of WSTs in each residential
location is more staggered than stable equilibrium, the local optimum distribution of total
WSTs can be more clustered than stable equilibrium. This is because the population density
near CBD will be higher after policy implementation, where WSTs distribution is more
clustered than suburban. Therefore, staggering WSTs can not only improve but also decrease

social welfare.

Conditions of intercity population concentration under local optimum

We now investigate the conditions of intercity population concentration under local optimum.
Similar to Section 3.5 that assumes the existence of an equilibrium #n* such that (I, a,i) ¢

supp(n’) forany a € A, i € I, we have
o () 2 00 (n) VaeA,iel. (5.38)

Egs. (5.12), (5.29a) and (5.30) yield the following:

Ka,i(") + Ca,i(")

P> I R (5.39)
2a Yjer(1- ) ”(M]I- - M]H )
Ka,i(n) = Z [c/(xi’i)xi,i - c/(xil,z‘)xg,i] : (5.39b)
b=1

Let fa,i(n*, ¢) denote the right-hand side of (5.39a). Then, %ﬁ:j’@ > 0 and we have the

following proposition.

Proposition 5.8 Suppose n” is an equilibrium, then these statements are equivalent:
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(i) (IL,a,i) ¢ supp(n*) foralla e A,iec 1.

(i) ¥ > foi(n*,p) foralla e A, i€ I.
This proposition implies that

(a) The lower the positive temporal agglomeration externality, the intercity population will

be concentrated.
(b) The lower the positive spatial agglomeration externality, the more clustered the WSTs.

These properties coincide with the properties of Proposition 5.5.
We then compare the conditions of intercity population concentration under equilibrium
and local optimum. More specifically, we compare the set of (¢, ) when intercity population

concentrates under equilibrium and local optimum.

Let xgq,i(n) = Xp_4 [c’(xi/i)xi,i - c’(xilli)xilli and Cg,i(n) = Xp_4 [c(xi,l.)— c(xg,l.) +h(NI -

h(N}), we then have the following proposition.

Proposition 5.9 Suppose an equilibrium n* exists such that N* > 0, then we have the

following properties.

(i) Ifx,,i(n*) < Coi(n*) foralla € A, i € I, thereisno (¢, P) such that N = 0 and N'° > 0.

(i) Ifx, ;(n*) > Csi(n*)foralla € A,i € I, thereisno (¢, V) such that N™ > 0and N° = 0.
, , ¥

This proposition shows that whether intercity population concentration can improve social
welfare depends on the magnitude relation of x, ;(n*) and C,,;(n*) (i.e, urban cost). That is,
intercity population concentration does not necessarily improve social welfare.

5.4 Numerical examples

We numerically analyze our model and show the distributions of populations and WSTs.

This analysis assumes that the number of residential locations in each city is A = 10, and the
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number of WSTs is I = 11. We also assume f(x) = —%, c(x) = t(1 + xF), and use the following

parameter values:

N =1000, «a=10.0, u=2.0,

t=80, y=100, =005 ¢ =0.05 (5.40)

We then investigate the characteristics of stable equilibrium n* and local optimum n° with

changes in parameters  and L.

5.4.1 Stable equilibrium
Distributions of intracity population and WSTs

We assume that L = 1 is fixed, and investigate the changes in the distributions of intracity
population and WSTs under stable equilibrium with the decrease in  (by alleviating traffic
congestion). Then, we confirm the correspondence between numerical and the theoretical
results obtained in Section 5.2.

Figure 5.2 shows the number of workers in each WST ¢; of city I (the result of city Il is the
same as city I). We can confirm the patterns from these results, which are consistent with
Proposition 5.3 (i) and (ii). Moreover, our numerical results also coincide with the property
that the nearer the CBD where workers live, the narrower their distribution of WSTs.

The number n™ = (N!),c# of workers in each residential location in city I under stable
equilibrium is shown in Figure 5.3a. This numerical result confirms that “the nearer the
residential location is from the CBD, the greater the population” in Proposition 5.4.

Next, we consider the effect of the alleviation of traffic congestion (the decrease in ). The
number m"* = (M}*)ie 1 of workers at each WST in city I under stable equilibrium is shown
in Figure 5.3b. As shown in Figures 5.3a and 5.3b, with the alleviation of traffic congestion,
the population increases in the suburbs far from CBD, and WSTs are more clustered. This is
because the reduction in commuting costs has brought about effects, such as “workers choose
to live in large houses in the suburbs” and “firms cluster their WSTs to improve productivity

(temporal agglomeration economies).”
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Figure 5.2: The number of workers in each WST (L = 1).

Distributions of intercity population and WSTs

We investigated the situations when cities I and 1II are equally inhabited by workers in
Section 5.4.1. This section also considers the cases of intercity population concentration, by
clarifying the effects of changes in ¢» and 1 on the distributions n* of populations and WSTs
under stable equilibrium.

Figure 5.4 shows the contour plot of the difference in the number of workers at peak
d=

hour and off-peak hour (i.e., max ) ;cp Mfr;ax —min Y gep My, ™™ = argmaxm, min =
argminm) for each combination of ¢ and 1. That is, Figure 5.4 shows the effects of different
¢ and 1P on the distributions of intercity population and WSTs. We also change land supply
(L) and congestion situation () to see how the effects of different ¢ and ¢ change. In these
figures, the darker the shade of red, the more clustered are the WSTs; the darker the shade

of blue, the more staggered are the WSTs. Moreover, the mesh areas show the cases that
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Ficure 5.3: Distributions of intracity population and WSTs (L = 1).

population concentrates in one city.

Figures 5.4 shows that if the value of ¢ is fixed, the greater the value of ¢, intercity
population distribution can change from dispersed to concentrated. This result coincides
with “alleviation of traffic congestion by staggering WSTs distribution can lead to intercity
population concentration” in the property (a) of Proposition 5.5. Moreover, if the value of
¢ is fixed, the greater the value of 1), the more staggered the WSTs distribution. This result
implies that “The lower the positive spatial agglomeration externality, the more clustered the
WSTs distribution,” and coincides with the property (b) of Proposition 5.5.

Figure 5.4a shows that when L = 1, § = 1.01 (low land supply, low commuting cost) and
the value of ¢ is fixed, for intercity population dispersion state, the greater the value of ¢,
WSTs distribution changes in the order of “clustered, staggered.” This property coincides
with the general perception that “low positive temporal agglomeration externality leads to
staggered WSTs distribution.”

Figure 5.4b shows that when L = 1, § = 1.20 (low land supply, high commuting cost) and
the value of ¢ is fixed, for intercity population dispersion state, the greater the value of ¢,
WSTs distribution changes in the order of “staggered, clustered, restaggered.” This result
implies that “low positive temporal agglomeration externality can lead to clustered WSTs

distribution.” This property occurs when the effect of traffic congestion is large (e.g., low

¢To deeply understand the interaction between WSTs distribution and intercity population distribution, we
compare different conditions in each figure. (see 5.B).
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Ficure 5.4: Distributions of intercity population and WSTs.

road capacity).

So far, we have investigated the effect of changes in ¢ and 1) on WSTs distributions under
intercity population dispersion state. Next, let us investigate the WSTs distribution under
intercity population concentration state when the value of L increases. Figure 5.4c is the result
when L = 20, g = 1.20 (large land supply, high commuting cost). Itis different from the case of
L = 1: when the intercity population distribution is concentrated and the value of ¢ is fixed,
the greater the value of ¢», WSTs distribution changes in the order of “staggered, clustered,
restaggered.” This result shows that the decrease in temporal agglomeration externality can
lead to clustered WSTs distribution, independent of intercity population distribution. This

property occurs when the effect of land consumption is low (e.g., large land supply).
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5.4.2 Comparison between local optimum and stable equilibrium

This section investigates the local optimum properties and compares them with the
properties of stable equilibrium. To this end, we verify the consistency with theoretical
analysis results, and qualitatively analyze new properties through numerical analysis. Then

through these findings, we clarify the impact of policy implementation.
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Ficure 5.5: The number of workers of each WST under local optimum (L =
1, =1.01).

Distributions of intracity population and WSTs underlocal optimum and stable equilibrium

First, we show the distributions of intracity population and WSTs under local optimum.
Figure 5.5 shows the number of workers of each WST, and Figure 5.6a shows the stable
equilibrium and local optimum distributions of intracity population of city I in case of L =
1, p = 1.01. These results confirm that the distributions of urban population and WSTs
are consistent with Proposition 5.6 (i) and (ii) (similar properties to stable equilibrium).
Additionally, we have confirmed that the same results are obtained with other parameters,
as in the case of g = 1.01.

We then compare the distributions of intracity population and WSTs between stable
equilibrium and local optimum. Figure 5.6a implies that “population density near CBD
under local optimum is higher than that under stable equilibrium,” and it coincides with the
policy implementation effects shown in Proposition 5.7 (i).

Figure 5.6b shows the percentage of workers of each WST in each residential location under
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Ficure 5.6: Comparison of the distributions of populations and WSTs under
stable equilibrium and local optimum (L = 1, g = 1.01).

stable equilibrium and local optimum, where GZ{S’O} = ZZKD—ZE;{{::}, VYa € A,i € I. Here, we
list only cases of residential locations 1 and 2. The figulieepirralplies that “WSTs distribution
in each residential location under local optimum is more staggered than that under stable
equilibrium,” and it coincides with the policy implementation effects shown in Proposition
5.7 (ii).

Figure 5.6c shows the total number of workers of each WST under stable equilibrium and
local optimum. It implies that WSTs distribution under local optimum is more clustered
than that under stable equilibrium in the case of L = 1, g = 1.01. Thus, “staggering WSTs
distribution may decrease social welfare.” This result implies that there exist contrary results

to Henderson (1981). We also verify that in some cases (e.g., high commuting cost), whole

cities” WSTs distribution under local optimum can be more staggered than that under stable
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Ficure 5.7: Distributions of WSTs under stable equilibrium and local optimum
(L=1,p=145).

equilibrium, which are consistent with the results in Henderson (1981) (e.g., Figure 5.7).
Based on these results, we find that when the congestion is alleviated (high road capacity),
staggering WSTs distribution may decrease social welfare; when the commuting cost is high
(e.g, low road capacity), staggering WSTs distribution may improve social welfare. Therefore,
“staggering WSTs distribution does not necessarily improve social welfare.”

Moreover, Figure 5.8 shows the WSTs distribution under local optimum. It implies that
“The lower the positive spatial agglomeration externality, the more clustered the WSTs
distribution under local optimum,” which coincides with the property (b) of Proposition

5.8.

Distributions of intercity population under local optimum and stable equilibrium

This section investigates the effect of policy implementation on intercity population distribution.
Specifically, we clarify how the intercity population distributions under stable equilibrium
and local optimum in each combination of ¢ and 1) change, depending on land supply L and
the value of the parameter § of BPR function.

The intercity population distributions under stable equilibrium and local optimum are
shownin Figure 5.9 where Figures 5.9a, 5.9b and 5.9c show the intercity population distributions

in the cases of (L =20, § = 1.20), (L =1, § = 1.20) and (L = 20, = 1.45), respectively. The
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Ficure 5.8: Distribution of WSTs under local optimum (L = 1, § = 1.20).

area from the solid blue line to the upper left is the area of intercity population concentration
of stable equilibrium; meanwhile, the area from the dashed green line to the upper left is the

area of intercity population concentration of local optimum.

Figure 5.9 shows that “the lower the positive temporal agglomeration externality, the
intercity population will be concentrated” holds under stable equilibrium and local optimum.
These results coincide with property (a) in Proposition 5.5 and property (a) in Proposition 5.8.
Moreover, Figure 5.9a, 5.9b and 5.9c imply that intercity population concentration does not
necessarily improve social welfare. These results coincide with the property in Proposition

5.9.

We then examine the impact of intercity population distribution under different urban costs
on social welfare by comparing the Figure 5.9a, 5.9b and 5.9c. The comparison of Figures
5.9a and 5.9b implies that in the case of higher urban costs due to land consumption (lower
land supply L), intercity population concentration improves social welfare. The comparison
of Figures 5.9a and 5.9c implies that in the case of higher urban costs due to commuting
cost (worse congestion situation f), intercity population dispersion improves social welfare.
Therefore, we observe that for small cities, intercity population concentration may improve

social welfare; for large cities, intercity population dispersion may improve social welfare.
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Ficure 5.9: Comparison of the intercity population distributions under stable
equilibrium and local optimum.

5.5 Summary and Discussions

This chapter developed a system-of-cities model considering spatio-temporal agglomeration
economies by introducing urban spatial structure into Henderson (1981)’s WST choice model.
We showed that our model belongs to a class of potential game. Then, by using the properties

of the potential game, we show the following properties of the model:

1) The lower the positive spatial agglomeration externality, the more clustered the WSTs

distribution.

2) Low positive temporal agglomeration externality leads to intercity population concentration.
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3) The equilibrium spatial (temporal) distribution may be less (more) agglomerated than at

the optimum.

Here, Properties 3) implies that it is likely to be socially undesirable if policies such as
staggered work hours, and promotions of urban population inflow are implemented ineptly.

This chapter aims to establish a basic framework for analyzing the endogenous distributions
of populations and WSTs. Thus, we assumed that “firms are located in one CBD” and “firms
and workers are homogeneous.” However, these assumptions are considered to have a strong
influence on the distributions of populations and WSTs. Therefore, it would be valuable for
future research to extend this model into multi-central urban structure and investigate the

effects of heterogeneities in firms and workers.
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Appendix

5.A Proofs

5.A.1 Proof of Proposition 5.1

It follows from (5.17), (5.18) that P(n) is a potential function. Because P4(n) is a linear
function, hereafter, we prove the convexity of Pi(n), P»(n), P3(n) to clarify the convexity of

potential function P(n).

First, let us investigate the convexity of Pi(n). Hessian matrix of Pi(n) is expressed as

follows:

F yF
V2P (n) = , (5.41a)
YF F
o D D
F=a = a(Ex @ D). (5.41Db)
Do @ D

where, ® denotes the Kronecker product, E4 is an A X A matrix with all elements equal to 1,
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andd)z(l—gb)D,Dz

I-11-2 --- 0

The positive/negative definite of @ coincides with the positive/negative definite of its

inverse matrix ®~'; hence, we focus on @

1 ¢ -1
p-1 1+(1-¢2 ¢-1 0
o] ¢-1  1+(1-¢)P ¢-1
L
o p-1 1+(1-¢p ¢-1
¢-1 1

where ( = a[1 - (1 - ¢)?].

(5.42)

Let y;; denote the element (i, j) of @7, from the Gershgorin circle theorem, )\i‘l which

denotes any eigenvalue of @~ exists in the range of
Mi_l_?/iil <R; Viel.

where R; = Z§:1 il
Applying (5.43), it is readily that /\l._1 exists in the following range:

¢ g 1279
2-¢ " T2a ¢

1
0<—
T 2«
Therefore, A; is nonnegative.
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Let u be the eigenvalue of E4, E be an A X A identity matrix. Then, since

1-p 1 1
1 1-p 1
EA—[JEZ
11 1-u
= (A-wpT,

the eigenvalues of E4 are u = 0, A, the eigenvalue of V2Pi(n) is A; p > 0. Thus, V2P (n) is

positive-semidefinite, that is, P1(n) is a convex function.

Next, let us focus on the convexity of Pp(n). Hessian matrix of P>(n) can be expressed as

follows:

n o
V2Ps(n) = , (5.45a)
o) nH
d d d d
Veyy Vi, Ve oo Ve,
d d d
Vey, Vey -0 Veyy
nd = cha chA , (5.45b)
(0]
d
_ Ve A4|
a
VCZ& = diag { [Z c’(xg/i)] } . (5.45¢)
b=1 iel

We observe that V2P,(n) is a diagonal matrix, 77 is an upper triangular matrix, and all the

diagonal elements are positive. Thus, all the eigenvalues are positive, namely, VZPz(n) is
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positive-semidefinite. Moreover, since c¢’(x) > 0, VP2(n) is a convex function.

We next investigate the convexity of P3(n). Hessian matrix of P3(n) is expressed as follows:

X
V2P5(n) = , (5.46a)
o) XH
H{
HY o
x'= H? , (5.46b)
o
d
L HA-
HY = -1 (NI (5.46¢)

where I is a 1 X I matrix with all elements equal to 1. Since h’(x) < 0, the eigenvalues of

V2P;5(n) are positive and V2P3(n) is positive definite, namely, P3(n) is a convex function.

5.A.2 Proof of Proposition 5.3

Suppose (d,a —1,i), (d,a—1,]) € supp(n*) foralld € D,a € A, i,j € I. From (5.23), we

have

of (1) =0 (1) = —c(x) + c(x). (5.47)
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Thus we have the following condition:

d * d * . dx* dx
v, (") > va,].(n ) if X< Xy
lei(n*) = vglj(n*) if xg:*i = xg:*j, (5.48)

d d 3 d* d:e
va,i(n*) < Ua,].(n*) if Xo > X

Suppose (d,a —1,i) ¢ supp(n*) and (d,a — 1, j) € supp(n*), we have
vl (n") - v;{j(n*) < —c(x®) + c(xgjj). (5.49)
Therefore, we have the following condition:

vgri(n*)<vad,].(n*) if x;j;.>x;jj].. (5.50)

Suppose N%* > 0, thus, there exists i which satisfies xg*i > 0. Moreover, from (5.48) and
(5.50), we observe that xZ*i > 0if (d,a —1,i) € supp(n*). Combining this result with (5.48),
we have Proposition 5.3 (i).

Furthermore, it follows from (5.50) that if (d,a —1, i) ¢ supp(n*) and (d,a—1, j) € supp(n”),

dx*

X
a,i

< xl’f*j holds. By combining this result with Proposition 3 (i), ng*z. < ng*j holds, thus, we

have Proposition 5.3 (ii).

5.A.3 Proof of Proposition 5.5

Suppose n* is an equilibrium, according to (5.15a), we have the following condition:

I I o1 I
vt = vu,i(n*) = va’i(n*) if n, >0, n,. >0,
_ 1 1l - I no_
vt = va,i("*) > Ua,i("*) if n, . > 0, n,; = 0, 551)
vt = vgﬂ.(n*) > vzli(n*) if ni/i =0, ng,i >0,

o'z ol ), 02 ol ) if =0, nll, =0
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Thus, it is readily to verify that (I, a,i) ¢ supp(n”) is equivalent to vzli(n*) > vgi(n*).
Moreover, ¢ < f,i(n*(1 — ¢), ¢) is equivalent to U[Il’i(n*) > vg,i(n*) foralla € A, i € I;

therefore, Proposition 5.5 holds.

5.B Examples of the distributions of populations and WSTs

In this section, we show effects of ¢ and i) on distributions of populations and WSTs

relative to Figure 5.4, under the changes of land supply (L) and congestion situation (f8).

5.B.1 Differentpositive spatio-temporal agglomeration externalities under different

intercity population distributions

In Figure 5.4a (L = 1, = 1.01), point A (¢ = 0.2, ¢ = 0.95) shows the state of intercity
population concentration, points B (1 = 0.95, ¢ = 0.95) and C (¢ = 0.2, ¢ = 0.2) show
the states of intercity population dispersion. We use these 3 points to show the effects of
different intercity population distributions on the distributions of intracity population and
WSTs. Figure 5.10a shows the comparison of intracity population distributions, and Figure

5.10b shows the comparison of WSTs distributions.
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(a) Distributions of intracity population. (8) Distributions of WSTs.

Ficure 5.10: Distributions of intracity population and WSTs (L =1, § = 1.01).

The followings explain the mechanisms of those distributions” formations:

A Low positive temporal agglomeration externality (high ¢) (e.g., easy interaction among

different WSTs) and high positive spatial agglomeration externality (low ¢) (e.g., difficult
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interaction between different cities) lead to intercity population concentration. Meanwhile,
low positive temporal agglomeration externality yield the less effect of temporal agglomeration

economies; thus, the distribution of WSTs will be staggered.

B Low positive temporal agglomeration externality (high ¢) and low positive spatial
agglomeration externality (high ) (e.g., easy interaction between different cities) lead
to intercity population dispersion and high productivity of firms (workers” wage).
Thus, the effects of spatio-temporal agglomeration economies will be less, and the

distributions of intracity population and WSTs will be dispersed.

C High positive temporal agglomeration externality (low ¢) (e.g., difficult interaction
among different WSTs) and high positive spatial agglomeration externality (low ¢)
lead to intercity population dispersion and low productivity of firms (workers” wage).
Thus, the effects of spatio-temporal agglomeration economies will be greater, and the

distributions of intracity population and WSTs will be agglomerated.

5.B.2 Different positive temporal agglomeration externalities under intercity population

dispersion state

In Figure 5.4b (L = 1, f = 1.20), points D (¢ = 0.95, ¢ = 0.1), E (¢ = 0.95, ¢ = 0.45), and F
(¥ = 0.95, ¢ = 0.95) show the states of intercity population dispersion. We use these 3 points
to show the effects of different positive temporal agglomeration externalities (different ¢)
on the distributions of intracity population and WSTs under intercity population dispersion
state. Figure 5.11a shows the comparison of intracity population distributions, and Figure
5.11b shows the comparison of WSTs distributions.

The followings explain the mechanisms of those distributions” formations:

D High positive temporal agglomeration externality (low ¢) leads to low productivity of
firms (workers” wage). Thus, the effects of spatio-temporal agglomeration diseconomies

will be greater, and distributions of intracity population and WSTs will be dispersed.

E Relatively low positive temporal agglomeration externality (relatively high ¢) leads

to relatively high productivity of firms (workers” wage). Thus, the effects of spatio-
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Ficure 5.11: Distributions of intracity population and WSTs (L = 1, = 1.20).

temporal agglomeration diseconomies will be less, and the distributions of intracity

population and WSTs will be agglomerated.

F Because of the low positive temporal agglomeration externality (high ¢), starting work
at any time has virtually no effect on the productivity of firms (workers” wage). Thus,
the effects of spatio-temporal agglomeration economies will be less, traffic congestion
will be alleviated, effects of spatial agglomeration economies will be lower; and the

distributions of intracity population and WSTs will be dispersed.

5.B.3 Different positive temporal agglomeration externalities under intercity population

concentration state

Next, we consider the cases in Figure 5.4c (L = 20, g = 1.20), points H (¢ = 0.05, ¢ = 0.5),
I( =0.05 ¢ =0.7),and J ( = 0.05, ¢ = 0.95) show the states of intercity population
concentration. When L = 20, land supply in each residential location is sufficient, net utility
from land consumption of workers is sufficient high, and spatial agglomeration diseconomies
due toland consumption will be lower; thus, intracity population distribution of these 3 points
are consistent.

We then use these 3 points to show the effects of different positive temporal agglomeration
externalities (different ¢) on intracity population and WSTs distributions under intercity

population concentration state. Figure 5.12 shows the comparison of WSTs distributions.
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The followings explain the mechanisms of those distributions” formations:

H High positive temporal agglomeration externality (low ¢) leads to low productivity of
firms (workers’ wage). Thus, the effects of spatio-temporal agglomeration diseconomies

will be greater, and the distribution of WSTs will be staggered.

I Relatively low positive temporal agglomeration externality (relatively high ¢) leads
to relatively high productivity of firms (workers” wage). Thus, the effects of spatio-
temporal agglomeration diseconomies will be less, and the distribution of WSTs will be

clustered.

] Because of the low positive temporal agglomeration externality (high ¢), starting work
at any time has virtually no effect on the productivity of firms (workers” wage). Thus,
the effects of spatio-temporal agglomeration economies will be less, traffic congestion

will be alleviated, and the distribution of WSTs will be staggered.

5.B.4 Different positive spatial agglomeration externalities under intercity population

dispersion state

In Figure 5.4b (L = 1, = 1.20), points E (y = 0.95, ¢ = 0.45) and G (¢ = 0.2, ¢ = 0.45)
show the states of intercity population dispersion. We use these 2 points to show the effects
of different positive spatial agglomeration externalities (different 1)) on intracity population
and WSTs distributions under intercity population dispersion state. Figure 5.13a shows the
comparison of intracity population distributions, and Figure 5.13b shows the comparison of
WSTs distributions.

The followings explain the mechanisms of those distributions” formations:

E Low positive spatial agglomeration externality (high ) leads to high productivity of
firms (workers” wage). Thus, the effects of spatio-temporal agglomeration diseconomies

will beless, and the distributions of intracity population and WSTs will be agglomerated.

G High positive spatial agglomeration externality (low 1) leads to low productivity of
firms (workers’ wage). Thus, the effects of spatio-temporal agglomeration diseconomies

will be greater, and the distributions of intracity population and WSTs will be dispersed.
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Conclusions and Future Works

6.1 Summary

In this dissertation, we have investigated the long-term effects of 2 types of TDM measures
on structural changes in cities. The long-term effects of reduction in road traffic demand and
reduction in spatial and temporal agglomeration of economic activities are verified in Part I
and II, respectively.

In Part I, we focused on temporal distribution of economic activities to clarify which
departure time and which commuting mode commuters will choose. More specifically, In
Chapter 2 and Chapter 3, we developed frameworks considering commuters” departure time
and mode choice behavior, and scale economies in rail transit and carpooling, respectively.
We then show the properties of equilibria when the regulator sets rail/carpooling fares equal

to the marginal cost or average cost and when there is no regulation on rail/carpooling fares.
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By comparing these equilibria, we obtained the following findings:

1) Theimplementation of marginal cost regulation leads to the highestnumber of rail/ carpooling

commuters and the lowest equilibrium commuting costs;

2) If average cost regulation is implemented simultaneously with the development of rail
transit/carpooling, the number of rail / carpooling commuters will not increase and equilibrium

commuting costs will not change;

3) Ifaverage costregulationis implemented when rail/carpooling operators are monopolistically
competitive, rail/carpooling commuters will increase and equilibrium commuting costs

will decrease.

These results imply that when it is difficult to implement marginal cost regulation, a hasty
implementation of average cost regulation can lead to a socially undesirable situation (i.e.,
high rail/carpooling fares and non-increasing in the number of rail/ carpooling commuters).
The above results also indicate that one way to alleviate the problem is to “allow rail operators
to be a monopoly to increase the number of rail/carpooling commuters, and then implement
average cost regulation.” These results are unique to this chapter and have not been presented
in previous studies.

In Part II, we focused on both spatial and temporal distribution of economic activities to
clarify how commuters choose where they reside (urban or rural, which city, which residential
location) and their WSTs under equilibrium and after policy implementation.

Specifically, Chapter 4 developed an open city model considering spatial and temporal
agglomeration economies by introducing multiple residential locations and rural area into
Henderson (1981)’s WST choice model. We showed that our model belongs to a class of
potential game. Then, by using the properties of the potential game, we show the following

properties of the model:

1) The greater interaction among different WSTs leads to spatial agglomeration (i.e., rural-

to-urban migration), however, does not necessarily lead to lower population density.

2) The increase of traffic congestion leads to clustered WSTs.
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3) The urban population at optimum can be lower than at equilibrium when urban cost is

high.

Note that Property 2) shows that the contrary finding to (Takayama, 2019) and Chapter 5
occurs when the urban spatial structure is considered as an open city. And Property 3)
implies that promoting rural-urban migration is not necessarily socially desirable.

Chapter 5 developed a system-of-cities model considering spatio-temporal agglomeration
economies by introducing multiple residential locations and multiple cities into Henderson
(1981)’s WST choice model. Similar to Chapter 4, potential game also exists in this model.
Then by using the properties of the potential game, we show the following properties of the

model:

1) The lower the positive spatial agglomeration externality, the more clustered the WSTs

distribution.
2) Low positive temporal agglomeration externality leads to intercity population concentration.

3) The equilibrium spatial (temporal) distribution may be less (more) agglomerated than at

the optimum.

Here, Properties 3) implies that it is likely to be socially undesirable if policies such as

staggered work hours, and promotions of urban population inflow are implemented ineptly.

6.2 Future Works

This dissertation is not the final word on the analysis of long-run structural changes in
cities.

Since this Chapter 2 and 3 focused on the impacts of the marginal cost/average cost
regulations on rail/carpooling fares, we only consider the equilibria under those regulations /
without regulation. Thus, it is important to clarify the impacts of other regulations such as
price-cap regulation (Kidokoro, 2006), compare social (i.e., first-best) optimum and second-
best optimum as in Tabuchi (1993) and obtain insights on policies to achieve them (e.g.,

subsidies, time-of-day-varying fare, congestion pricing).
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Chapter 4 and 5 aimed to establish basic frameworks for analyzing the endogenous
distributions of populations and WSTs. Thus, we assumed that “firms are located in one CBD”
and “firms and workers are homogeneous.” However, these assumptions are considered to
have a strong influence on the distributions of populations and WSTs. Therefore, it would
be valuable for future research to extend this model into multi-central urban structure and
investigate the effects of heterogeneities in firms and workers.

Next, we provide further details about three specific directions that are particularly urgent

in our opinion.

1. To build a model considering spatial and temporal agglomeration economies that can
deal with peak-period congestion.
To integrate Part I and Part II, and extend to corridor network with multiple bottlenecks.

2. To describe the endogenous formation of CBD and take into account the land use of
firms.
To integrate our model with Fujita and Ogawa (1982) model.

3. To represent the urban structure of the next generation and propose efficient forms of
public transportation.

To consider mobility services, telework and heterogeneities in firms and workers.
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