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ESTIMATES FOR SINGULAR INTEGRALS ON

HOMOGENEOUS GROUPS

SHUICHI SATO

Abstract� We consider singular integral operators and maximal singu�
lar integral operators with rough kernels on homogeneous groups� We
prove certain estimates for the operators that imply Lp boundedness
of them by an extrapolation argument under a sharp condition for the
kernels� Also� we prove some weighted Lp inequalities for the operators�

�� Introduction

Let Rn � n � �� be the n dimensional Euclidean space� We also regard Rn as
a homogeneous group with multiplication given by a polynomial mapping� So�
we have a dilation family fAtgt�� on R

n such that each At is an automorphism
of the group structure� where At is of the form

Atx � �t
a�x�� t

a�x�� � � � � t
anxn�� x � �x�� � � � � xn��

with some real numbers a�� � � � � an satisfying � � a� � a� � � � � � an �see
	�
� and 	��� Section � of Chapter ���� We also write Rn � H � In addition
to the Euclidean structure� H is equipped with a homogeneous nilpotent Lie
group structure� where Lebesgue measure is a biinvariant Haar measure� the
identity is the origin �� x�� � �x and multiplication xy� x� y � H � satis�es

��� �ux��vx� � ux� vx� x � H � u� v � R�
��� At�xy� � �Atx��Aty�� x� y � H � t � ��
��� if z � xy� then zk � Pk�x� y�� where P��x� y� � x��y� and Pk�x� y� �

xk � yk � Rk�x� y� for k � � with a polynomial Rk�x� y� depending
only on x�� � � � � xk��� y�� � � � � yk���

We denote by jxj the Euclidean norm for x � R
n � Also� we have a norm

function r�x� satisfying r�Atx� � tr�x� for t � � and x � Rn � We assume the
following�

��� the function r is continuous on Rn and smooth in Rn n f�g�
��� r�x�y� � C��r�x��r�y��� r�xy� � C��r�x��r�y�� for some constant

C� � �� r�x
��� � r�x��

���� Mathematics Subject Classi�cation� Primary ��B���
Key Words and Phrases� Singular integrals� homogeneous groups�

�
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��� there are positive constants c�� c�� c�� c�� ��� ��� �� and �� such that

c�jxj
�� � r�x� � c�jxj

�� if r�x� � ��

c�jxj
�� � r�x� � c�jxj

�� if r�x� � ��

��� if � � fx � Rn � r�x� � �g� then � � Sn�� � fx � Rn � jxj � �g�

Let � � a� � � � �� an� Then� dx � t��� dS dt� that is�Z
Rn

f�x� dx �

Z �

�

Z
�

f�At	�t
��� dS�	� dt

for an appropriate function f with dS � 
 dS�� where 
 is a strictly posi
tive C� function on � and dS� is the Lebesgue surface measure on �� For
appropriate functions f� g on H � the convolution f � g is de�ned by

f � g�x� �

Z
Rn

f�y�g�y��x� dy�

The space H with a left invariant quasimetric d�x� y� � r�x��y� can be
regarded as a space of homogeneous type �see 	�� 
� ��� ��� �
� ��� ��� �
� for
more details��
The Heisenberg group H � is an example of a homogeneous group� If we

de�ne the multiplication

�x� y� u��x�� y�� u�� � �x � x�� y � y�� u� u� � �xy� � yx������

�x� y� u�� �x�� y�� u�� � R� � then R� with this group law is the Heisenberg group
H � � a dilation is de�ned by At�x� y� u� � �tx� ty� t

�u��
Let � be locally integrable in Rn n f�g and homogeneous of degree � with

respect to the dilation group fAtg� that is� ��Atx� � ��x� for x �� �� t � ��
We assume that Z

�

��	� dS�	� � ��

Let K�x� � ��x��r�x��� � x� � Ar�x���x for x �� �� For s � �� let ds denote
the collection of measurable functions h on R	 � ft � R � t � �g satisfying

khkds � sup
j�Z

�Z �j��

�j
jh�t�js dt�t

���s

���

where Z denotes the set of integers� We de�ne khkd� � khkL��R��� Note
that ds 	 du if s � u� Also� put for t � ��� ��� 　


�h� t� � sup
jsj�tR��

Z �R

R

jh�r � s�� h�r�j dr�r�

where the supremum is taken over all s and R such that jsj � tR�� �see
	��� ����� For � � �� let �� denote the family of functions h such that

khk
� � sup
t���	��

t��
�h� t� ���
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De�ne a space ��s � ds 
�
� and set khk
�s � khkds � khk
� for h � �

�
s � Note

that ���s 	 ���s if �� � ��� and �
�
s� 	 �

�
s� if s� � s��

Let

Tf�x� � p�v�f � L�x� � p�v�

Z
Rn

f�y�L�y��x� dy������

where L�x� � h�r�x��K�x�� h � d�� We consider L
q��� spaces and write

kFkq �
�R
�
jF �	�jq dS�	�

���q
for F � Lq��� �kFk� is de�ned as usual�� Let

s� � s��s��� denote the conjugate exponent to s� We shall prove Lp estimates

for Tf with h � �
��s�

s and � � Ls���� s � �� as s approaches ��

Theorem �� Let s � �� Suppose that � � Ls��� and h � �
��s�

s for some

�xed positive number �� Then� if � � p ���

kTfkp � Cps�s� ��
��khk



��s�

s
k�kskfkp�

where the constant Cp is independent of s� � and h�

We denote by L logL��� the Zygmund class of all those functions F on �
which satisfy Z

�

jF �	�j log�� � jF �	�j� dS�	� ���

Let � denote the collection of functions h on R	 such that there exist a
sequence fhkg

�
k�� of functions on R	 and a sequence fakg

�
k�� of nonnegative

real numbers satisfying h �
P�

k�� akhk� hk � �
���k	��
�	��k � supk�� khkk
���k���

����k

�

� and
P�

k�� kak ���
Theorem � implies the following result�

Theorem �� Let Tf be as in ������ Suppose that h � � and � � L logL����
Then� T is bounded on Lp�Rn � for all p � ������

When h � � �a constant function�� this is due to 	�
�� See 	�� �� ��� ��� ���
�
� for relevant results and also 	��� ��� �
� for weak ��� �� boundedness�
We also consider the maximal singular integral operator

T�f�x� � sup
N	
��

�����
Z

�r�y��N

f�xy���L�y� dy

����� ������

We shall prove analogs of Theorems � and � for the operator T��

Theorem �� Let a number s and functions h� � be as in Theorem �� Then

we have

kT�fkp � Cps�s� ��
��khk



��s�

s
k�kskfkp

for all p � ������ where Cp is independent of s� h and ��

By Theorem � we have the following result�



� SHUICHI SATO

Theorem �� Suppose that � � L logL��� and h � �� Let T�f be de�ned as

in ����� by using the functions � and h� Then� T� is bounded on Lp�Rn � for
p � ������

This seems to be novel even in the case when h � �� If h � �� Theorem
� can be proved by interpolation between L� estimates and weak ��� �� esti
mates� both of which are given in 	�
�� For T� with � � L logL� weak ��� ��
boundedness is yet to be proved even in the case h � ��
In this note we shall show that results of Tao 	�
� can be used to ob

tain an analog of a theory of Duoandikoetxea and Rubio de Francia 	��� for
homogeneous groups which can prove Theorems � and �� In our situation�
LittlewoodPaley theory �see Lemma � in Section �� and interpolation argu
ments are available as in 	���� although we cannot apply Fourier transform
estimates as e�ectively as in 	���� We shall show that L� estimates of Lemma
� in Section � can be used as a substitute for Fourier transform estimates if
we apply Cotlar�s lemma instead of Plancherel�s theorem� Our methods may
extend to the study of some other interesting operators in harmonic analysis
�see 	��� 	�����
Let fBtgt��� Bt � tP � exp��log t�P �� be a dilation group on Rn � where

P is an n � n real matrix whose eigenvalues have positive real parts� Let N
be a locally integrable function on Rn n f�g such that N�Btx� � t��N�x��
� � trace P � for t � � and x � R

n n f�g� Let J�x� � h�r�x��N�x� with an
appropriate norm function r�x� for fBtgt��� If we de�ne

Sf�x� � p�v�

Z
Rn

f�y�J�x� y� dy�

using Euclidean convolution� assuming an appropriate cancellation condition
for J � then we can apply methods of Duoandikoetxea and Rubio de Francia
	��� via Fourier transform estimates to prove Lp boundedness� p � ������ of
S under an L logL condition on fr�x� � �g for N and the condition

sup
j�Z

Z �j��

�j
jh�r�j �log�� � jh�r�j��

a
dr�r ��

for h with some a � �� Also� a similar result for maximal singular integrals
holds �see 	��� �����
We can also prove some weighted norm estimates for T and T�� Let B be

a subset of H such that

B � fx � H � r�a��x� � sg

for some a � H and s � �� Then we call B a ball in H with center a and
radius s and write B � B�a� s�� Note that jB�a� s�j � cs� with c � jB��� ��j�
where jSj denotes the Lebesgue measure of a set S� Let Ap� � � p � ��
be the weight class of Muckenhoupt on H de�ned to be the collection of all
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weight functions w on H satisfying

sup
B

�
jBj��

Z
B

w�x� dx

��
jBj��

Z
B

w�x�����p���dx

�p��
���

where the supremum is taken over all balls B in H �see 	�� ����� Also� the
class A� is de�ned to be the family of all weight functions w on H satisfying
the pointwise inequality Mw � Cw almost everywhere� where M denotes the
HardyLittlewood maximal operator

Mf�x� � sup
x�B

jBj��
Z
B

jf�y�j dy�

the supremum is taken over all balls B in H containing x �see 	�� 
� ����� We
can prove the following weighted estimates�

Theorem �� Let q � �� Suppose that � � Lq��� and h � ��q for some � � ��
Let � � p ��� Then�

��� T and T� are bounded on Lp�w� if q� � p �� and w � Ap�q� �

��� if � � p � q and w � Ap��q� � T and T� are bounded on Lp�w��p��

See 	�� ��� for the case of rough singular integrals de�ned by Euclidean
convolution�
In Section �� we shall give some preliminary results from 	�
� for calculation

on homogeneous groups� Basic L� estimates �Lemma �� will be proved in
Section � by applying methods of 	�
�� Using the L� estimate� we shall prove
Theorem � in Section � by means of a process of 	��� ��� ���� In Section �� we
shall prove Theorem � by adapting arguments of 	��� for the present situation�
Theorem � will be proved in Section � by applying arguments of 	�� and using
results of Sections ���� Finally� we shall prove Theorem � from Theorem �
in Section � by an extrapolation argument� Theorem � can be proved in the
same way from Theorem �� In what follows� even when we consider functions
that may assume general complex values� we deal with real valued functions
only to simplify our arguments� The letters C� c will be used to denote positive
constants which may be di�erent in di�erent occurrences�

�� Preliminary results

In this section we recall several results from 	�
�� Let f � R � H be smooth�
Then the Euclidean derivative tf�t� is de�ned by

f�t� �� � f�t� � �tf�t� � ��O��� for � � ��� ���

We de�ne the left invariant derivative Lt f�t� by

f�t� �� � f�t���Lt f�t�� � ��O��� for � � ��� ���
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Fix x � H and consider Gx � R
n � R

n de�ned by Gx�y� � xy� Let
JGx�y� be the Jacobian matrix of Gx at y� Then JGx�y� is a lower tri
angular matrix� The components of JGx�y� are polynomials in x� y and each
diagonal component is equal to � �see ��� in Section ��� We can see that
Lt f�t� � JGf�t����f�t��tf�t��
We have the product rule

Lt �f�t�g�t�� � Lt g�t� � C	g�t��Lt f�t�������

where C	x� � Rn � R
n is a linear mapping de�ned by

x����v�x � �C	x�v � ��O��� for � � ��� ���

We note that

C	x��� �C	x���� C	Atx��Atv� � At�C	x�v��

jC	x�vj  jvj if jxj � ��
�����

De�ne a polynomial mapping X � Rn � R
n by

A�	
x � x��X�x�� � ��O��� for � � ��� ���

Then

X�Atx� � AtX�x�� r�X�x��  r�x������

and

Lt �As�t�f�t�� � As�t�
L
t f�t� � s��t�s�t���

�
As�t�X�f�t��

�
������

where s�t� is a strictly positive� smooth function on R	 � Also� X is a di�eo
morphism with Jacobian comparable to ��

�� L� estimates

Let � be a C� function with compact support in B��� �� n B��� ���� sat

isfying
R
� � �� ��x� � ���x�� ��x� � � for all x � R

n � where ���x� � ��x����
De�ne

�k � ��k���� ��k�� k � Z�

where �t��x� � t����A��t x� and � � �� Note that supp��k� 	 B��� �k� n

B��� �k������ �k � ��k and
P

k�k � �� where � is the delta function� Let
�j � C�� �R�� j � Z� be such that

supp��j� 	 ft � R � �j � t � �j	�g� �j � ��X
j�Z

�j�t� � � for t �� ��

j�d�dt�m�j�t�j � cmjtj
�m for m � �� �� �� � � � �

where cm is a constant independent of � �this is possible since � � ���
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Let

SjL�x� � �log ��
��h�r�x��

Z �

�

�j�t��tK��x� dt�t�

where
K��x� � K�x��D��x�� D� � fx � Rn � � � r�x� � �g�

Here �E denotes the characteristic function of a set E� Then
P

j�ZSjL � L�
Furthermore� let

Sj�F� ���x� � �log ��
����r�x��

Z �

�

�j�t��tF �x� dt�t������

where F � L��Rn �� supp�F � 	 D� and � � d�� Let � be a nonnegative
smooth function such that

R
��x� dx � �� ��x��� � ��x�� supp��� 	 B��� ���

De�ne

U�f � U��F� ���f� �
X
j

�jf � �j ������

where

�j�x� � �j�F� ���x� � Sj�F� ���x� ��j�x��

�j�x� � �j�F� ���x� � �

Z
Sj�F� �� dx���j��x��

and � � f�jg is an arbitrary sequence such that �j � � or ��� We note
that

R
�j�x� dx � �� SjL � �j�K�� h� � Sj�K�� h� and U��K�� h��f� � Tf if

�j � � for all j� We prove the following L
� estimates�

Lemma �� Suppose that s � �� F � Ls�D�� and � � �
��s�

s for some �xed

positive number �� where we write F � Ls�D�� if F � Ls�Rn � and supp�F � 	
D�� Let �j � �j�F� ��� Then� for j� k � Z we have

kf � �j ��kk� � C�log ��min��� ��
�jj�kj�c��s
�

�k�k


��s�
s

kFkskfk������

for some positive constants C� � and c independent of �� s� � and F �

Proof� It su ces to prove Lemma � with � in place of �j � assuming j � � on
the right hand side of ������ where

��x� � �log �������jr�x��

Z �

�

�j��
jt��tF �x� dt�t� �

Z
Sj�F� �� dx���x��

This can be seen from change of variables and the formulas� �t�f � g� �
��tf� � ��tg�� ���j�j � �� ���j�k � �k�j �
If k � �� then from the cancellation condition for � and the smoothness of

�k we have

k� ��kk� � C�log ��min
�
�� ��
k	

�
k�kd�kFk������

for some �� � � �� which implies the conclusion by Young�s inequality� if the
constant c is large enough�
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The following result is useful�

Lemma �� Suppose that � � dq� F � Lq�D�� for some q � �� Put S �
���jSj�F� ��� Then

kSkq � C�log ��k�kdqkFkq�

where the constant C is independent of � and q�

Proof� Suppose that q � �� Since
R�
� �j��

jt� dt�t � � log �� H!older�s in
equality implies

kSkqq � �log ��
�q�� log ��q�q

�

ZZ �

�

j���jr�x��jq�j��
jt�j�tF �x�j

q dt�t dx

� �log ���q�� log ��q�q
�

ZZ �

�

j���jtr�x��jq�j��
jt�jF �x�jqt����q� dt�t dx�

Let N be a positive integer such that �� � �N	� � ���� ThenZ �

�

j���jtr�x��jq�j��
jt�t����q� dt�t

�

NX
m��

Z �m���jr�x�

�m�jr�x�

j��t�jq���jr�x���t�����q� dt�t�

�
NX

m��

�m����q�

Z �m���jr�x�

�m�jr�x�

j��t�jq dt�t

� C�log ��k�kqdq �

where C � ��� Collecting results� we get the conclusion for q � �� Also�
we easily see that kSk� � Ck�kd�kFk�� which implies the conclusion for
q ��� �

The estimate ����� can be shown as follows� First� by Lemma � with q � �

k� ��kk� � C�log ��k�kd�kFk�������

Suppose that k � �� Let t � �k��� Then �k � �t��� Since
R
� � ��

� ��k�x� �

Z
t��

�
���A

��
t �y

��x�� ����A
��
t x��

�
��y� dy�����

�

Z
t��

�Z �

�

W ��u� du

�
��y� dy�

where

W �u� � ����uY �
��X� � ���P���uY�X�� � � � � Pn��uY�X���

with Y � At��y�X � At��x �see ��� in Section ��� Note that

W ��u� � h�r����P���uY�X�� � � � � Pn��uY�X���

�uP���uY�X�� � � � � uPn��uY�X��i�
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where r�� � �x���� x���� � � � � xn��� and h�� �i denotes the Euclidean
inner product in Rn � Also� note that

uPi��uY�X� � h�Y�rxPi��uY�X�i�

where

rxPi�x� y� � �x�Pi�x� y�� � � � � xnPi�x� y���

We may assume that r�Y � � C��� r�X� � C�� in ����� by checking the
support condition� Therefore

sup
u���	��

juPi��uY�X�j � CjY j�M

for some M � � and hence

jW ��u�j � CjY j�M j�r�����uY �
��X�j�

Note that kr��k� � C� kA��t k �a norm for A��t as a linear transformation on
R
n � is less than Ct�� and jyj � C��� on the support of �� with � � ����� � �
���� �see ��� of Section ��� Therefore�

k� ��kk� � C�Mkr��k�

Z
jA��t �y�jj��y�j dy�����

� C�M t��
Z
jyjj��y�j dy

� C�M t�����k�k� � C�log ����k����	�	Mk�kd�kFk��

By ����� and ������ we have ����� for k � ��
We next assume that k � ��� Since

R
���x� dx � �� as in the proof of

����� we have

k� ��kk� � k���k� ���k� � C��
jkj�

Therefore� separately estimating kf � S ��kk� and kf � �
R
Sj�F� ���� ��kk��

it su ces to prove

kf � S ��kk� � C�log ��min��� ��
�jkj�c��s
�

�k�k


��s�
s

kFkskfk�����
�

where S � ���jSj�F� �� as above�
By the estimate

kS ��kk� � C�log ��k�kd�kFk�

and the T �T method� to prove ���
� it su ces to show that			f ��k � �S � S ��k

			
�
� C�log ����
�k	c��s

�

k�k�


��s�
s

kFk�skfk�������

Since kT �Tk � k�T �T �nk��n� ����� follows from			f � 
�k � �S � S ��k

�n
�

			
�
� C�log ���n�
�k	c��s

�

k�k�n


��s�

s

kFk�ns kfk�
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for some �� c � �� where


�k � �S � S ��k

�n
�
denotes the convolution product

of n factors of �k � �S � S ��k� By Young�s inequality� this follows from the
L� estimate			
�k � �S � S ��k

�n
�

			
�
� C�log ���n�
�k	c��s

�

k�k�n


��s�
s

kFk�ns �������

Note that


�k � �S � S ��k

�n
�
� �k � �S�S�



�k ��k � �S � S

�n��
�

��k� Since

k��k �
�Sk� � C�log ��k�kd�kFk� and �

�
k �
�S�x� �

R
�y�x��

�
k �
�S�y� dy� where

�y�x� is the delta function concentrated at y and �
�
k is either �k or �k ��k�

������ follows from

k�w� � S � � � � � �wn � S ��kk� � C�log ��n�
�k	c��s
�

k�kn


��s�
s

kFkns

uniformly for w�� � � � � wn � B��� C���� To get this� it su ces to prove

jh�w� � S � � � � � �wn � S ��k� gij � C�log ��n�
�k	c��s
�

k�kn


��s�

s

kFkns������

uniformly in w�� � � � � wn � B��� C���� for all smooth g with compact support
satisfying kgk� � ��
Fix g� Then� the inner product on the left hand side of ������ is equal toZZZ

�k�x�g�H�y� t�x�

nY
i��

���ti� yi�F �yi���ti�� dy "dt dx�������

where ��ti� yi� � ��ti�
jr�yi��� ��ti� � �log ��

���j��
jti�� t � �t�� � � � � tn�� y �

�y�� � � � � yn� � Dn
� �
"dt � �dt��t�� � � � �dtn�tn�� dy � dy� � � � dyn and

H�y� t� �

nY
i��

wiAtiyi � w�At�y� � � � wnAtnyn�

This is valid since

h�w� � S � � � � � �wn � S ��k� gi

�

Z
S�y�� � � � S�yn��k�x�g

��
nY
i��

wiyi

�
x

�
dy dx

�

Z nY
i��

�
��ti����

jr�yi���tiF �yi�

�k�x�g

��
nY
i��

wiyi

�
x

�
dy dx "dt�

which will coincide with the integral in ������ after a change of variables�
Let DH�y� t� be the n� n matrix whose ith column vector is LtiH�y� t��

DH�y� t� �
�
Lt�H�y� t�� � � � � 

L
tnH�y� t�

�
�
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Then� ������ follows from the two estimates�

������

�����
ZZZ

�k�x�G��y� t�g�H�y� t�x�

nY
i��

���ti���ti� yi�F �yi�� dy "dt dx

�����
� C�log ��n�
�k	c��s

�

k�kn


��s�
s

kFkns �

������

�����
ZZZ

�k�x�G��y� t�g�H�y� t�x�
nY
i��

���ti���ti� yi�F �yi�� dy "dt dx

�����
� C�log ��n��
�k	c��s

�

k�kn


��s�

s

kFkn�

with

G��y� t� � ��
�
��n
k det�DH�y� t��

�
�

G��y� t� � ��
�
��n
k det�DH�y� t��

�
�

where �� is a function in C�� �R� such that � � �� � �� supp���� 	 	��� ���
���t� � � for t � 	����� ����� �� � �� ��� and �� � are small positive numbers�
Proof of ������� Since k�kk� � C�

R
��ti� dti�ti � C log � andZ

jF �yi���ti� yi�j
s��ti� dyi dti�ti � C�log ��k�ksdskFk

s
s

�see the proof of Lemma ��� by H!older�s inequality� it su ces to show thatZ
Dn
�

���	��
�
��kn
 jdet�DH�y� t��j

�
dy � C�
�k	c�������

uniformly in t � 	�� ���n and w�� � � � wn � B��� C���� By ����� and �����

LtiH�y� t� � t��i C	Qi��AtiX�yi��� � � i � n� �� LtnH�y� t� � t��n AtnX�yn�

where Qi �
Qn

j�i	� wjAtjyj for � � i � n��� Fixing y�� � � � � yn and changing

variables with respect to y�� we see that the integral in ������ is majorized by

Ct���

Z
�D��D

n��
�

���	��
�
c��kn
t��� jdet�J�y� t��j

�
dy�d"y�

where �D� � fx � Rn � jxj � C�Mg� M�C � �� d"y � dy� � � � dyn and

J�y� t� � �y�� 
L
t�H�y� t�� � � � � 

L
tnH�y� t���

To see this� it may be convenient to write

Lt�H�y� t� � t��� A��C	A���Q���A���At�X�y����

and to note that jA���Q�j � C �see ������� Repeating this argument succes
sively for y�� � � � � yn� we can see that ������ follows from

�t� � � � tn�
��

Z
�Dn
�

���	��
�
c��kn
�t� � � � tn�

�� jdetY j
�
dy � C�
�k	c��������
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where Y denotes the n � n matrix whose ith column vector is yi� Write
yi � �y

�
i � � � � � y

n
i ��

To prove ������� expand detY �
Pn

m�� y
m
� �m�� where �m� denotes the

�m� �� cofactor of Y � Then� using this and applying a rotation in y� variable�
we see thatZ

�Dn
�

���	��
�
c��kn
�t� � � � tn�

�� jdetY j
�
dy

�

Z
�Dn
�

���	��

�
�c��kn
�t� � � � tn���

������y��
�

nX
m��

��
m�

����
������
�
A dy

�

Z
�Dn
�

���	��
�
c��kn
�t� � � � tn�

��
��y�����

��� dy�
Let �D�� � fy� � �D� � jy

�
� j � t��

k
g� �D�� � fy� � �D� � jy
�
� j � t��

k
g� Then we
have Z

�D�

���	��
�
c��kn
�t� � � � tn�

��
��y�����

��� dy�
�

�X
i��

Z
�D�i

���	��
�
c��kn
�t� � � � tn�

��
��y�����

��� dy�
� Ct��

k
�M�n��� � C�Mn���	��



c��k�n���
�t� � � � tn�

�� j���j
�
�

and henceZ
�Dn
�

���	��
�
c��kn
�t� � � � tn�

�� jdetY j
�
dy

� C�k
�b � C�Mn

Z
�Dn��
�

���	��



c��k�n���
�t� � � � tn�

�� j���j
�
d"y

for some b � �� Repeating a procedure similar to this n � � times� we reach
the estimateZ

�Dn
�

���	��
�
c��kn
�t� � � � tn�

�� jdetY j
�
dy

� C�k
�b � C�b
Z
�D�

���	��
�
c��k
t��n jynn j

�
dyn � C�k
�

for some � � �� This proves �������
Proof of ������� Let

���ti� yi� �

Z
si�ti��

��ti � si� yi����k �si� dsi�
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where �u�si� � u����u��si�� u � �� with � � C��R� satisfying supp��� 	
��� ��
�� � � ��

R
��s� ds � �� ThenZ

��ti�j��ti� yi�j dti�ti � C�log ��k�kd� �Z
��ti�j���ti� yi�j dti�ti � C�log ��k�kd� �Z

��ti�j��ti� yi�� ���ti� yi�j dti�ti � C�log ��
��� �
k��

Therefore� writing

��t�� y�� � � � ��tn� yn�� ���t�� y�� � � � ���tn� yn�

� ���t�� y��� ���t�� y�����t�� y�� � � � ��tn� yn�

� ���t�� y�����t�� y��� ���t�� y�����t�� y�� � � � ��tn� yn�

� � � �� ���t�� y�� � � � ���tn��� yn������tn� yn�� ���tn� yn���

and applying the inequality 
��� t� � k�k


��s�
s

t��s
�

� we see that to get ������ it

su ces to prove a variant of ������ where each ��ti� yi� is replaced by ���ti� yi�
for i � �� �� � � � � n� To show the estimate� it su ces to prove

������

�����
ZZ

�k�x�G��y� t�g�H�y� t�x�

nY
i��



��ti����ti� yi�

�
"dt dx

�����
� C��
k�k�knd�

uniformly in y � Dn
� and w�� � � � � wn � B��� C��� with some � � �� since the

quantity on the left hand side of ������ is also bounded by C�log ��nk�knd��
To prove ������ we need the following three lemmas�

Lemma �� Let f be a continuous function on Rn such that

supp�f� 	 B��� C���

Z
f�x� dx � �� kfk� � C��

Then there exist functions f�� f�� � � � � fn such that

f�x� �

nX
i��

xifi�x��

supp�fi� 	 B��� C ���� kfik� � C �� for i � �� �� � � � � n�

with some constants C �� and C ���

This is from Lemma ��� in 	�
��
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Lemma �� Let �k be as in ������� Then� there exist functions Fj � j �
�� �� � � � � n� such that supp�Fj� 	 B��� C�k�� kFjk� � C�k� for some � � �
and

�k�x� �
nX
j��

xjFj�x��

This follows from Lemma ��

Lemma �� Suppose that det�DH�y� t�x� �� �� where DH�y� t�x is de�ned in

the same way as DH�y� t� with H�y� t�x in place of H�y� t�� Then

xig�H�y� t�x� �
�
rtg�H�y� t�x�� �DH�y� t�x�

���Lxi�H�y� t�x��
�
�

�see Lemma ��� of 	�
���

By Lemma �� ������ follows from the estimate�����
ZZ

xmFm�x�g�H�y� t�x�a�t�

nY
i��

���ti� yi� "dt dx

����� � C�k�
�k�knd�����
�

for each m� � � m � n� where a�t� � G��y� t�
Qn

i�� ��ti�� Applying integra
tion by parts and using the L� norm estimate for Fm in Lemma �� to prove
����
� it su ces to show that�����

Z
xmg�H�y� t�x�a�t�

nY
i��

���ti� yi� "dt

����� � C���nk
�k�knd�������

for all x � B��� C�k� with a su ciently small � � �� By Lemma �� the
estimate ������ follows from

������

�����
Z �

rtg�H�y� t�x�� �DH�y� t�x�
���Lxmx�

�
a�t�

nY
i��

���ti� yi� "dt

�����
� C���nk
�k�knd� �

since Lxm�H�y� t�x� � Lxmx �see Section ��� Note that jrta�t�j � C��kn
�

and j det�DH�y� t�x�j � C�kn
 on the support of a� since

j det�DH�y� t�x�j � j det "C	x� detDH�y� t�j � Cj detDH�y� t�j�

where "C	x� denotes the matrix expression for the linear transformation C	x�
�see ������ ������� Thus� taking into account Cramer�s formula� we have�����tu

�
a�t�

nY
i��

���ti� yi��DH�y� t�x�
���Lxmx�

������
� C���nk
�

nY
i��

j���ti� yi�j� C��nk
� jtu
���tu� yu�j

Y
i��u

j���ti� yi�j
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for some � � �� Also� note thatZ ��

�

j���ti� yi�j dti�ti � C�log ��k�kd�

and Z ��

�

jti
���ti� yi�j dti�ti � C�log ����k
k�kd� �

which follows from

jti
���ti� yi�j � C��k


Z
j��ti � si� yi�jj�

�
��k �si�j dsi�

These estimates along with integration by parts imply ������� This completes
the proof of ������ and hence that of Lemma �� �

�� Proof of Theorem �

We use the following weighted LittlewoodPaley inequalities�

Lemma �� Let w � Ap� � � p ��� and let the functions �k be as in Section

�� Then 					
X
k

fk ��k

					
Lp�w�

� Cp	w

						
�X

k

jfkj
�

����
						
Lp�w�

������

						
�X

k

jf ��kj
�

����
						
Lp�w�

� Cp	wkfkLp�w�������

where the constant Cp	w is independent of � � ��

Proof� Let K�x� �
P

k�I �k�k�x�� where I is an arbitrary �nite subset of
Z and f�kg is an arbitrary sequence such that �k � � or ��� Let Sf�x� �
f �K�x�� Then

��� S is bounded on L� with the operator norm bounded by a constant
independent of �� I and f�kg�

��� jK�x�j � Cr�x��� �
��� there are positive constants C� and � such that r�x� � C�r�y� implies

jK�y��x��K�x�j � Cr�y�
r�x����
�

The proof of ����� applies to show

k�k ��jk� � Cmin


�� ��
jj�kj	c

�
�

By this and the CotlarKnappStein lemma we get ���� The estimates in ���
and ��� can be shown by a straightforward computation� We note that� to
prove the estimate in ���� it su ces to show that if r�x� � C�r�y�� then

j�k��y
��x� � �k��x�j � Cr�y�
r�x����
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for each k� By application of dilation� this follows from the case k � �� which
can be easily proved�
Using ���� ���� ��� and applying methods of 	�� Chapitre IV� and the proof

of Theorem III in 	��� we have kSfkLp�w� � CkfkLp�w� for w � Ap� � � p ���
with a constant C independent of I� f�kg and �� From this and the Khintchine
inequality� ����� follows� A duality argument and ����� imply ������ �

Let
MF	�f�x� � sup

j
jf � Sj�jF j� j�j��x�j�

where Sj�F� �� is as in Section � �see ������� Put �
�f �MF	�f � Let 	 � ��� ���

We prove the following result along with Theorem ��

Lemma 	� Let s � �� F � Ls�D�� and � � �
��s�

s for some �xed � � �� Then�
there exist positive constants �� C independent of � and s such that

k��fkp � C�log ����� ���
���s
������pk�k



��s�

s
kFkskfkp

for p � � � 	�

In Lemmas � and �� we can have the same value of ��

Proof of Lemma �� Let U� � U��F� �� �see ������ and write U�f �
P

k�	k�
Uk�	k�f �

where
Uk�	k�f �

X
j

�jf ��k�	j � �j ��k�	j � �j � �j�F� ���

Fix integers k�� k�� By Lemma � and duality we have

kf ��k � �jk� � C�log ��min��� ��
�jk�jj�c��s
�

�k�k


��s�
s

kFkskfk��

Using this along with Lemma �� for �j and ��j � and noting that k�k�	j �

�k�	j�k� � Cmin��� ��
�jj�j
�j�c��� where we may assume that the number �

is equal to the value of � in Lemma �� k�kk� � C� we have

����� kf � ��k�	j � �j� � ��k�	j ��k�	j� � � ���j� ��k�	j� �k�

� CA�min��� ���
�jk�j�c��s
�

�min��� ��
�jj�j
�j�c��kfk��

where A � �log ��k�k


��s�
s

kFks� and also

����� kf ��k�	j � ��j ��k�	j� � ��k�	j� � ��j� � ��k�	j�k�

� CA�min��� ���
�jk�j�c��s
�

�kfk��

By ����� and ������ taking the geometric mean we have

kf ��k�	j � �j ��k�	j ��k�	j� � ��j� ��k�	j�k�

� CA�
�Y
i��

min��� ��
�jkij�c��s
�

�min��� ��
�jj�j
�j�c����kfk��
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We can obtain a similar estimate for

kf ��k�	j� � ��j� ��k�	j� ��k�	j � �j ��k�	jk��

Therefore� by the CotlarKnappStein lemma we see that

kUk�	k�fk� � CA

�Y
i��

min��� ��
�jkij�c����s
���kfk������

uniformly in �� By ����� we have

kU�fk� �
X
k�	k�

kUk�	k�fk� � CA��� ��
���s
�����kfk� � CABkfk�������

where B � ��� ���
���s
������

We de�ne a sequence fpjg
�
� by p� � � and ��pj	� � �������	����pj� for

j � �� Then� ��pj � ���a
j�����	�� where a � ���	���� so fpjg decreasingly

converges to � � 	� For m � � we show that

kU�fkpm � CmAB
��pm kfkpm�����

uniformly in �� for all F and � satisfying the assumptions of Lemma �� For
m � �� this is a consequence of ������ Fix m � � and assume ����� for this m�
Then� using it for U��jF j� j�j� and applying the Khintchine inequality� we see
that

kg�f�kpm � CAB��pmkfkpm ����
�

where

g�f� �

�
�X

j

jf � �j�jF j� j�j�j
�

�
A
���

�note that 
�j�j� t� � C
��� t��� Let ���f� � supj jf � j�j jj and �
��f� �

supj jf ��j�jF j� j�j�j� where �j � �j�F� �� as above� Note that

���f� � ���jf j� � ���jf j� � g�jf j� � ����jf j��

���jf j� � C�log ��k�kd�kFk�Mf�

These estimates and ���
� along with the HardyLittlewood maximal theorem
�see 	�� 
� ���� imply

k���f�kpm � CAB��pmkfkpm ������

De�ne rm by ��rm� ��� � ����pm�� Then by ����� and the estimate k�jk� �
CA we have the vector valued inequality �see 	��� and also 	��� ����				
X jgk � �kj

�
����				

rm

� CAB��pm

				
X jgkj
�
����				

rm

�������
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By the LittlewoodPaley theory �see Lemma �� and ������ we have

kUk�	k�fkrm � C

							
�
�X

j

jf ��k�	j � �j j
�

�
A
���
							
rm

������

� CAB��pm

							
�
�X

j

jf ��k�	j j
�

�
A
���
							
rm

� CAB��pmkfkrm �

Interpolating between ����� and ������� since ��pm	� � ��� 	��rm � 	��� we
see that

kUk�	k�fkpm�� � CAB������pm

�Y
i��

min��� ���
�jkij�c����s
���kfkpm�� �������

Thus

kU�fkpm�� �
X
k�	k�

kUk�	k�fkpm��

� CAB������pm��� ���
���s
�����kfkpm��

� CAB��pm��kfkpm�� �

This proves ����� for all m by induction� For any p � �� � 	� �� there exists
a positive integer j such that pj	� � p � pj � So� interpolating between the
estimates ����� with m � j and m � j � �� we have

kU�fkp � CAB��pkfkp�������

Let g�f� be as in ���
�� The estimate ������ implies kg�f�kp � CAB��pkfkp
for p � ��� 	� ��� from which Lemma � for p � ��� 	� �� follows� since ���f� �
g�f� � ���f�� For p � � Lemma � follows from interpolation between the
estimate for p � � of Lemma � and the estimate

k���f�k� � C�log ��k�kd�kFk�kfk��

This completes the proof of Lemma �� �

Theorem � is an immediate consequence of the following result�

Lemma 
� Let the functions h� � be as in Theorem � and put ��p� � j��p�
��p�j� Suppose that p � �� � 	� �� � 	��	�� Let A � �log ��khk



��s�

s
k�ks and

let B be as above� B � ��� ���
���s
������ Then

kTfkp � CAB�	��p�kfkp�

where the constant C is independent of s � �� �� h and � � ��
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Proof� Since Tf � U���K�� h��f�� where �
� � f�jg with �j � � for all j� by

������ we have

kTfkp � CAB��pkfkp for p � �� � 	� ���

Now� a duality argument using an estimate similar to this one for T �f �
U��� �K�� h��f� will imply the conclusion for all p � �� � 	� �� � 	��	�� �

Proof of Theorem �� Take � � �s
�

in Lemma 
� Then

kTfkp � Cs���� ���
�������	��p��khk


��s�
s

k�kskfkp

for p � ���	� ���	��	� and s � �� Since ���	� ���	��	�� ����� as 	 � ��
Theorem � follows from this estimate� �

�� Proof of Theorem �

We need the following result to prove Theorem ��

Lemma �� Let h� � be as in Theorem �� Let 	 � ��� �� and A � �log ��khk


��s�
s

k�ks�

We de�ne

R�f��x� � sup
k�Z

������
�X
j�k

f � SjL�x�

������ �
where SjL is as in Section �� Let I� � �����	���	

��	���� ���	��	�� Then�
for p � I� we have

kR�f�kp � CA


��� �����s

�

�����	��p�� � ��� �����s
�

����p����
�
kfkp

with some � � �� where C is independent of s � �� h � �
��s�

s � � � Ls��� and
��

Proof� Let �k �
P

m�k	��m � ��k���� Using the decomposition

�X
j�k

f � SjL � T �f� ��k �

�
� k��X
j���

f � SjL

�
A ��k �

�
� �X
j�k

f � SjL

�
A � �� ��k��

we have

R�f� � sup
k
jT �f� � �kj� sup

k

������
�
� k��X
j���

f � SjL

�
A � �k

�������
�X
j��

Nj�f�������

whereNj�f� � supk j�f � Sj	kL� � �� � �k�j� Lemma 
 and the HardyLittlewood
maximal theorem imply that				sup

k
jT �f� � �kj

				
p

� CkM�Tf�kp � CA��� ���
���s
�������	��p��kfkp�����
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for p � �� � 	� ��� 	��	�� Also� Lemma � and the HardyLittlewood maximal
theorem imply that

kNj�f�ku � CA��� ���
���s
������ukfku for u � � � 	������

On the other hand�

Nj�f� �

�X
k

jf � Sj	kL � �� � �k�j
�

����

������

Let

V�f �
X
k

�kf � Sj	kL � �� � �k��

where � � f�kg� �k � � or ��� We prove

kV�fk� � CA��� ����s
�

���min��� ����j�c��s
�

�kfk������

for some �� c � �� uniformly in �� Estimates ����� and ����� with the Khint
chine inequality imply

kNj�f�k� � CA��� ����s
�

���min��� ����j�c��s
�

�kfk�������

To prove ������ we apply an argument similar to the one used to prove ������
We prove the estimates

����� kf � Sj	kL � �� � �k� � �� � �k�� � Sj	k� �Lk�

� CA���� ����s
�

���min��� ����j�c��s
�

�min��� ����jk�k
�j�c��s��kfk��

���
� kf � �� � �k�� � Sj	k� �L � Sj	kL � �� � �k�k�

� CA���� ����s
�

���min��� ����jk�k
�j�c��s��min��� ����j�c��s

�

�kfk��

for some �� c � �� where Sj	k� �L � Sj	k� � �K�� h�� By the CotlarKnappStein
lemma� the estimates ����� and ���
� imply ������
To prove ������ note that � � �k �

P
m	k	��m� Therefore�

����� kf � Sj	kL � �� � �k� � �� � �k�� � Sj	k� �Lk�

�
X

m	k	�	m�	k�	�

kf � Sj	kL ��m ��m� � Sj	k� �Lk��

By Lemma � we see that

������ kf � �Sj	kL ��m� � ��m� � Sj	k� �L�k�

� CA�min��� ��
�jj	k�mj�c��s
�

�min��� ��
�jj	k
��m�j�c��s��kfk��
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Also� we have

������ kf � Sj	kL � ��m ��m�� � Sj	k� �Lk�

� CA�min��� ��
�jm�m
�j�c��kfk��

The estimates ������ and ������ imply

������ kf � Sj	kL ��m ��m� � Sj	k� �Lk�

� CA�min��� ��
�jj	k�mj�c����s
���min��� ��
�jj	k

��m�j�c����s���

�min��� ��
�jm�m
�j�c����kfk��

By ����� and ������ we have ������
Similarly�

kf � �� � �k� � � Sj	k� �L � Sj	kL � �� � �k�k�������

�
X

m	k	�	m�	k�	�

kf ��m� � Sj	k� �L � Sj	kL ��mk�

�
X

m	k	�	m�	k�	�

X
�	��

kf ��m� � Sj	k� �L ��� ���� � Sj	kL ��mk��

�See 	�
� p� ����� for the idea of interposing �� � ��� in the convolution
product�� By Lemma � we have

������ kf � ��m� � Sj	k� �L� � ��� ����� � �Sj	kL ��m�k�

� CA�min��� ��
�jj	k
��m�j�c��s��min��� ��
�jj	k�mj�c��s

�

�

�min��� ��
�j���
�j�c��kfk��

Also�

������ kf ��m� � �Sj	k� �L ���� � ���� � Sj	kL� ��mk�

� CA�min��� ��
�jj	k
���j�c��s��min��� ��
�jj	k��

�j�c��s��kfk��

By ������ and �������

������ kf ��m� � Sj	k� �L ��� ���� � Sj	kL ��mk�

� CA�min��� ��
�jj	k
��m�j�c����s���min��� ��
�jj	k�mj�c����s

���

�min��� ��
�j���
�j�c����min��� ��
�jj	k

���j�c����s���min��� ��
�jj	k��
�j�c����s���kfk��

Summation with respect to �� �� in ������ implies

������ kf ��m� � Sj	k� �L � Sj	kL ��mk�

� CA���� ����s
�

���min��� ����jk�k
�j�c��s��

�min��� ��
�jj	k
��m�j�c����s���min��� ��
�jj	k�mj�c����s

���kfk�
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for some �� c � �� By ������ and ������ we obtain ���
��
For p � I� we can �nd u � ���	� ����	��	� such that ��p � ���	��u�	���

so an interpolation between ����� and ����� implies that

kNj�f�kp � CA��� �����s
�

���������u���min��� �����j�c��s
�

�kfkp����
�

for some �� c � ��
Also� we need the following result�

Lemma ��� There exist positive constants C� C� independent of � such that������
�
� k��X
j���

SjL

�
A � �k�x�

������ � C�log ��khkd�kK�k��
��k	������	C����

�k��r�x���

Proof� Since
R
SjL � �� for j � k � � we have

SjL � �k�x� � ���k	���
Z �

��A��k��y
��A��k��x�� ��A��k��x�

�
SjL�y� dy�

Also� since supp�SjL� 	 fr�x� � ��j	�g and supp��k� 	 fr�x� � �k	�g� it
follows that supp�SjL � �k� 	 fr�x� � C��

k	�g� Therefore

jSjL � �k�x�j � C���k	������	C����
�k��r�x��

Z
jA��k��yjjSjL�y�j dy

� C���k	������	C����
�k��r�x�����k��	j	����� �log ��khkd�kK�k��

Thus summing over j � k � �� we get the conclusion� �

By Lemma ��

sup
k

������f �
�
� k��X
j���

SjL

�
A � �k

������ � C�log ��khkd�kK�k�Mf�������

So� to estimate the maximal function on the left hand side of ������� we can
use the HardyLittlewood maximal theorem�
By ������ ������ ����
� and ������� for p � I� we have

kR�f�kp � CA


��� �����s

�

�����	��p�� � ��� �����s
�

���������u�����
�
kfkp

for some � � �� This implies the conclusion of Lemma �� since ���� 	��u �
�	 � � � ��p� � � 	� �

Proof of Theorem �� Note that T��f� � �R�f� � CMK�	h�jf j�� Therefore�
Lemma � and Lemma � imply that

kT��f�kp � C�log ��


�� �����s

�

���
khk



��s�
s

k�kskfkp

for p � I� with some � � �� Using this with � � �
s� and noting that I� �

����� as 	 � �� we can get the conclusion of Theorem �� �
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�� Proof of Theorem �

Let MF	� be as in Section � with � � �� We prove Theorem � along with
the following result�

Proposition �� Let F � Lq�D�� and � � ��q for some q � � and � � �� Let

� � p ��� Then� we have the following�

��� if q� � p �� and w � Ap�q� � the operator MF	� is bounded on Lp�w��

��� the operator MF	� is bounded on Lp�w��p� if � � p � q and w �
Ap��q� �

We use results of Sections �� � and � with � � �� We also write kfkLp�w� �
kfkp	w� First� we prove results of Theorem � for T �

Proof of Proposition ����� Since kSj�jF j� j�j�kq � C��j��q
�

k�kdqkFkq� by the

proof of Lemma �� and supp�Sj�jF j� j�j�� 	 f�j � r�x� � �j	�g� H!older�s
inequality implies that

MF	��f� � CkFkqk�kdqMq�f�

where Mq�f �


M�jf jq

�

�
���q�

� From this and the HardyLittlewood maximal

theorem it follows that

kMF	��f�kp	w � CkFkqk�kdq kMq�fkp	w � Cp	wkfkp	w

if q� � p and w � Ap�q� �
Next� we handle the case p � q� � �� Let w � A�� If s � q�� then

w � A� 	 As�q� and hence what we have already proved implies

kMF	��f�ks	w � Cs	wkfks	w������

If � � r � q�� then by Lemma �

kMF	��f�kr � Crkfkr������

Interpolating with change of measure between ����� and ����� with w replaced
by w�	 for su ciently small � � �� we get

kMF	��f�kq�	w � Cq�	wkfkq�	w�

This proves Proposition � ���� �

Remark �� If q� � p in Proposition ����� then the assumption � � �� is not
needed� Also� we can replace the assumption for � of Proposition � with the
condition that there exists �� � dq � q � �� such that j�j � �� and �� � �� for
some � � �� keeping the conclusion unchanged� since MF	��f� � MF	���jf j��
In particular� if � � d�� we can take a constant function as �

��
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Lemma ��� Let Bjf�x� � f ��j�x�� where �j � �j�F� ��� F � L��D��� � � d�
�see ������� Consider the inequality							

�
� �X
j���

jBjfj j
�

�
A
���
							
p	w

� Cp	w

							
�
� �X
j���

jfj j
�

�
A
���
							
p	w

������

��� Suppose that F and � are as in Proposition �� Let � � ��� ��� If �����
holds for some p � ����� and w � Ap� then U� � U��F� �� is bounded
on Lp�w���� uniformly in � �see �������

��� If MF	� is bounded on Lp�w� for some � � p � � and w � Ap� then

����� holds with these p and w�

Proof� As in Section �� we decompose U� of ��� as U�f �
P

k�	k�
Uk�	k�f � By

����� and Lemma � we have

kUk�	k�fkp	w � C

							
�
�X

j

jf ��k�	j � �j j
�

�
A
���
							
p	w

�����

� C

							
�
�X

j

jf ��k�	j j
�

�
A
���
							
p	w

� Ckfkp	w�

On the other hand� by the proof of Lemma � �see ������� and duality we have

kUk�	k�fkp � C��
�jk�j	jk�j�kfkp�����

for some � � �� Interpolating with change of measure between ����� and ������
we see that

kUk�	k�fkp	w��� � C���
�jk�j	jk�j�kfkp	w���

for all � � ��� ��� This implies that

kU�fkp	w��� �
X
k�	k�

kUk�	k�fkp	w��� � Ckfkp	w��� �

which proves part ����
Suppose that MF	� is bounded on L

p�w� for � � p � �� Then							
�
�X

j

jMF	�fj j
p

�
A
��p
							
p	w

� C

							
�
�X

j

jfj j
p

�
A
��p
							
p	w

������
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Also� we have 				sup
j
jMF	�fj j

				
p	w

� C

				sup
j
jfj j

				
p	w

������

Interpolating between ����� and ������							
�
�X

j

jMF	�fj j
�

�
A
���
							
p	w

� C

							
�
�X

j

jfj j
�

�
A
���
							
p	w

�

Now� ����� follows from this estimate and a vector valued inequality for the
HardyLittlewood maximal operator �see 	��� pp� ��������� 	����� This proves
part ���� �

Let q � �� If q� � p � �� p � �� by Proposition � ��� and Lemma ��� U� is
bounded on Lp�w���� for w � Ap�q� � where U� � U��F� �� and F � � satisfy the

assumptions of Proposition �� Replacing w by w�	 for su ciently small � � �
and taking � suitably� we see that U� is bounded on L

p�w�� This boundedness
also holds for p � ����� by the extrapolation theorem of Rubio de Francia

	���� If � � p � q� w � Ap��q� � then this implies that U� is bounded on L
p��w��

Obviously� this is also valid for U�� � U�� �F � ��� Therefore� by duality we can
see that U� is bounded on L

p�w��p�� Let �� h be as in Theorem �� By taking
F � K�� � � h� �j � � for all j in the de�nition of U�� now we can see that
Theorem � holds for T when q � ��
Also� from a result of previous paragraph it follows that if q � �� � �

p � q� w � Ap��q� and F � � are as in Proposition �� then MF	� is bounded

on Lp�w��p�� since MF	�f � g�f� � CMf by the proof of Lemma � and
the boundedness of g follows from the uniform boundedness in � of U� �
U��jF j� j�j�� where

g�f� �

�
�X

j

jf � �j�jF j� j�j�j
�

�
A
���

�

Here we recall that 
�j�j� t� � 
��� t�� This proves Proposition � ��� for q � ��
It remains to prove Theorem � �for T � and Proposition � ��� when � � q �

��

Lemma ��� Let � � q � �� � � p � �� Let F � Lq�D��� � � dq� If

Mj �F j��q	j�j��q is bounded on L�p���
�

�w��p�����
��

� and w � Ap� then							
�
� �X
j���

jBjfj j
�

�
A
���
							
p	w

� Cp	w

							
�
� �X
j���

jfj j
�

�
A
���
							
p	w

�

where Bj is de�ned as in Lemma �� by the functions F � ��
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Proof� It su ces to prove the conclusion for B�
j in place of Bj � where B

�
jf �

f �Sj�F� ��� on account of a vector valued inequality for the HardyLittlewood

maximal operator� Take a nonnegative function u in L�p���
�

�w� with norm �
such that 							

�
�X

j

jB�
jfj j

�

�
A
���
							
�

p	w

�

Z �
�X

j

jB�
jfj j

�

�
Au�x�w�x� dx����
�

We see that

jB�
jf�x�j

� � Ck�kqdqkFk
q
q�jf j

� � Sj�jF j
��q � j�j��q���x�������

This can be proved as follows� First� the Schwarz inequality implies that

jSj�F� ���x�j
�

� C

Z �

�

�j�t�j��r�x���tF �x�j
q dt�t

Z �

�

�j�t�j��r�x���tF �x�j
��q dt�t�

Therefore� usingZ Z �

�

�j�t�j��r�x���tF �x�j
q dt�t dx � C�j����q�k�kqdqkFk

q
q�

again by the Schwarz inequality� we have

jf � Sj�F� ���x�j
�

� C�j����q�k�kqdqkFk
q
q

Z Z �

�

�j�t�jf�y�j
�j��r�y��x���tF �y

��x�j��q dt�t dy�

This implies ������ Therefore� the integral in ���
� is majorized by

Ck�kqdqkFk
q
q

Z �
�X

j

jfj�y�j
�

�
AMj �F j��q	j�j��q�uw��y� dy�������

By H!older�s inequality� the integral in ������ is bounded by							
�
�X

j

jfj j
�

�
A
���
							
�

p	w

�Z ���Mj �F j��q	j�j��q�uw��y�
����p���� w����p��p���� �y� dy����p���

�

�

Since ����p��p���� � ��p�� � ����� from the boundedness of Mj �F j��q 	j�j��q

the last integral is majorized� up to a constant factor� byZ
ju�y�w�y�j�p���

�

w����p��p���
�

�y� dy � kuk
�p����

�p����	w � ��

Collecting results� we get the conclusion� �
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Let cn � �� �����
n� n � �� �� �� � � � � Suppose that q�� � �cn� cn	��� n � ��

Put r � q���� q�� Then ��r��� � q�� � ���� r�� � �cn��� cn�� For n � �� we
consider the following�

Assertion A�n�� Theorem � for T and Proposition � ��� hold when q�� �
�cn��� cn��

Assuming Proposition � ��� when q�� � �cn��� cn�� we prove A�n��� �n �
��� This will prove Theorem � for T and Proposition � ��� when � � q � ��
since we have already proved A����
Suppose that q�� � �cn� cn	��� w � Ap�q� � q

� � p � �� Then� �p���� �
�q����� � q��� � q� � r� Let F � � satisfy the assumptions of Proposition
�� Since r�� � �cn��� cn�� p�q

� � �p����r�� ��p�� � ���� � � � �p���� and
j�j��q � dr� 
�j�j

��q � t� � C
��� t���q � jF j��q � Lr�D��� by what we assume

�A�n� for Proposition � �����Mj �F j��q 	j�j��q is bounded on L
�p�����w��p�����

��

��

By Lemmas �� and ��� U� � U��F� �� is bounded on L
p�w����� From this�

boundedness of U� on Lp�w� follows as before� This implies A�n � �� for
Theorem � ��� concerning T as in the case when q � ��
Suppose that � � p � q� w � Ap��q� � Then� since q

� � p�� by a result

in the previous paragraph� U� is bounded on Lp
�

�w�� We can see that the
same is true for U�� � By duality U� is bounded on Lp�w��p�� This implies
the boundedness on Lp�w��p� of T and MF	� as in the case for q � �� This
�nishes proving A�n���� and hence completes the proof of Theorem � for T
and Proposition ��
Next� we prove Theorem � for T�� Let �� h� p� q� w be as in Theorem � ����

By ������ Lemma �� and Theorem � for T � we have

kR�f�kp	w � CkM�Tf�kp	w � CkMfkp	w � C

�X
j��

kNj�f�kp	w������

� Ckfkp	w � C

�X
j��

kNj�f�kp	w�

Since Nj�f� � CMMK�	h�jf j��

kNj�f�kp	w � Ckfkp	w������

by Proposition �� By ����� and �����

kNj�f�kp � C��
jkfkp������

for some � � �� So� interpolating with change of measure between ������ and
������ with w�	 in place of w for su ciently small � � �� we have

kNj�f�kp	w � C��
jkfkp	w������
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for some � � �� Since T��f� � CR�f� � CMK�	h�jf j�� by ������� ������ and
Proposition � we have the Lp�w� boundedness of T�� This proves Theorem �
���� Theorem � ��� can be proved similarly�

�� Proof of Theorem �

We give a proof of Theorem � by applying Theorem �� De�ne

Em � f	 � � � �m�� � j��	�j � �mg

for m � �� �� � � � and

E� � f	 � � � j��	�j � �g�

Let �m � ��Em � S�����
R
Em
� dS� Then

R
� �m dS � �� � �

P�
m�� �m�

Fix p � ����� and an appropriate function f with kfkp � �� Write
U�h��� � kTfkp� where Tf � p�v� f � L� L�x� � h�r�x����x��r�x��� � Since
h � �� we can write h �

P�
k�� akhk� where fakg and hk are as in the de�nition

of the space �� Then� we decompose

h� �

�X
m��

�
�X

k�m	�

akhk�m �

mX
k��

akhk�m

�
������

By the sublinearity of U and Theorem � we have

U

�
�X

k�m	�

akhk��m

�
�

�X
k�m	�

akU �hk��m������

� C

�X
k�m	�

kakkhkk
�����k�
����k

k�mk�	��k

� C
�X

k�m	�

kakk�mk�	��m � Ck�mk�	��m�

since k�mk�	��k � Ck�mk�	��m if k � m� On the other hand�

U

�
mX
k��

akhk��m

�
�

mX
k��

akU �hk��m������

� C

mX
k��

akmkhkk
�����m�

����m

k�mk�	��m

� C

mX
k��

akmk�mk�	��m � Cmk�mk�	��m�

since khkk
�����m�

����m

� Ckhkk
�����k�
����k

� C if k � m�

Note that

k�mku � C�me��um � � � u ���
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where em � S�Em�� Using this and applying Young�s inequality� we see thatX
m��

mk�mk�	��m � C
X
m��

m�mem��m	��
m�����

� �C
X
m��

�m��m� ���m�m��	��m�em � �C
X
m��

m��m����m� ��

� C
X
m��

m�mem � C � C

Z
�

j��	�j log�� � j��	�j� dS�	� � C�

Theoerm � follows from ������ ������ ����� and ������

Remark �� LetMa� a � �� be the family of functions h on R	 such that there
exist a sequence fhkg

�
k�� of functions on R	 and a sequence fakg

�
k�� of non

negative real numbers satisfying h �
P�

k�� akhk� hk � d�	��k� khkkd����k
� �

uniformly in k � � and
P�

k�� k
aak ��� Then� the space M� can be used to

form kernels of singular integrals with a minimum size condition that allows
us to get Lp boundedness of singular integrals de�ned by the kernels from
results of 	��� ��� �see 	�����
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