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Abstract

This paper deals with an H., control attenuating initial-
state uncertainties, and its application to a magnetic
suspension system. An H,, control problem, which
treats a mixed attenuation of disturbance and initial-
state uncertainty for linear time-invariant systems in
the infinite-horizon case, is examined. The mixed at-
tenuation supplies H., controls with good transients or
assures H., controls of robustness against initial-state
uncertainty. We apply this method to a magnetic sus-
pension system, and evaluate attenuation property of
the proposed disturbance and initial-state uncertainty
via simulations and experiments.

keywords: H,, Control, DTA Control, Initial-State
Uncertainties, Magnetic Suspension Systems

1 Introduction

Mixed attenuations of disturbances and initial state un-
certainties are expected to supply H., control prob-
lem with some good transient properties. In the finite-
horizon case, a generalized type of H., control problem
which formulated and solved by Uchida and Fujita[l]
and Khargonekar et al.[2]. This problem was extended
to the infinite-horizon case, and a generalized type of
H_, control problem which considers a mixed atten-
uation of disturbance and initial-state uncertainty in
the infinite-horizon case was derived by Uchida and
authors[3]. In this paper, we evaluate the effectiveness
of the proposed approach[3] with a magnetic suspen-
sion system via simulations and experiments. A mag-
netic suspension system can suspend a magnetic body
by magnetic forces without any contact[4]. Feedback
control, especially robust feedback control is indispens-
able for a magnetic suspension system, which is essen-
tially an unstable system. Recently, this seems to be
one of hot topic in control application field. First, we

show that the proposed controller has a relatively bet-
ter transient property than the conventional standard
H, controller. Next, a role of the weighting matrix
N for the initial state xg is shown via numerical sim-
ulation. N is a measure of relative importance of the
initial-state uncertainty attenuation to the disturbance
attenuation. Finally, usefulness and effectiveness of the
free parameter ¥ of the mixed attenuation of distur-
bance and initial-state uncertainty is examined via ex-
periments.

2 Mixed attenuation of disturbance and
initial-state uncertainties

Consider the linear time-invariant system which is de-
fined on the time interval [0, 00) and described by

& = Az+ Bu+ Dv, z(0)=ux
y = Co+w (1)
z = Fx

where © € R™ is the state and zo is the initial state;
u € R" is the control input; y € R™ is the observed
output; g := (2' u')’ € R is the controlled output;
h = (v w')" € RPT™ is the disturbance. Without
loss of generality, we regard xg as the initial-state un-
certainty, and xp = 0 as known initial-state case. Each
element of the disturbance h(t) is a square integrable
function defined on [0,00); A, B, C, D and F are con-
stant matrices of appropriate dimensions and satisfies
that (C, A, B) and (F, A, D) are controllable and ob-
servable. For system (1), every admissible control w(t)
is given by a linear time-invariant system of the form

u=Js+ Ky, $=Gs+ Hy, s(0)=0 (2)

which makes the closed-loop system given by (1) and
(2) internally stable, where s(t) is the state of the con-
troller of a finite dimension; J, K, G and H are constant
matrices of appropriate dimensions.



The control problem is to find an admissible control
attenuating disturbances and initial state uncertainties
in the way that, for given N > 0, g = (2/,u')" satisfies

llgll3 < [IAll3 + 2oN ™ 2o 3)

for all h = (v/,w') € L?*[0,00) and all zy € R", s.t.,
(v,w,z9) # 0. We call such an admissible control the
disturbance and initial state uncertainty attenuation
(DIA) control.

2.1 DIA Control
In order to solve the DIA control problem, we require
the so-called Riccati equation conditions:

A1l : There exists a solution M > 0 to the Riccati
equation

MA+AM+FF-M(MM —DD'YM =0 (4)
such that A — BB'M + DD'M is stable.

A2 : There exists a solution P > 0 to the Riccati
equation

PA'+ AP+ DD'—P(C'C-F'F)P=0 (5)
such that A — PC'C + PF'F is stable.

A3 : p(PM) <1,
where p (X) denotes the spectral radius of matrix X,
and p (X) = max|\; (X)|.

In addition to these conditions, let us introduce the fol-
lowing condition:

A4 : Q+ N ' — P! > 0 where Q is the maximal
solution of the Riccati equation

Q(A+DD'PY) + (A+DD'P 1) Q (©)
~Q(DD' + LPC'CPL')Q =0

with L := (I — PM)™".

Theorem 1 [3] Suppose that the conditions (A1),
(A2), and (A3) are satisfied. The central control (7)
is a DIA control if and only if the condition (A4) is
satisfied, where the central control is given by
u = —-B'Sz (7)
2 = Az +Bu+ PC'(y—Cz)+ PF'Fuz,
z(0)=0, S:=M(I—-PM)'.

2.2 Parameterization of all DIA Controllers
Under the assumption that (A1)-(A3) are satisfied, the
class of all Ho, controls u(t) are parametrized with a
parameter ¥ as

) = u®)+[¥(@y-y)]@® (8)
(t) = —-B'Sz, y(t)=CUI+PS)z

#(t) = (A-BB'S—PC'C+PF'F)z

+BY (y —y) + PC'y, z(0)=0 (9)

ST

Here, ¥ has a rational, strictly proper stable trans-
fer function representation W¥(s), s.t. |[|[Pw|} <
[|lw|3, Yw # 0 € L?[0,00).

Theorem 2 [3] Suppose that the conditions (A1)-(A3)
are satisfied. An Hs control (8) with a parameter U(s)
is a DIA control if and only if

Qr+N'—P1>0 (10)

where Qa2 is the (2,2) block of the mazimal solution

Q= { Q,ll Q1o }, whose existence is assured, of the
12 Qa2
Riccati equation
0 A 0
-PSBK,, A+DD'P™!
- !
Am 0
*| -PSBK,, A+DDP! } @Q
_o| BnBL ~B,,CPL 0
—LPC'B,, DD+ LPC'CPL
[ K,Kn 0
- 0 0 ] =0 (11)

for a minimal realization (A, B, K.) of © (s), where
A, is stable, and L = (I — PM)_l. Q22 is given in-
dependent of a particular choice of realization of VU (s),
and Q22 Z 0.

3 System Description and Modeling

Magnetic suspension systems can suspend objects with-
out any contact. Increasing use of this technology is
now utilized for various industrial purposes, and has al-
ready applied to magnetically levitated vehicles, mag-
netic bearings, etc.

3.1 Construction

The experimental setup is shown in Fig.1[4]. An electro-
magnet is located at the top of the experimental system.
The control problem is to levitate the iron ball stably
utilizing the electromagnetic force, where a mass M of
the iron ball is 1.75 kg, and steady state gap X is 5
mm. Note that this simple electromagnetic suspension
system requires feedback control in order to be work-
able. As a gap sensor, a standard induction probe of
eddy current type is placed below the ball.

3.2 Mathematical Model
In order to derive a model of the system by physical
laws, we introduce following assumptions[4].

[al] Magnetic flux density and magnetic field do not
have any hysteresis, and they are not saturated.

[a2] There are no leakage flux in the magnetic circuit.
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Figure 1: Magnetic Suspension System (M.S.S.)

[a3] Magnetic permeability of the electromagnet is in-
finity.

[a4] Eddy current in the magnetic pole can be ne-
glected.

[a5] Coil inductance is constant around the operating
point, and an electromotive force due to a motion
of the iron ball can be neglected.

These assumptions are almost essential to model this
system. Under these assumptions, we derived equations
of the motion, the electromagnetic force, and the elec-
tric circuit as

P’z

I+i \°
= _ 1
R e
L%+R(I+i) = E+e+uy, (14)

where M is a mass of the iron ball, X is a steady gap
between the electromagnet(EM) and the iron ball, z is a
deviation from X, I is a steady current, i is a deviation
from I, E is a steady voltage, e is a deviation from
E, f is EM force, k, zo are coefficients of f, L is an
inductance of EM, and R is a resistance of EM, v,, and
v, are exogenous disturbance inputs.

Next we linearize the electromagnetic force (13) around
the operating point by the Taylor series expansion as

I 2
f:k<X+m> - K.z + Kii, (15)
0

where K, = 2kI? /(X + x0)% and K; = 2kI/(X + z0)>.
The sensor provides the information for the gap x(t).
Hence the measurement equation can be written as

y=x+w (16)

where w represents the sensor noise as well as the model
uncertainties. Thus, summing up the above results, the
state equations for the system are

&g = Agzy+ Bgug+ Dgug (17)
yg = Cyzg+w
where z, := [z @ i]', uy :=¢€, vo := [vm vi],
0 1 0 ,
A;=| 4481 0 -184 |, B,=[0 0 1.97 ]
0 0 —45.7
0 0
Co=[1 0 0], Dy=1]057 0
0 197

Here (A,, By) and (4,4, D,) are controllable, and
(4,4, C,) is observable.

4 Control System Design

4.1 Problem Setup

For the magnetic suspension system described and mod-
eled in the previous section, our principal control objec-
tive is its stabilization. Further, as we have clarified in
the modeling of the disturbances, it should be stabi-
lized robustly against 1) unmodeled dynamics, 2) the
neglected nonlinearities, 3) the parametric uncertain-
ties. To this end, we will setup the control problem
within the framework of the H,, DIA control.

First let us consider the system disturbance vg. Since
vp mainly acts on the plant in a low frequency range in
practice, it is helpful to introduce a frequency weighting
factor. Hence let vg be of the form

vg = Wi(s)v(s) (18)
Wi(s) = W (s)=®Cui (s —Au1) ' Bu
® = [1 1]

where W1 (s) is a frequency weighting whose gain is rel-
atively large in a low frequency range. These values, as
yet unspecified, can be regarded as free design param-
eters. Next we consider the variables which we want
to regulate. In this study, since our main concern is
in the stabilization of the iron ball, the gap and the
corresponding velocity are chosen; i.e.,

1 00
zg = Fyay, Fg:{o 1 0] (19)
Then, as the error vector, let us define as follows
z=0z, ©O=dag[t 6 ] (20)

where © is a weighting matrix on the regulated vari-
ables z,. This value, as yet unspecified, are also free

design parameters. Finally, let & := [z, Zu1 ], where



Figure 2: Generalized Plant

Z1 denotes the state of the frequency weighting Wi (s),
then we can construct the generalized plant as in the
following;

& = Ax+ Bu+ Dv

y = Cr+4w

z = Fu (21)
where

— Ag Dgcwl _| By
4 = {o A }’B— 0
D,D,

c =[G 0],D:[ éwll],F:[GFg 0]

The block diagram of the generalized plant with an un-
specified controller K is shown in Fig.2. Since the dis-
turbances v and w represent the various model uncer-
tainties, the effects of these disturbances on the error
vector z should be reduced.

Now our control problem setup is: find an admissible
controller K (s) that attenuates disturbances and initial
state uncertainties to achieve DIA condition in (3).

4.2 Design I: Central Controller

We design controllers for the generalized plant in the
previous subsection based on the following 4-Step pro-
cedure.

[Step 1] Selection of the frequency weighting
function W (s): Wi(s) is a frequency weighting whose
gain is relatively large in a low frequency range.

[Step 2] Selection of the weighting Matrix O: ©
is a weighting matrix on the regulated variables z,.

[Step 3] Construction of generalized plant: With
the specified design parameters in Steps 1 and 2, the
generalized plant is constructed. The DIA controller is
designed for this plant.

[Step 4] Calculation of the maximum matrix
N: Calculate the maximum N satisfies the condition
(A4). For the sake of simplicity, the structure of the
matrix N is limited in N = nl, where n is a positive
scalar number.

4.2.1 DIA Controller 1: After some iteration
in MATLAB environment, these parameters are chosen
as follows;

7.5 . —5
W1 (8) = m, e = dlag [ 1.01 1.0e ]
(22)
Direct calculations yield the central controller;
KDIA1 = Cfl(SI - Afl)ilel (23)
where
Apn = A-BB'S-PC'C+PF'F
—1.38¢2 1.00 0 0
_ —4.48¢% —2.98¢ 3 —1.84e! 4.28
o 1.05e!! 1.98¢7 —2.72¢*  6.33¢3
—4.06e72 —2.71le”8 0 —le™*
By, = PC'
= [ -211e° —141e! —2.07¢8 —6.39¢5 |1
Cpp = -B'S

= [1.68° 3.18¢! —4.36e > 1.0le ? ]

The frequency response of the controller Kpra, is
shown in Fig. 3 by a solid line. And the maximum value
of the weighting matrix N is N = 3.855 x 107 x I. We
designed the standard H., controller for the compari-
son, where the H,, controller[4] was designed via the
MATLAB command hinfsyn.m. We denote the state-
space realization of the obtained H., controller as K.
The frequency response of the controller K, is shown
in Fig. 3 by a dotted line.

Comparing the controllers K, and Kpra,, simulated
step responses of these two controllers from the initial
state zox = [z,4,4] = [0, 0, 0.1]' are shown in Fig.4,
where the solid line shows a response with Kpra, and
the dashed line shows one with K,,. From this re-
sult, we can see that Kpr, achieves better performance
against initial state uncertainty than K., does.

4.2.2 Investigation of Weight N: The
weighting matrix N on zy is a measure of relative
importance of the initial-state uncertainty attenuation
to the disturbance attenuation. A larger choice of N
in the sense of matrix inequality order means finding
an admissible control which attenuates the initial-state
uncertainty more. For the evaluation of feedback
performance against the weighting matrix N, we have
designed another DIA controller Kpra,. After some
iteration in MATLAB environment, design parameters
are chosen as follows to obtain another DIA controller;

6.75

Wi(s) = s+ 1.0e—%’

© =diag [ 1.025 1.0 * ]
(24)
Direct calculations yield the central controller Kpra,,

and its frequency response is shown in Fig. 3 by a dash-
dot line.

The maximum value of Ns of the controllers Kpra, and
Kpra, are given in Table 1.



The value of N for Kpra, is bigger than the value for
Kpra,, which means that the controller Kpy4, can at-
tenuate the initial state uncertainty more than Kpra,.
For the evaluation of this property, we examine the sim-
ulated time responses of the gap x with initial state
uncertainty, where the initial state is zoy = [z,,1]
= [0, 0, 0.1]" in Fig.5. Note that a scale of the ver-
tical axis in Fig.5 is different from Fig.4.

The solid line shows the response with Kpra,, and the
dashed line shows one with Kpj4,. From this result,
we can see that the controller Kpj4, (solid line) which
has a relatively large N, achieves greater attenuation
of the initial state uncertainty, which means that the
weighting matrix N can be an indicator of initial state
uncertainty attenuation.

Table 1: DIA controllers and Ns

DIA controller N
Kpra, 3.855 x 1079
Kpia, 2.677 x 107?

4.3 Design 2: Controller with a parameter ¥

In this section, we design a DIA controller with a free
parameter ¥ via experiment. The following step is
added to the design procedure in Section 4.2.

[Step 5] Selection of the free parameter ¥

After some iteration with experiments with a magnetic
suspension system, these parameters are chosen as fol-
lows;

25.
Wy (S) %, e = dlag [ 1.40 1.0e73 ]
—9.9 x 102
v = e (23)

Here the free parameter ¥, which satisfies (8), and
has been chosen to let the controller have a integral
property. Direct calculations yield the central controller
Kpra, = Cps(sI — Ap3) 1 Bys. Easy algebraic calcula-
tion with (8) and (9) derives the state space form of
the DIA controller with a free parameter ¥ as

Kpragzo = Cpag(sl — Apzg) 'Bysw (26)
e _ [A-BBS-PC'C+PFF BEK,
f¥ = -B,,C(I + PS) A
-B'S
Bpsg = [ PC' Bnm |, Crse = [ K }

The frequency response of the controller Kpra, and
Kpra,w are shown in Fig.6, where a dashed line shows
the frequency response of Kpra, and a solid line shows
one of Kpra,w. The controller gain of Kpra,v has been
increased just as aimed, and is larger than Kpra, at the
low frequency.

4.3.1 Experimental Evaluation: We have
conducted experiments to evaluate properties of con-
trollers Kpra, and Kpra,w, using the experimental
machine in Fig.1 The iron ball at a standstill has been
suspended stably with either the controller Kpra, and
Kpra,w. To ascertain transient responses, we input
the step reference signal to a suspended iron ball. It is
expected that Kpra,w will show an improved response
for the reference signal. A step reference signal is added
to the system around 1[s], where the magnitude of the
step signal is 0.5[mm], and steady state gap between
the iron ball and the electromagnet is 5.0[mm]. Ex-
perimental results are shown in Figs.7 and 8, respec-
tively. These figures show that both controllers give
oscillatory responses and are not satisfactory. How-
ever both controllers maintain stable suspension, and
our aim here is to investigate the difference of both
Kpra, and Kpra,e’s responses so as to evaluate the
free parameter ¥(s). In Fig.7, the steady state error
has been left, but the Fig.8 shows that the controller
Kpra,w makes this error to be zero, because of its inte-
gral property. This fact represents the usefulness of the
free parameter W.

5 Conclusion

In this paper, a robustness property of H., controls
against initial-state uncertainty was discussed. We eval-
uated the effectiveness of the proposed approach via a
magnetic suspension system. First, the DIA controller
has a relatively better transient property than the con-
ventional standard H, controller. Second, a role of the
weighting matrix N for the initial state zq is shown via
numerical simulation. N is a measure of relative im-
portance of the initial-state uncertainty attenuation to
the disturbance attenuation. A larger choice of N in
the sense of matrix inequality order means finding an
admissible control which attenuates the initial-state un-
certainty more. Finally, usefulness and effectiveness of
the free parameter ¥ of the mixed attenuation of distur-
bance and initial-state uncertainty has been examined
via experimental results.
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