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Abstract

The random point fields which describe the position distributions of the systems of
ideal boson gas in states of Bose-Einstein condensations are obtained through the
thermodynamic limits. The resulting point fields are given by convolutions of two
kinds of independent point fields: the so called boson processes whose generating
functionals are represented by the inverses of the Fredholm determinants for oper-
ators related to the heat operator and the point fields whose generating functionals
are represented by the resolvents of the operators. The construction of the latter
point fields in an abstract formulation is also given.

Key words: random point field, classical statistical mechanics, continuum system,
Boson process, Bose-Einstein condensation

1 Introduction

In the previous paper [7], which we will refer as I, the authors gave a method
which derives typical kinds of random point fields, the boson and the fermion
point processes on R?, through the thermodynamic limits of the random point
fields of fixed finite numbers of points in bounded boxes in R?. The purpose

* Corresponding author.

Email addresses: tamurah@kenroku.kanazawa-u.ac. jp (H. Tamura),
ito@mpg.setsunan.ac.jp, ito@kurims.kyoto-u.ac.jp (K.R. Ito).
1 Partially supported by MEXT under the Grant-in-Aid for Scientific Research No.
17654021.
2 Partially supported by JSPS under the Grant-in-Aid for Scientific Research (C)
15540222.

Preprint submitted to Elsevier Science 23 October 2006



of the paper is to give the random point fields which describe the position dis-
tributions of the systems of ideal boson gases in Bose-Einstein condensations
[BEC] as an extension of I.

Let us consider the systems of N free bosons in a box of volume V in R? and
the quantum equilibrium states for the system of finite temperatures. Regard-
ing the square of the absolute value of the wave function as the distribution
function of the positions of N particles, we obtain random point fields of N
points in the box. In I, we have shown that under the thermodynamic limit,
N,V — oo and N/V — p, these random point fields converge weakly to the
boson process uf whose Laplace transform is given by

/( A (€) = Detl1L 1 - 12,61 - Q) W1 —e ]t (1)
QR4

if p < p., where z, € (0,1) is determined by

d 20 PPl B
e (2:)”1 e - (#C1=2G @)

and p. [see (3.6)] is the critical density above which the Bose-Einstein con-
densation takes place. The thermodynamic limits of the systems of fermions
for all positive p have been also considered. As applications of the approach,
the systems of para-particles and the systems of composite particles have been
studied. The main apparatus is to apply the saddle point method to complex
integrals related to the generalized Vere-Jones’ formula [8,4]. The argument is
based on the unified formulation of boson/fermion processes of [4]. For general
references of this field, see e.g. [6] and references cited there in.

In this paper, we study the case of p > p. for the Boson systems in R%, d > 2,
which corresponds to BEC. We need more technically elaborate analysis than
in I about the largest eigenvalue go(L) of the deformed heat operator Gr
in the box of size L. We must modify the saddle point method in I. The
residue calculation is used instead of the gaussian integral. As the results
of the thermodynamic limits, we get the random point fields on R¢ which
are given by the convolution of two kinds of independent point fields: 1. the
boson processes whose generating functionals are represented by the inverses
of the Fredholm determinants for operators related to the heat operator; 2.
the point fields whose generating functionals are represented by the resolvents
of the operators.

It would be interesting to consider profound relations between these two point
fields. We have not succeeded in the analysis on the critical case p = p.. These
would be the subjects of future work.

The paper organized as follows: In §2 the construction of the point fields which
appear in the resulting point fields as the second component (see above). The



construction is made in a general framework of random point fields similar
to that in [4], i.e., on the locally compact space of second countability. §3 is
devoted to the analysis of the thermodynamic limit in R

2 Abstract formulation of the random point field

Let R be a locally compact Hausdorff space with countable basis and A\ a
positive Radon measure on R. We regard A as a measure on the Borel o-
algebra B(R) which assigns finite values for compact sets. Relatively compact

subsets of R will be called bounded. On L?*(R;\), we consider a (possibly
unbounded) non-negative self-adjoint operator K which satisfies:

Condition K

(i) [locally boundedness] For any bounded measurable subset A of R, the
operator K'/?x, is bounded, where x, denotes the operator multiplying the
indicator function x, of A.

(i) G = K(1+ K)~! has a non-negative integral kernel G(x,y) which satisfies

/RG(x,y)/\(dy) <1 A—aez€R (2.1)

For a measurable function f : R — [0,00) with compact support and a
bounded measurable set A satisfying A D supp f, we have

K21 —e-T = K'?y,v/1 — e~/ and hence that
Ky = (KY2\1—e ) K'2\/1— et (2.2)

is a bounded non-negative self-adjoint operator. Here we regard v/'1 — e~/ as
the multiplication operator of the function expressed by the same symbol.
Q(R) denotes the Polish space of all the locally finite non-negative integer
valued Borel measures on R.

Theorem 2.1 For R, \ and K which satisfy the above conditions and p > 0,
there exists a unique Borel probability measure pug.,, on Q(R) such that

Ly © (&) = exp (= p(1 = e L K1) (23

holds for any non-negative measurable function f on R with compact support,
where (-, -) denotes the inner product of L*(R; \).



Let us begin with some remarks before proving the theorem. It follows that G is
self-adjoint and 0 < G < 1, where 1 denotes the identity operator on L*(R; ).
Without loss of generality, we may assume that the B(R?)-measurable function
G(x,y) satisfies

Ve,ye R: Glz,y) 20, G(z,y) =Gy, )

and
Ve e R: / G(z,y) Mdy) < 1.
R

Let us define the functions G"(z,y) inductively as G*(z,y) = G(z,y) and
G (2, y) = /RG”(x, 2)G(z,y) A(dz) for n e N.
Then we have
Ve,ye R,VneN: G"(z,y) 20, G"(z,y)=G"(y,z)

and
Voe R, ¥neN: / G (2, y) Mdy) < 1.
R

It is obvious that G™(x,y) is the integral kernel of the operator G™. Put
K, = Z G* and K,(z,y)= Z G*(z,y).
k=1 k=1

Then K, is the bounded non-negative self-adjoint operator which has the
non-negative integral kernel K, (z,y). The function

Klo,y) = lim Kaley) = 3 G¥(a.y) (2.4

is well defined, if we admit infinity as its value.
Here we recall the following preliminary facts from functional analysis.

Lemma 2.2 (i) Let H be a Hilbert space, L(H) the Banach space of all the
bounded operators on H and {Ap}nen a bounded increasing sequence of non-
negative self-adjoint operators in L(H). Then s-lim, .., A, exists and is a
bounded non-negative self-adjoint operator.

(i) Suppose that Ay, Ay, --- € L(L*(R; \)) converge to A € L(L*(R; \)) strongly,
A,, has the integral kernel A, (x,y) for each n and

0< Ap(z,y) T Az, y) AP —ae (v,y) € R

Then A has A(z,y) as its integral kernel.



Proof : For (i), see e.g. [3]. For (ii), let f € L*(R;\). Then |f| € L?(R; \) and
(AnlfD)(x) = [ An(z, )| f(y)|A(dy) holds. Taking the limit n — oo (through a
subsequence if necessary), we have (A|f|)(x) = [ A(x,y)|f(y)| A(dy) for M-a.e.
by strong convergence of the operators and the monotone convergence theo-
rem. The a.e. boundedness of the integral in the right-hand side ensures the
identity for f instead of |f| by the dominated (instead of monotone) conver-

gence theorem. a
Now we have the following proposition. Here and hereafter, || - || and || - ||z
stand for the operator norm and the trace norm for operators, respectively,
and || - ||, for the LP-norm for functions.

Proposition 2.3 (i) Put Ky = (K'/?x ) K'Y?x, for any bounded measurable
AN C R. Then, K, is a bounded non-negative self-adjoint operator and has
Kp(z,y) = xa(z)K(z,y)xa(y) as its integral kernel. The equality

KA = Z XAGkXA (25)
k=1

holds in the sense of strong convergence of operators.
(ii) For each k € N, Hy = xaG((1 — xa)G) " 1xa is a bounded non-negative
self-adjoint operator having non-negative kernel, which is denoted by Hy(x,y).

The sum Ry = Y p—, Hy exists in the strong convergence sense and is the
bounded non-negative self-adjoint operator having non-negative kernel Ry (x,y)

(i) Ra = Ka(1+Kp)™Y,  [[Rall < 1.

(iv) (1 + Kx)"txa = 0 a.e. holds, where we regard x5 as a function which
belongs to L*(R; \).

Remark : From (i) of Proposition 2.3 and the argument above (2.2), it follows
that K; = V1 — e TKyv1 — e~/ and its kernel is given by

1—e /@K (x,y)vV1 — e/ for non-negative f satisfying supp f C A.

Proof : (i) Boundedness and self-adjointness of K, are obvious.

Using the spectral decomposition K = [;° AdE), we have

s\
— [ 2 _4E,.
G /0 1+)\dA

Hence,

13" xaG*xall = sup D (xad, GFxao)

k=1 llpll2=1 =1



n /\ k
= sup / Z() d(xa0, Exxa®) < sup [ Ad(xa¢, Exxad)
l[¢ll2=1 L+A lllla=1

= sup ||[K* a3 = || K4l
[|#]]2=1

Since xAG*xa = 0 holds for every k € N, Lemma 2.2(i) yields the existence
of s-lim,, o0 >3y xAG¥xa. On the other hand, thanks to the monotone con-
vergence theorem, we get (2.5) in the weak sense:

(¢, ZXAGkXA¢ /Z (1 +)\> (Xa0, Exxa0)

— [ Ad(xad, Baxad) = (6, Kx0).

Thus we have (2.5) in the strong sense.
Lemma 2.2(ii) yields the assertion on the kernel of K.

(ii) It is obvious that Hj is a bounded non-negative self-adjoint operator for
every k € N. From the non-negativity of the kernel of G*, we have the non-
negativity of the kernel Hy(z,y) and

0 < Hy(2,y) < xa(@)G* (2, y)xaly).
From Lemma 2.2(i) and the estimate
[ Z 1l = sup Y [ G0 Helw)(y)A* (dr dy)
lgll2=1 =1 /&

n

< sw 32 [ 106G ) loly)A* (e dy
2=1 =1
<D xa Gl <[,
k=1
we get the existence of the strong limit Ry of {>-}_; Hx}, and its bounded
self-adjointness.

Lemma 2.2(ii) yields the assertion on the kernel of Rj.

(iii) From

STHp =Y xaGfxa = xaGl((1 = xa)G) ' = G xa
k=1

k=1 k=1

n k—1
=Y > xaG((1 = xa)G) T (=xaG)G XA
=2 1=1



n—1 n—I

== Y G = xa)@) T xaxaG'xa = =D Y HuxaG'xa,

1=1 k=l+1 =1 m=1

we get the relation
> Hy(x,y Z 2)G*(z,9)x(y)

k=1

n—1 n—I|

==Y Y [ Hulw a6 ) amAd) e
=1 m=1

among the kernels. Taking the limit n — oo, we have
Ry(z,y) — Ka(z,y) / R(z, z2) Ka(2z,y)A\(dz) A2 —a.e.(z,y)

by the monotone convergence theorem. It implies Ry = Kx(1 + K,)~!. Since
K is non-negative and bounded, ||R,|| < 1.

(iv) We may regard G as a contraction operator on L>°(R; \) because of (2.1).
Hy, is also contraction on L*>(R; \) for all k£ € N. Thus we have

n n

> (Hixa) (@) < 3 (Hixa)(@) + (aG((1 = xa)G)" (1 = xa) ) (x)

k=1 k=1

< S (Ho) @) + (a6 - x)E) (1 - ) @)
k=1

< < G (@) < xal),

where the non-negativity of the kernel of G and (2.1) have been used. On the
other hand, we get >-7_; Hpxa — Raxa a.e. from (ii) through subsequence
if necessary. Hence (1 + Kj) 'xa = xa — Raxa = 0 a.e. holds. a

(Proof of Theorem 2.1) Recall that K; = v/1 —e/K;yv/1—e~f, for non-
negative measurable f and a bounded measurable set A D supp f. Since

1+ (1 —eNHK)Y1—e 71+ Kp) W1 —e

=l-ef=1-e/Ry—e 71+ Ky
and
1+ (1—eHKy=(1—-e Ry 4+ Ky),

we get



V1i—e f(1+Kp)'W1—ef
(1+K\) "1 —e Ry M1 —e 'Ry —e 71+ Ky)™)
1+ K\ 1= (1 —e Ry e (14 Ky

14+ Ky ' =1+ Ky i(e‘fRA)"e_f(l + Kp) 7L

n=0

The Neumann expansion in the last step is valid since ||e™ Rp|| < ||Ral| < 1.

Hence we have
—(J1—ef [1+ K; /1 —e )

= —(xa, (L4 Kx)"'xa) + i((l + Kp) " xas e (Rae ) (14 Ky) 7).

Substituting this identity to the right-hand side of (2.3), expanding the expo-
nential and symmetrizing, we get an expression of the form

e | "
> —'/ oan (T, -+, Tp)e” e F @) ey day, (2.6)
= n! Jan

with a family of symmetric non-negative functions {o s~ } for every A O supp f.
For the existence of the measure i, on Q(R), it is enough to show the
consistency condition|2]:

<1
O—An(,fl’-.- ,gjn) :Zﬁ/Al O'(AUA),,H_Z(:L‘:[’... s Ty Y1, ° ’yl)dyldyb
=0 "

where A N'A = (). This condition can be derived easily from the facts that
the right hand side of (2.3) does not depend on A D supp f and that for a
given A, {oxn} in (2.6) is uniquely determined a.e., since f can be arbitrary
non-negative measurable function satisfying supp f C A.

Thus we have proved Theorem 2.1. O

3 The Thermodynamic Limit

In this section, we follow the arguments and the notation of I §2.2. However,
let us review them briefly to make the article self-contained.

Consider Hy = L*(AL) on Ay, = [—-L/2,L/2]% C R for d > 2 with the
Lebesgue measure on Ay. Let A be the Laplacian under the periodic bound-
ary condition in Hp. For k € Z%, gp,(CL) (z) = L=%?exp(i2nk - /L) is an eigen-
function of Ap, and { gp,(f) }reza forms a complete orthonormal system [CONS]



of Hy. The operator G = exp(3A) has the integral kernel

Gr(r,y) = Y e PP/ (2)piP (y), (3.1)
kezd

for 5 > 0. We put g,(gL) = exp(—p|27k/L|*) which is the eigenvalue of G, for
the eigenfunction gp,(f)(m). We also need the operator G = exp(8A\) on L*(R?)
and its integral kernel

P ppripey _ &XP(—]z —y[*/48)
G(x,y) = /Rd (27r)d6 + — (4B

Here we consider only periodic boundary conditions, though we can deal with
Dirichlet or Neumann boundary conditions for rectangles in the same way.

Let f : R? — [0,00) be a continuous function of compact support. We will
only consider the case where L is so large that Ap contains supp f. We regard
f as a function on A naturally. Let

Gy =G e 1G)?, (3.2)
where e~/ represents the operator of multiplication by the function e~/.

It is obvious from the ‘non-negativity of f that 0 < G . < Gr. Let us denote
all the eigenvalues of G, in decreasing order

GoL)=a(L)=-=g(L) >
Correspondingly, we relabel the eigenvalues {g,(f) Yeeza of G as
go(L)y=1>gi(L) = >g;(L) > -
By the min-max principle, we have

Note that gp(()L) has the eigenvalue go(L) = g(()L) =1

Suppose there are N identical particles which obey Bose-Einstein statistics
in A, with periodic boundary conditions at the inverse temperature 3. The
basic postulates of quantum mechanics and statistical mechanics of canonical
ensembles yield

1
~ ZgN!

prn(z1, o aN) per {G (s, 1) hi<ij<n (3.3)
as the probability density distribution of the positions of N particles of the
system, where Zp is the normalization constant and per represents the per-
manent of matrices. Here, we have set h?/2m = 1. We define the random



point field ( the probability measure on Q(R?) ) u7 y induced by the map
AV > (2q,- ,oNn) — Z;V:l g, € Q(R?) from the probability measure on AY
which has the density (3.3). By Eﬁ ~> we denote the expectation with respect
to /VLE ~- The Laplace transform of the point process is given by

Ef,N [€7<f’£>}

 Jayexp(= 55 fag))per {Gr(wi, 2;) oy doy -+ day (3.4)
B Jay per {Gr(@i, zj) o day -+ day ‘

_ Jan per {éL(iﬂi,$j)}£;:1 dry---dry

B Jay per {Gr(zs, )}y doy -+ - day

Let us consider the thermodynamic limit, where N and the volume of the box
A tend to infinity in such a way that the densities tend to a positive finite
value p:

L, N —oo, N/L*— p>0. (3.5)

In this paper, we concentrate on the high density region

dp e Pl
P pe= /Rd (2m)d 1 — e PlpP?

(3.6)

where the Bose-Einstein condensation takes place.

Theorem 3.1 (i) The operator K = G(1 — G)™' is a non-negative un-
bounded self-adjoint operator in L*(RY) and satisfies the Condition K in §2.
Moreover, Ky defined by (2.2) is a trace class operator.

(ii) The finite point fields defined above converge weakly to the random point
field whose Laplace transform is given by

exXp ( - (p —pe) (V1 — e’ [1 + Kf]_l v1-— eif)>
Det[l-i—Kf]

Ef {e’<f’§>] =

in the thermodynamic limit (3.5-3.6).

Remark 1: Thus the resulting point field of the theorem is a convolution of a
point field which is an example of those discussed in §2 and a boson process.
On the formulation of boson processes, we refer to [4], where the operator K
is assumed to be bounded, however the proof given there is also valid for the
present case.

Remark 2: It might be plausible to think whether there are any profound
reason between these two random point fields. However, we have no idea about

10



it. We have not succeeded in the analysis on the critical case p = p.. These
would be the subjects of future work.

We begin the proof with the following lemma, where we use the notation
O He () worer
07 = —|(k — =, = f ke Z°.
k i + 55 or €
Lemma 3.2 For z € [0,1], v = 1,2 and L € [1,00), let us define functions
ay,(-32),alP(-;2) on R by

v

~e—BIp”?
a,(p; z) = m
and
NOTS if peny’
v a,(2nk/L;z) if pée€ D,&L) for ke Z*—{0}.
Then

0 < al®(p;2) < ar(2p/(2 + Vd); 1) € LH(RY)
and the bounds for large L

7 ca(L/v/B)" if d>4
) /R P (pr2)dp < U(L) = &(L/VB) log(éL/VB)  if d=4
ca(L/V/B)* if d<4

hold, where cq, ¢4 and ¢ are positive constants.

Proof: Since a, is monotone increasing in z and monotone decreasing as a
function of |p|, we have

alP (p;z) < supal (p;1) < sup{a,(g;1)|g € RE L >1,
L>1

lal = 27 /L, |q - pl < (27/L)(Vd/2) }
<sup{a,(¢:1)|¢ € R L > 1|q| > 2n/L, |p| = wVd/L <l }.
In the case of |p| > (2 + v/d)m, the last supremum is attained at L = 1,|¢| =
|p| —mV/d then |q| > |2p|/(24++/d) holds. On the other hand, if |p| < (2++/d)~,
the supremum is attained at L = (2 + v/d)«/|p|, |¢| = 27/L and then |¢| =
12p|/(2 + v/d) holds. For both cases, we get the bound a'™ (p; z) < a,(2p/(2 +
Vd);1). Since d > 2, we get a1(2p/(2 + V/d); 1) € L*(R%).

Integrating the angular variables, we have

(QI;T)d /Rd agL) (p; 2) dp < (;;T)d /|p|>ﬂ/L az(2p/(2 + \/C_i), 1)dp

11



1 2
16 q

I d 0o qd I d
~(5vm) Lt~ () S
where 3 = 43/(2 + V/d)?. Since T; < [®[¢* e /(1 — e )] dgq < oo for
d>4;7T; < f:o\/ﬁ/L[qd_l/qﬂ dqg= (4—d)"YL/mv/B')*¢ for d < 4 and

7 </ —_ / —d = const. + lo 3.7

= N VA

we get the bounds for m/3 < L. a
In the following, || - || stands for the trace norm.

(Proof of Theorem 3.1(i)) It is obvious that K = G(1 — G)™! is a unbounded
non-negative self-adjoint operator satisfying G = K(1 + K)™'. In fact, K is
explicitly given by the Fourier transformation:

K¢ =F Har(-:1)F9)

for
¢ € Dom K = {¢ € L*(RY) |ay(-;1)Fy € L*(RY) ).

Condition K(ii) for G is also obvious.

Let us show the locally boundedness of K. For bounded measurable A C R¢,

IVE x93 = [l ai (-5 1)F(xaod) |3 < [IVar (-5 D3IIF(xad)| %

<laa (- DIhxagll < @) pellxall3llol13.
Thus K'/?y, is bounded. K (x,y) in (2.4) is given by

o0 " oo dp . ) .
K(z,y)=>_ G (x,y):Z/We Blp|* +ip-(z—y)
n=1 n=1

d ,
= [ @m0,

where we have used the dominated convergence theorem. From a; € L!'(R%),
K (z,y) is continuous. The remark after Proposition 2.3 and the continuity of
f yield that the kernel of K is continuous. Hence K is a trace class operator,
because ||Ky||r = [ K¢(z, ) dx = p||1 — e || < o. O

The rest of this section is devoted to the proof of the second part of the
theorem. Put

Dy, =G, -G =G 1-eNG? W,=G/*1—e,

12



then Dy = Wy Wj. Note also that

Ld (L)

L R R
a,” (p; 2) dp (3.8)
(2m) /Rd keZdZ—{O} (1- ZQ/EL))V

= [[2QoG1Qo(1 — 2QoGLQo) ||
Here P, is the orthogonal projection on L?*(Ar) to the one dimensional sub-
space Cga(()L) and Qp =1— F.

Lemma 3.3 It holds that the bound

() 1QuGLQo(1 — QoGrQo) 2 < ((L)

and the following convergences in the limit L — oo:

() LG — [ e Pap/n)t = i

1Dl — 111 = /45
(iii) LidHQoGLQO(l - QOGLQO)AHT — P < Q.

(iv) If {zr} € (0,1) and z;, — 1, then

sup [[22Q0G1Qo(1 — 2.Q0Gr Qo) |(x,y) — K(2,y)| — 0

T, YyeN
for any fized bounded measurable set A C RY.

Proof : (i)-(ili) are immediate consequences of the above remarks, Lemma
3.2 and the dominated convergence theorem.

For (iv), put e(p; x) = e?* and
eO(p;x) = e(2nk/L;z) if peO® for ke zd

Then Lemma 3.2 and the dominated convergence theorem also yield

22Q0GLQo(1 — 2.Q0GrQo) (7,y) — K(z,y)]

d
<[ P e =)0l 0:21) — ez~ p)en i)

</ (262?)11 (laf" (p: 2) — ax (s )] + [P (pr 2 — y) — e(p;z — )| ar(p; 1))

— 0. O

13



In the followings, we use the notation By, = O(L*) which means
ElCl >y >0 ClLa > B > CgLa.

Lemma 3.4

(i) For large L, go(L) — go(L) = L’d(m,
[1+WLQo[l — QOGLQO]AQOWLTIW) (14 0(1))
= (¢6”, (D1, — D1Qo[1 — QoG Qo] QoDr)e”) (1 + o(1)).
(i) = e/ = (o7, D)
> (08", D2 Qolgo(L) — QoG1Qo] *QoDrl”)

_ 1— e f]li(1+0(1)) -
L4go(L) — go(L ! 1—et
(111) <90< ) gO( )) S 1+ ,0c||1 —e f|| || H
iv) Let gp ) be the normalized ezgenfunctzon of Gy, for eigenvalue
0

Go(L) such that (5", o$") = 0. Put 3§ = api® + ¢,

L L =
o) =d e + @ (e, ¢) =0, (@7, ¢)=0).

Then a = a' and ||¢'||* = [|Z|]* = 1 — a®> = O(L™*(L)) hold.

Proof: Here, we suppress the index L in g;(L), g;(L), cp(()L) and so on. First

notice that (g, Drwo) = ||1 — e~ 7||1/L% From the min-max principle, d > 2
and the value of g; = exp(—£|27/L|?), we have

9o =12 Go > (g0, Greo) = 1 — (o, Do) = 1 — O(L™%) (3.9)

> =1-0(L%>aq
for L large enough. Hence the eigenspace of G, for the largest eigenvalue §q
is one-dimensional. Let ¢y be the normalized eigenfunction for go and put
@0 = apg + (,0/ ((QO(), QOI) = 0) Then GLSEO = §0§50 ylelds
aG oo + Gre' = ajopo + Joi'-
Applying Py and )y, we have
ago — a(po, Dro) — (o, Dr¢’) =a go

—aQo Do + QuGre’ =G0 ¢

Because QuGrQo < QoGrQo < g1 < jo and jo—QoGLQo is positive invertible,

14



@' =—algo — QoéLQo]_lQoDLSfo, (3.10)
90 — 9o = (@0, (D, — Dr.Qolgo — QOGEQO}AQODL)%DO)
= (Wio, (1 — WiQo[go — QoG rQo) ' QoWr)Wio). (3.11)

For brevity, we put

X' = W;iQolgo — QoGrQo) ' QoWr, X =W;Qo[l — QoGrQo] ' QoWr

and ) i
X = W;Qoldo — QuGrQo] ' QoWr.
Then we have

XX =-XX'
and hence . .

X=X(1+X)" and 1-X=(1+X)"" (3.12)
Together with Wiy = v/1 — e TL~%2 we have

go—Go=L7 (1 —e ', (1+X)1—e) (3.13)
from (3.11).

Now, we want to replace X' by X in the right hand side. From (3.9), 1 — g =
O(L‘ ) and §o — g1 = O(L™?) hold. Note also that we have ko gr/ (1 —
gr)? < L(L) from Lemma 3.3(i). It follows that

1X" = X|| = (1 = o) [|W;Qoldo — QoGrQo) 1 — QoGrQo] ' QoWyl|

= (1—go) H;‘\H;(Q WiQo[go — QoGrQo) [l — QoGLQo] ' QoWre)

<(1—go) sup > |(pk, V1 —e€ fo))? el (3.14)

16ll2=1 20 (9o — gk)(1 — gk)
VI—eTgl|21—
<(1— o) sup | ¢ ¢|I1~ 9 9
1¢]l2=1 L 9o = 91 iz (1 — gk)
=1 — e |LO(L™*%(L)) = o(1).

Together with the similar estimate || X|| < pe||1 — e 7||1(1 + o(1)), we have
1 X7 < pell1 — e 7|]1(1 4+ 0(1)). Thus (3.13) yields

Lgo—0) = (V1= e T, 1+ X)W 1—e ) » — L=y o),

L+ pellt = e1]x

which is the lower bound of (iii). The upper bound of (iii) is obvious.
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From

(V1—ef (1+ X ) 1—ed)—(J1—ed (14+X) 1 —e )
< W1 = e IRIE + )T + X)X = X' = o(1),

we get the first equality of (i). Replacing X’ by X in (3.13) and tracing the
argument back to (3.11), we get the second one of (i).

The bound (ii) is an immediate consequence of gy > go and (3.11).

(iv) Clearly, a = (po, o) = d’. As for (3.12), we have

(0 — QuG1rQo) QoW1 = (G0 — QuGrQo) " QoWr(1 + X') ™. (3.15)

This and estimates similar to (3.14) derive the bound

1[I = a®(po, DrQo[go — QOGLQO]_QQODLSOO)

< a®||[Wieol 31| W;Qoldo — QoG Qo] 2QoWy||
= a®|[[Wigoll3]|(1+ X") "' WiQolgo — QoG Qo] *QoWr(1+ X')7!|
=a’O(L™2%(L))

from (3.10). Now the bound for 1 — a? is obvious. O

As in I, we use the generalized Vere-Jones’ formula [8,4] in the form

dz 1
0 mDet(l — ZJ) y

1
i /per (J (s, xj))f-yj:l)\(@N(dxl cedry) = 7{%

where r > 0 satisfies ||rJ|| < 1. S,(¢) denotes the integration contour defined
by the map 0 — ¢ +rexp(if), where 6 ranges from —m to 7, r > 0 and ¢ € C.

Then we get
ﬁDet[l — ZoGL]

56\[ Det[l - 20@[,]
. - 1
s Det |1 — 20G (1 — 2G1) " (n—1)]  dn/2min™*!
1 ] .
$51(0) Det{l — 20Gr(1 — 20Gp)~*(n — 1)} dn/2minN+1

The positive real numbers zy = 2zo(L, N) and Zy = Zy(L, N) are chosen as the
solutions of the equations

EE,N [6_<f’£>] =

(3.16)

TI‘H [ZOGL(]_ - Z()GL)_I} = TI"H {goéL(l - goé’L)_l} = N. (317)

In fact, the following lemma holds. Hereafter, we will often suppress the (L, N)-
dependence in zo(L, N) and Zy(L, N) for brevity.
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Lemma 3.5 (i)  The parameter zy € (0,1) is uniquely determined by the
equation

TI'|:ZOGL(]_ - Z()GL)_I} = N. (318)
(ii)  The parameter Z € (0,gy " (L)) is uniquely determined by the equation

Tr|%GL(1 - 2GL) ™| = N. (3.19)
(iv) 1-z=(1+0o(1)L%p—p)"

Proof : Let H(z) and H(%) be the left-hand sides of (3.18) and (3.19) ,
respectively. Since H is a monotone increasing continuous function on [0, 1),
H(0) =0 and H(1 —0) = oo, (i) follows. (ii) is similar.

The first inequality of (iii) is a consequence of H(z) > H(z) for z € [0,1).

To show the second part of (iii) and (iv), let us make the following remark on
the thermodynamic limit (3.5).

(a) If and only if p < pe, {z0(L, N)} converges to z = z, € (0,1), the unique

solution of
dp
z/(%)dal(p; z)

in the thermodynamic limit (3.5)

(b) If and only if p > p., L1 — 20) — 1/(p — p.). In this case, lim zy = 1
holds.

(¢) If and only if p = p., lim 2y = 1 and L(1 — zy) — +o00.

To show (a — ¢), note that

A dp wy,  _\_ B i
Li(1 — z) + /Rd (27T)da1 (p; 20) = Trlz0G (1 — 20GL) " 7]/LY — p.  (3.20)

We have that

dp  (wy, . dp '
/Rd (27T>da§ )(p7 2p) — /Rd Wal(p, z)

for limzy = z € [0,1] by the dominated convergence theorem, and that the
limit is a strictly increasing function of z. ( See Lemma 3.2. ) If lim zp = z, €
[0,1), the limit of (3.20) tends to

dp
p= x/]Rd (27r)da1(p’ Z*) < Pe-

17



If lim 2o = 1, then p = p, + lim 29/L%(1 — 29) = p.. Now suppose {z0(L, N)}
does not converge. Then by taking converging subsequences having different
limits, we deduce a contradiction to (3.20). Thus we get the classification (a

—¢) and (iv).

Now we have the second part of (iii) using Lemma 3.4(iii),

N

2=1—-0(L <% < gt =1+0(L™%. O

In order to understand the subsequent arguments, it is helpful to keep the
followings in mind:

g=1 g=1- ( ) QoGLQo = QOGLQO (see (3-9))
Go=1—0(L%  (Lemma 3.4(iii))
20=1-0(L"% Z=2+4+0(L™%  (Lemma 3.5(iii, iv))
(s, Doty = oIt — e 1), /L1

Lemma 3.6

(i) Po[l — 2GL] ' Py = ( _12090 )PO,
(i) [|Qo[1 — ZoGL] ™M = |I[1 — 20GL) ' Qoll = O(U(L)),
1Qo[1 = 20GL] M| = |I[1 — 20G1) ™' Qoll = O(U(L)),

(iii) Tr(Qo[l — G ] ' Di[1 — 20G1] ' Qo) = (L Y(L)).

Proof: (i) By lemma 3.4(iv), we have
(@0, (1 = 2G1) " 0) — (1 = Z0go) |

= [(ao + &', (1 = 20G1) ™ (apo + @) = (1 = Zg0) |
L g (1 - 2G|
1= Zogo ’
< (1= Z090) " + (1 = Z091) " O(L™(L)) = O(L~(L)),

where we have used
1 1

— + —
1 — Zogo 1 —Zoo1

<

<24 Tr[5GL(1 — %GL) " =2+ N = O(LY),

in the last step.
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(i) Note that Qopo = ¢’ in the notation of lemma 3.4(iv). Then we get

~ / 1
_ 3 -1 < ||90|| — d —2d 2.
1Qu(1 = 20G) I < T - + T = O(L*L4(L)) + O(L?)

The second bound is obtained similarly.

(iii)  From the equality just above Lemma 3.6, the left-hand side equals

||1—€7f||1z 9k
L w70 (1= 2098)
which yields the right-hand side by Lemma 3.3(i). OJ

We need a finer estimate than Lemma 3.5(iii).

Lemma 3.7 The asymptotic behaviors

(i) 20 — 20 = (1 = go)(1 + o(1)),

(i) 1 — 209[/) =(1-290)(1+0(1)) = (1 — 20)(1 +0(1)) = 1+ o(1)

L*(p — pc)
hold, where

go=1- (o$Y, Do )+ZO(800 ) DrQo[1 — 20Q0GLQo] IQODL%L))'

Proof: (i)  Let us begin with
0=N—N =Tr[5GL(1 — 2GL) " — 2GL(1 — 2G) 7Y =

(0, (1= Z20G1) ™' = (1= 20G1) ™ )po) + TrQo (1 — %G 1) ™' = (1= 20G1) ™) Qo]
+TT[Q0((1 — ZoGL)_l — (1 — ZoGL)_1>Q0].
The first term of the right hand side equals

(1= Z0g0) " — (L — 2090) " + O(L™%(L))

(20 — 20)J0 — 20(go — Jo)
— /o +O(L~%
(1 = Z090)(1 — Zogo) (L7UD)
by Lemma 3.6(i). On the other hand, the second term has the bound

(%0 — 20)| Tr[Qo(1 — 2G1) "G (1 — 20GL) Qo)

20 — 20

< 120G (1 — 2Gr) Hlr||(1 — 20Gr) Qo]
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= O(L‘de\/E(L)) = o(L%)

ITr[Qo((1 — 20G1) ™" — (1 — %G1) ")Q|

= ZolTl"[Qo(l - ZoéL)_leWL*(l - ZoGL)_lQo]l
= Zo|TI‘[Q0(1 — Z()GL)_IWL<1 + zOWE(l - ZoGL)_le)_IWL*(l — ZoGL)_1Q0]|
< 20[|Qo(1 = 20GL) WL Wi (1 = 2GL) ™ Qollr = O(L™(L)) = o(LY),
where we have used a equality similar to (3.15) and Lemma 3.6(iii). Thus we
have B B B
z0(90 — o) — (20 — 2’0)90 (Ld)
(1 = Z090)(1 — z090)
On the other hand, (1 — Zgo)(1 — 2090) = O(L~2?) holds. Thus we have

20(g0 — o) — (%0 — 20)go = o(L™7).

Note that gy — go is exactly of order L= by Lemma 3.4(iii), we get the desired
estimate.

(ii))  From (3.11), we have
G0 — 90| = |(¢0, Dr.Qo[(d0 — QoG Qo)™ — (%" — QuG1 Qo) |QuDro)|

= (0, DrQo(Go — QuGrQo) ?1(Z" — o) (% " — QoG Qo) "]
X (Go — QoGrQo) *QoDro)]
<13 = olll(Z5" — QuGrQo) " H|(20, DrQo(Go — QoGrQo) ™ QuDreo)
< O(L™NO(L?) (o, Drgo) = O(L*27) = o(L™7),

where Lemma 3.4(ii) has been used in the last inequality. Hence, we obtain
1 — Zogh = 1 — Zgo + o(L™%). On the other hand, we have

1+ 0(1)
L(p = pe)

thanks to Lemma 3.5(iv) and (i) above. O

1 —Zg0 =1— 20+ [Z(1 — o) — (20 — 20)] = +o(L™1),

Put p{" = 20g;(L)/(1 — z0g;(L)), 15§N) = %3;(L)/(1 — %g;(L)), then by
Lemma 3.5(i, ii) 3.7(ii), we have Zooop] Z;OO@N =N,

pi" =0, " = 0L, "/ =1+0(1)  (321)
and piV = O(L) = pfV >, V=0 =Y >
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Lemma 3.8 In this notation, it holds that

7{ 1 dp 1+ o(1)
$10) Det |1 — 20GL(1 = 2Gp) " (n — 1)] 2rin™* ep™
1 dp 1+ o(1)

7{:91«)) Det[1 — 2G5 (1 — 2G1) "1y — 1)] 20 gV

Proof : Set RN = RN = [(@=2)/2_ Since PO pgN)(l +p§~N))
= Tr[20Q0GLQo(1 — 20Q0G Qo) 2] < 132, g5/ (1 — g5)?, we get

™2y pi(1 4 piM)

J
N)2
pt(i )

— 0

by pi") = O(L%) and Lemma 3.3(i). Then Lemma A.2 yields

1 1 1
the Lh.s. of the 1st eq. = y{ dn _ o(1)

51(0) ;?‘;0(1 — pg-N)(n -1)) 2minN+l B epéN)

For the second equality, we notice that ]5§-N) < (14 0(1))p§-N) holds for all
j =1,2,---, because of zp, %) = 1+ O(L™%) and QJ(N) < gj(»N) <1-0(L?).
Together with (3.21), we have

RO 57 (4 ) RO 0 (49
= I~ < (1+0(1)) = — — 0.
Do Do
Thus the second equality also follows from Lemma A.2. ([l

Now we have

N Det[l — zGy)
BE  [e<rer] = 2 Detll = 20Gu] g
Inlee] %VD%H_EOGL]( o(1))

from (3.16), (3.21) and the above lemma. Since Fy, @y and G commute,
Det[1 — 20G] = (1 — z0)Det[1 — 20Q0G.Qo]. We use the Feshbach formula to
get

Py — %PGrPy  —ZPG1rQo
—%QoGLPy Qo — QoG 1Qo

= Detgy, [Qo — 20Q0G Qo]
xDet g3, [Po — 20PoGr.Po — Z0PoGrQo(Qo — 20Q0G Qo) 20QoG . P)]

Det[l — 2QéL] = Det
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= Det[l — 2,QuG1 Qo)

X (1 — %[l — (08, Drei?) + Zo(p$Y, DLQo[1 — 50Q0éLQ0]71Q0DL90(()L))])
where Det is the Fredholm determinant for operators on H; and Detgyy, for

operators on the subspace QyHy, etc. Now from Lemma 3.7(ii) and Lemma
3.5(iii, iv), we get

ﬁ (1 — Z())Det[l — ZoQonQo]
20 (1 — Zogh)Det[1 — ZQoGLQo]

_ % Det[l — 2QoG1rQo]
20 Det[1 — 2QoG1.Qo]

RS [e<r] = (1+0(1))

(1+0(1))

Det[1 — 2QoG Qo)
20 N+ 0<1)> Det[1 — ZQoG Qo)
" Det[1 — 50@09%@0]

Det[1 — 5QoG1rQo]

20 — 20

—exp (- (3.22)

Lemma 3.9 Under the thermodynamic limit, it holds that

20 — R0
w (F V= p6) +o(1)),

Q) Det[l — 2QoGrlo] _
Det[1 — ZQoG Qo)

i) Det[1 — Z0QoGrQo] _
Det[1 — Z20QoG Qo]

Det[1 + Ky](1 4 o(1)).

Proof : Put h(z) = —logDet(1 — 2Q0G Qo) = — X252, log(1 — zg;), and we
have

o Det[1 — 20Q0G Qo]
s Det[1 — Z20QoG Qo)

) = h(g(])—h(ZO) = h/(Zo)<§0—Zo)+;h//<20)(20—20)2,

where Zy € (20, Z9). Hence we get (i) by

S . N —
h/(Zo) — Z gj _ Po

j=1 1 - 209; 20

)G = ) = S R < 3 BRTRE = 0 (L) = o),

where Lemma 3.3(i) has been used.
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(ii) Thanks to the product and cyclic properties of the Fredholm determinant,
we have

Det[l — gOQOéLQO]
Det[1 — ZQoG Qo]

= Det[l + 20\/ 1-— e_fQ()GLQo(l — ZoQOGLQo)_l \/ 1-— G_f].

Note that L2(Ay) can be identified with an closed subspace of L?(R?) naturally.
By this identification, we regard G, and v/1 — e~/ as operators on L?(R%). It
is enough to prove

Ap =2\ 1 — e TQoGLQo(1 — 2QuGrQo) /1 — e/ — K,

in the trace norm. In the following, we show A, — K strongly and ||Az||r
— ||K{||7. Then the Griim’s convergence theorem [5] yields the above.

= Det[l + 20Qo (G — éL)QO<1 - 50Q0GLQ0)_1]

For ¥, ¢ € L*(R?Y), we have

(v, (AL — Kf)9)| = '/R do [ dy Uy 1 - eI @g(y)y1 - o1

X (%[QOGLQo(l — 2Q0G1 Qo) (z,y) — K (x, ?J))’ (3.23)

< [llll@ll2lly1 = e~f[3 sup J|§o[QoGLQo(l—ZoQoGLQo)_l](I,y)—K(x,y)l,

T,yEesupp
which tends to 0, by Lemma 3.3(iv). Note that it might be possible that
Zo = Zo(L, N') > 1 holds in the course of the thermodynamic limit. However,
%y ! is well separated from Spec QuGQy since |1 — Z5| = O(L~?). Hence, the
proof of Lemma 3.3(iv) is still valid in this case. Thus the strong (in fact the
norm) convergence has been proved. For the convergence of the trace norm,
we use Lemma 3.3(iv) again and positive self-adjointness of operators Ay and
Ky to get
1ALl — 1Kl = Te[ Ay — K]

- /Rd dz (1 — e 7)) (%[QuGrQo(1 — 20QuG1 Qo) |(z, 7) — K(z,2)) — 0. O

Together with Lemma 3.4(i) and Lemma 3.7(i,ii), we get the formula

Ef v e = (14 0(1))x (3.24)

exp(—(p - pc)( \% - eifa [1 + WEQO<1—QOGLQO)_IQowL]_I\/ 1— e*f))
Det[1 + /] :

From the convergence W;Qo(1 — QoGrQo) 'QoWr = A, — K in the ther-
modynamic limit, we have proved the theorem.
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A Complex integrals

Lemma A.1 For0 < x <1 andp > 0 satisfying 0 < pr < 1, it holds that

p(1+p)(1 + pz?) 2>_

Proof: Put f(x) =log[(1+ z)?(1 — pz)], then

oy D p vy P(L+p)(1+pa?)
f(x)_1+x_1—pa:’ (x)__(1+:v)2(1—px)2

hold. So we have f(0) =0, f'(0) =0 and 0 > f"(fz) > —p(1 + p)
(1+ pz?)/(1 — pz)? for 6 € (0,1), which imply the result. O
Lemma A.2 Let the collection of numbers {pgN) YN satisfy

N N N N
pM > pM =M > 2™ s, ij =

Suppose that there exist a sequence { R™Yney and ¢ € (0,1) such that
1< R™ < epi™M @ npi™, Jim PN RN _

and
o

lim RWY Z 1+ M =0,

N—oo

where ¢ = ¢ 'log(1 + ¢). Then

i M) dn 1 _1
N Po 274y N+1 T (V) N
&8} (U) T fr] + H]:(](l —_ p] (77 — ]_)) e

holds.
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Proof: We omit the superscript (V) here. Note that py — 0o and R — oo as
N — o0. By the preceding lemma,

< R\Ps Rp; > pi(1+p;) (14 R?p;/p3) R?
[ 20 ) 2
jHl Do Do 32:1 2 (1 — Rp;/po)*p}

So the assumption on R implies

0 Dj .
HKHR) <1—Rpj)] 1
j=1 Po Do N—o0

Similarly, we have

L]0+ 5) (=R =

7=1
Now let us deform the integration contour of 1 to two parts

% [ —|—% = Il + _[2.
S51(0) S(rR-1)/po (1+1/p0) S14+R/po (0)

I, is obtained by the residue at n = 1+ 1/py:

L (e ) T (2]

Po j=1 Po

1\-Po—1 1\Pi N1-1
() R 0]
Po Do Po N—oo

Jj=1
I can be estimated as

T df X R\Pi R\ . -1
‘ 2‘ #0 -7 27Tj1:[0 Po bi Po

—Po o0 Dj N\ 11
<m(ty,) TR0 ) (02 e
Po —00

j=1 Po Po
since (14 R/po)? = (14 ¢)%/¢ = ¢“F and the assumption. O
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