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Abstract

In multilayer neural networks, network size reduction
and fast convergence are important. For this purpose,
trainable activation functions and nonlinear synapses
have been proposed. When high-order polynomials are
used for nonlinearity, the number of terms in the polyno-
mial becomes a very large for a high-dimensional input.
It causes very complicated networks and slow conver-
gence. In this paper, a method to select the useful terms
in the polynomial in a learning process is proposed. This
method is based on the genetic algorithm (GA), and com-
bines the internal information, magnitude of connection
weihgts, to select the gene in the mext generation. A
mechanism of pruning the terms is inherently included.
Many examples demonstrate usefulness of the proposed
method compared with the ordinary GA method. Con-
vergence is stable and the number of the selected terms
is well reduced.

1 Introduction

A main function of multilayer neural networks is pattern
mapping, which includes function approximation, pat-
tern classification, prediction, diagnosis and the other
many applications [1]. In designing multilayer neural
networks, there are several parameters concerning net-
work structure, for instance the number of layers and
units, activation functions, connection density and so
on. By optimizing them, fast convergence and small
size networks are available. Reduction of the hidden
units has been well studied. Pruning methods using only
sigmoid functions [2],[3] and several kinds of activation
functions [4],[5] have been proposed. Furthermore, acti-
vation functions are optimized through a learning pro-
cess [6],[7],[8],[9]. Properties of the activation functions,
which can be optimized, are extended [10]. Furthermore,
the input potential of the unit is extended from a linear
combination of the inputs or the lower layer outputs to
the nonlinear function [11]. The activation functions are
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formed on the hypersurface rather than the hyperplane.
As a result, more complicated relation between the in-
puts and the output can be realized.

One approach to realize nonlinearity is to use poly-
nomial [11]. However, in actual applications, the input
data are usually high-dimensional vectors, so the num-
ber of terms in the polynomial becomes a very large. It
causes large networks and slow convergence. Further-
more, all terms are not required in many applications.

In this paper, a selective learning algorithm is pro-
posed, which combine the genetic algorithm (GA) and
the internal information, which is magnitude of the con-
nection weights. Useful terms are selected in a learning
process. This method can cooperate with the simulta-
neous learning method for connection weights and acti-
vation functions [10]. In computer simulation, function
approximation and pattern classification are dealt with.
Usefulness of the proposed methods will be confirmed
based on comparison with the ordinary GA method.

2 Netwok Structure and Activation Functions

2.1 Learning Activation Functions

An activation function is shown in Eq.(2). As shown
in Figl, an uni-pole funtion and a periodic function are
formed as a linear combination of sigmoid functions in
Eq.(1). The sigmoid function is a squashing function
and stable. The parameters a,,, by, ¢m. dy, are trained
together with the connections weights [10].

O (1)
f(u) - 7;_1{1+exp(—(lglmu+cm)) +dm} (2)

3 Nonlinear Input Potential

3.1 Linear Combiner and Nonlinear Inputs
When the input potential u of the unit is given by a
linear combination of the inputs or the lower layer out-
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Figure 1: Function synthesis by a linear combination of
sigmoid functions

puts, a hyperplane is formed by setting u as a constant,
on which the activation function defined by Eq.(2) is
formed. In this case, even though the activation func-
tion holds a degree of freedom, it forms only arbitrary
zonal shape as shown in Fig.2. By expanding the input
part to a nonlinear form, the activation functions are
formed on the hypersurface. This results more flexible
relation between the inputs and the output. One ex-
ample is shown in Fig.3, where the sigmoid activation
functions used as in Figs.2. Like this, the nonlinear in-
put potential holds a high degree of freedom for pattern
mapping.

Relation of input and unit output using linear
combination and sigmoid activation function.

Figure 2

3.2 Nonlinear Function Expression

The nonlinear input can be expressed by using a poly-
nomial of the inputs or the lower layer outputs [11]. Let
the unit inputs be

T
} (3)
The 2-dimensional and 2nd-order polynomial is ex-
pressed as,

T =[r1,22,..., TN

u wo + w1121 + Wi2x2

(4)

2 2
+  w21x] + wo2xy + w312
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Figure 3: Relation of input and unit output using nonlinear
input and sigmoid activation function.

w;; are connection weights. Bt setting u to be some
constant, Eq.(4) becomes a general 2nd-order function
on the x1-x2 coordinate. On this curves, the activation
function is formed.

y = f(u) (5)

In orther words, y becomes a collection of the contour
lines on the curves determined by Eq.(4).

3.3 Necessity of Limiting Terms

When w;; are trained using all terms in Eq.(4), if some of
w;; take a small value, then it can be judged that the cor-
responding terms are not necessary, and the unnecessary
terms are removed. However, computations for them are
not omitted in a learning process. Furthermore, if the
problems are time varying and the necessary terms are
changed, then all terms must be trained. For instance,
the number of the terms of the polynomial is N (N +3)/2
for the 2nd-order polynomial of N-dimensional input.
Learning the network using all terms is not good from
the view points of network size and convergence speed.
For this reason, it is desirable to use only useful terms
in a learning process.

4 A Selecting Method for Useful Terms in
Polynomial

4.1 Genetic Algorithm

Since the proposed method is based on the genetic al-
gorithm (GA), which to find an optimum discrete com-
bination through an evolutional process including cross-
fertilization, natural selection and mutation.

Property of the network to be discretely optimized is
mapped onto a chromosome, including genes. A popula-
tion consists of many individuals, which hold their own
chromosome. From one generation, new individuals are
generated through cross-fertilization, natural selection
and mutation. In the new individuals, that is the next
generation, the dominants having good fitness are se-
lected. This process is repeated until the fitness reaches



the desired level.
The genes arranged on a line, and are expressed by

(6)

where ¢ and g; idicate the chromosome and the genes.
The individual corresponds to the neural network with
the nonlinear inputs. The genes are assigned to the
terms of the polynomials, and express usefulness of each
term. A learning process based on GA is as follows:

1. Generation of initial population of individuals.

2. Learning individuals.

3. Evaluation of fitness of the trained individuals. If
the highest fitness satisfies the threshold, then stop the
learning, otherwise go to 4.

4. Selection of dominants having high fitness.

5.  Generation of new individuals through cross-
fertilization, natural selection and mutation using the
dominants above. Go to 2.

c= 91,92, 9]

4.2 Gene Expression

An Mth-order polynomial of N-dimensional input
Eq.(3) is expressed by mlllzlzz xi{,v, 0<li+Ils+ -+
In < M. These terms include from Oth-order to Mth-
order terms. The useful terms are selected by multilying
the genes having g, = 1 or 0. Thus, the terms with
go = 1 are selected.

l1 02,

In
17T

Ty,

(7)

The input potential and the output of the hidden unit
are expressed as

i = Ja Ja =1

(8)

Uj

ZO WjiTs
fi(uj) 9)

Here, K terms are selected as the useful terms. The
same process is done from the hidden layer to the output
layer.

Yj

4.3 Network Synthesis

The proposed multilayer neural network is shown in
Fig.4, in which the polynomials are selectively trained.
A block "Polynomial” generate all terms. They are se-
lected through a ”Term Selection” block. Since z; is
multiplied by g; = 1, the gene g; = 1 is related to the
connection weights w;;,j = 1,2,--- , Ng. Magnitude of
wj; are used to evaluate g; to be selected or not to be
selected.

4.4 Selection Algorithm for Useful Terms

The individual in the GA process corresponds to the
multilayer neural network. Let the number of the indi-
viduals be P, and the genes having go=1 be K. The
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Input Layer

Figure 4: Proposed multilayer neural network with polyno-
mial nonlinear inputs and term selection blocks.

latter means the number of the useful terms is limited
to K. As a result, letting the total number of the genes
in the chromosome be L, among them K genes have
go =1, and L — K genes g, = 0.

Step 1
The initial P individuals are generated as follows: K
genes having g, = 1 and the connection weights are

randomly generated. The former means position of the
genes having g, = 1 are randomly determined.

Step 2

The individuals generated in Step 1 or Step 3 are
trained, that is their connection weights and activation
functions are simultaneously trained [10],[11]. If the out-
put error is less than the threshold and the number of
the selected terms is well reduced, then the learning is
stopped. Otherwise, go to Step 3.

Step 3

P’(< P) individuals having the small output error are
selected from the P individuals, trained in Step 2, as
the dominants. A pair of two individuals G; and Gs
is selected from the P’ dominants. They are combined
through the evolutional process to generate new individ-
uals. The order of selecting the genes is determined tak-
ing the corresponding connection weights into account.
Suppose G is dominant to Ga. First, the gene of Gy,
whose connection weight has the maximum magnitude
in Gy, is selected. The magnitude of the connection



weights is defined by

Ny
gwi = _ |wjil (10)
j=1

Next, the gene of G5, whose weight has the maximum
value in G5 is selected. Furthermore, the gene of G,
having the second largest weight is selected. This pro-
cess is repeated K times.

In this Step, P individuals are generated, and return
to Step 2.
Example
An example of L = 6 and K = 4 is shown in Fig.5. Here,
let also G1 be dominant to G5. The numbers attached
to the genes indicate the order of magnitude of the cor-
responding weight. In Step 3, the genes having g, = 1
in the next generation are selected as follows: The 2nd
gene in G; — the 1st gene in G — the 6th gene in G; —
the 2nd gene in GG5. Since the 2nd gene is selected twice,
the number of the genes in a new individual is reduced
from 4 to 3.

1 2
G1={0,1,1,1,0,1}
12 — G;,2={1,1,0,0,0,1}}

G2=1{1,1,0,1,1,0}

Figure 5: Selection process of genes in next generation.

Pruning Selected Terms

By using K as the bound of selecting times, not the
number of the selected terms, a pruning process is in-
herently included in the proposed method. The genes
are selected K times, not K genes. Thus, if the same
gene is selected more than one time, then the number
of the selected genes is reduced. Usually, the necessary
number of the terms is not known in advance. Therefore,
K is determined to be a little large. It should be min-
imized through the learning process. This requirement
is satisfied by the proposed method.

5 Simulation and Discussions

First, the activation functions are fixed as a sigmoid
function. In Sec.5.5, the activation functions are train-
ined together with the connection weights and the term
selection.

5.1 Function Approximation

In order to evaluate selection of useful terms by the pro-
posed method, the training data are generated using the
network shown in Fig.4, whose connection weights and
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the terms used in the polynomial are randomly deter-
mined. 2%y, z* and y° are selected in the polynomial.
A set of the inputs and the corresponding outputs of this
network is used as the training data. The number of the
input units, the hidden units and the output units are
2, 2 and 1, respectively. The target function is shown
in Fig.6. A bth-order polynomial, the selection times
K = 6 and the number of the individuals in each gener-
ation P = 10 are used. The learning curves are shown
in Fig.7. The learning converges at the 3rd-generation.
The approximation error is very small, and the selected
terms are the same as those used in the target network.

Figure 6: Target function generated using network shown
in Fig.4

0.03
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Figure 7: Learning curve for function approximation by
proposed method.

5.2 2-Dimensional Pattern Classificatiion

The training data are shown in Fig.8. A network with
2 hidden units, a 5Sth-order polynomial, P = 10 and
K = 8 are used. In the proposed method, z2, 32, z*,
x2y?, y* are selected, and the learning converges at the
2nd generation. For comparison, the following ordinary
GA method is considered. In Step 3, the individuals are
generated through simple cross-fertilization, natural se-

lection and mutation without any internal information.



So, we can evaluate effects of the internal information.
In this method, z, 23, 22y, ¥3, z*, 2242, y* are selected.
The best solution is obtained in the 1st generation.
From simulation results shown in Fig.9, it can be con-
firmed that the proposed learning method can minimize
both the error and the number of the selected terms.

Figure 8: Training data for 2-dimensional pattern classifi-
cation.

nrl V . L OrdinéryGA )

A Proposed
0 2000 4000 6000 8000 10000
epoch

Figure 9: Learning curves by proposed method and ordi-
nary GA method.

5.3 Statistical Evaluation for Selecting Terms
Using the 2-dimensional pattern classification in Sec.5.2,
convergence property is statistically evaluated. The
learning is carried out 10 times by changing the initial
guesses, including the position of the genes with g; = 1
and the connection weights.

The simulation results are shown in Tablel and Ta-
ble2. In these tables, O and X indicate the trial con-
verges and not converges, respectively. In the proposed
method, 6 trials converge, and the same set of the terms
22, y?, 2%, 22, %, y° is selected in these trials. On
the contrary, in the ordinary GA method, only 3 tri-
als converge, and the selected terms are increased from
that of the proposed. They are different for each trial.
The successful trials by both methods always include the
terms 22, y2, z*, 22, y2, y°. Thus, these terms are very

important for this pattern classification. The proposed
method selected only these terms.

Table 1: Learning results for 10 trials by proposed method.

| Gener-Indi | Selected Terms ‘ Error |
2-2 x2,y2,x4,x2y2,y4 O
1-1 $27y27$47w2y27y4 O
2-10 $2ay27$4a$2y2a$2937y5 X
2-4 127y27147$2y27y4 O
2-1 $27927$47$2y27y4 O
3-6 x2ay27x2ya$47y4 X
2-6 'rZayZa'r4axy37y4 X
2-3 .’L‘2,y2,$3,$4,y4,$5 X
2-4 $27y27$47w2y27y4 O
2-1 1?2,y2,174,{£2y2,y4 O

Table 2: Learning results for 10 trials by ordinary GA

method.
| Gener-Indi | Selected Terms ‘ Error |
1-2 :r:,z?’,xzy,y3,m4,12y2,y4 X
1-1 I2=y27$4,€52y2ay4a$4y O
1-6 yax27xy7y27x2y7x3ya X
a?y?, oty 2%y, y°
2-1 TQayZax37xy2 T4,T2y2, O
y* 22y, a2yt wyt
1-10 y,xZ,yz,x3,x2y,my2,x4,x3y, O
w22yt ab, 2ty?, ayt
2-9 Iaxyay25I295$47$3y71?2?J27y4-, X
aty, 2y?, 2%y, ayt, o
1-1 yax27$37x47x3yay4ax5ax3y27y5 X
2-9 yZ,mS’ny’Z4’mZyZ,myS’y4’ X
ad,aty, ay?, 2y eyt P
1-1 xy’yZ,IB,yS,x4’x2y2’ X
yh %y gt y°
1-9 yay2;x37$2y7$47$2927$y3 X

5.4 3-Dimensional Pattern Classification

Figure 10 shows the training data, where the data locate
inside and outside the doughnut are classified into two
classes. Two hidden units, the individuals P = 10, and
3rd-order polynomials are used.

In the proposed method, the following 8 terms are se-
lected while K = 12, z, 22, y?, 22, 2z, 22, 2y?, y*z. The
learning converges at the 4th generation. In the ordinary
GA method, the best solution is found at the 1st gener-
ation and the 4th child, which has the terms z, z, 22, 32,
xy, 23, xy?, y?z, 22z, 222, xyz. This result shows that
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the simple cross-fertilization without the internal infor-
mation cannot generate useful individuals. The learning
curves by both methods are shown in Fig.11.

Figure 10: Training data for 3-dimensional pattern classi-
fication.

Co 7 QOrdinary GA
- Proposed : :

6000 8000

epoch

0 2000 4000 10000

Figure 11: Learning curves by proposed and ordinary GA
method.

5.5 Learning Activation Functions

In the previous 2- and 3-dimensional pattern classifica-
tion problems, the simultaneous learning of the connec-
tion weights and the activation functions [10] and the
term selection are carried out at the same time. The hid-
den units are reduced from 2 to 1 and from 5 to 3 in the
2- and 3-dimensional pattern classification problems, re-
spectively. Furthermore, the best solution can be found
in the 2nd generation instead the 4th generation. From
these results, fast learning and small networks are pos-
sible by combining the simultaneous learning and the
term selection.

6 Conclusions

By using nonlinear inputs to the units, activation func-
tions are formed on a hypersurface, then more flexible
relations between the input and the output are realized.
The polynomials are employed to realize nonlinearity.
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In this paper, a selection method based on GA for the
useful terms has been proposed. The internal informa-
tion, that is magnitude of the corresponding connec-
tion weight, manages order of selecting the useful terms.
Through simulation for many problems, it has been con-
firmed that the proposed method can provide fast learn-
ing, small error and small networks in comparison with
the ordinary GA method.
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