A method to minimize total capacitance in
cascade realization of SC filters
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Abstract: A new pole-zero pairing and ordering strate-
gy is proposed, which can provide the minimum total
capacitance in cascaded biquad SC filters. Design exam-
ples for several kinds of SC filters are demonstrated.
The proposed conditions can limit pairing and ordering
assignments, by  which the total capacitance
concentrate within 5% over the minimum value.

1 INTRODUCTION

Switched-capacitor (SC) filters are very attractive
for use in integrating many analog circuits on a single
monolithic chip. Particularly, they have been applied
to communication and signal processing systems, which
inherently require analog/digital interface, low-power
dissipation, and high-frequency operation [1],[2].

In order to achieve the following properties:
(Dminiaturization, (2)low-power dissipation, and
(3)high-frequency operation, reduction in the total
capaclitance is very important.

Capacitance reduction is accomplished through two
stages. First, capacitance dispersion is compressed in
a process of designing SC circuit configuration.
Second, a unit capacitor, corrcsponding to the minimum
capacitance, is reduced in an LSI fabrication process.
This reduction is, however, rather limited by
capacitance ratio accuracy and noise performance.

In this paper, a design problem in the first stage
will be dealt with. Furthermore, cascaded biquad SC
filters are taken into account. In the cascade SC
filters, the total capacitance, which is a sum of all
normalized capacitance, is highly dependent on
pole-zero pairing and ordering. Therefore, it is very
important to search for an optimum pairing and
ordering assignment. This problem was investigated by
Xuexiang et al [3],[4]). However, a general strategy for
an optimum assignment has not been well accomplished.

In this paper, relations between pole-zero
locations, scaling factors and the total capacitance in
a biquad section is first investigated. Conditions on
scaling factors and amplitude responses of the biquad
section, which can lead the minimum total capacitance,
are derived. These conditions are further transferred
into that on pairing and ordering. The proposed
conditions can limit pairing and ordering assignments,
by which significant reductions in the total
capacitance can be achieved. By searching for the
optimum assignment among them, a lot of computing time
can be saved. Finally, distribution of the total
capacitance for 9th and llth-order low-pass and
high-pass filters are demonstrated.
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I TOTAL CAPACITANCE IN CASCADE SC FILTERS
2.1 Biquad SC Circuit
In our discussion, a biquad SC circuit shown in Fig.1
[5] is taken into account. The resulting conditions for
pairing and ordering can be valid for another circuit
configuration, such as a family of biquad SC circuits
by Fleischer & Laker [6].
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Fig.1 Biquad SC circuit by Martin & Sedra.

Letting Vin(z), Vi(z) and Vou:(2) be the input, the

first and second operational amplifier outputs,
respectively, transfer functions are defined as
follows:
Vi(z)
Hi(2z)=
1(2) Vin(2) (1a)
Vou(2) .
H(z):—_—
Vonl2) (1b)

These transfer function are further expressed using
‘capacitance of the SC circuit shown in Fig.1.
H,(2)= [C2a(C11+C12)-(C13+C14)(Ca0tC2))] -
[C106C20+C10Cz1]
+ [C14aCa *Czo(cla*ZCM)‘czs(Cl1*2012)]Z_L
+ [C12C22+C11C22-C10C21-2C10Cz0]z™!
2 [C12C2a-C14C20]z72
+ [C10C20-C12C=22]27>
H(z)=— [C10C23]+[C1aC22+C14C22-2C10C2a]z ™" -
[C16C20+C10C21]+[C12C22+C11C22-C1oCay
+ [C10C23-C14C22]Z27%
- 2C10C20)27'+[C10C20-C12C22]2"2

(2a)

(2b)

2.2 Capacitance Expressed with Pole and Zero

Since frequency selective filters usually have wide
spread capacitance, elliptic filters are taken into ac-
count in this paper. Zero and pole can be expressed as
exp(+ j6 a), reexp(+ jO ), respectively. Using these
parameters, the transfer function H(z) is rewritten as
follows:

1-2C0S 8 2z '+272

H(z)==hoy 5056 .z or o2z 2 (3)

Furthermore, coefficients satisfy
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0<r p<1
0@ st -25-2C0S6 a2 (4)
06 o== -25-2rpC0S6 o2

In order to obtain relations between the parameters,
Eq.(2b) is rewritten as,
1+ C12C22+C14C22-2C10C23 2=
C1aCza CioCas
C1aC=20tC10C21 .1 C12C22+C11C22- CIDC21'2CIDCZO ) -1
C10C=20+C10C2:

, C1oCeaCiaCoz ,

~ CIDCEE (5)
R C10C20-C12C22 22
C1a0Cz0tC1aCz:

Comparing Egs.(3) and (5), the following relations can
be obtained.

H(z)=—

CioCza - ho (6a)
C,oCzo*C)DCEI
C1aC22+C1aC22- 2C‘°Caa=—2COSB 2.! (6b)
CioC2a
LiaCeaCraCez_, ' (6¢)
CxQCES
C12C22+C11C22-C10C21-2C1aCz0 . 5. 050, (6d)
C10C=20+C1aCz1
L10C20"C12lzz_ | 2 (6e)

CIDCZO"’CIDCEI- fe

The number of equations is smaller than that of
unknown capacitance. Therefore, some of the
capacitance should be fixed in advance. The following
two cases are available for elliptic filters.

(A) C12=C14=0 (7a)

(B) C=21=C14=0 (7b)

Furthermore, the following assumptions are imposed.
ho =1 (83)
Ci10=C=20=1 (8b)

These assumptions do not lose generality, because
capacitance will be modified through signal level
scaling and capacitance normalization. In the following
discussion, the case (A), that is C,2=C,4=0, Is taken
into account, due to page limitation. However, the re-
sults of this paper can be applied to the case (B).

Now, we represent capacitance using the pole-zero
parameters. Substituting Egqs.(7a), (8a) and (8b) for
Egs.(6a)~ (6e), the following equations are obtained.

Czs
— =1 (9a)
1+C2,
CrsCem2Ce2 . heos6 - (9b)
Czs
Cos _ 1 (9¢)
CEE
CiiCeeCai-2_ , o565, (9d)
1+C2,
1 2 (9e)
1+C2, Te

Since Eq.(9¢c) is evident, the number of independent e-
quations is reduced by one. Therefore, assuming

Caz=1 (10)
the remaining capacitance can be expressed with the
pole-zero parameters as follows:

—r. 2 =
Car =2 (11a)
e

(11b)

Caaz =
re2

2(1-cos @ <)

Cia= — -2 (11c)
rp ot
1-2r,cos 8 p+rp=
Cir = ———pr—z: (11d)
P

2.3 Signal Level Scaling
In SC filters, signal 'level is scaled in order to a-
void overload at operational amplifier outputs. Let-
ting Fi(z) be a transfer function from the filter input
to the ith operational amplifier output, it is scaled so
as to satisfy
max | Fi(e™) =1 (14)

This is called the L« norm scaling [7].

The above scaling is actually carried out by modify-
ing capacitance. When we want to increase an opera-
tional amplifier output by k, it can be done by
decreasing an Integrating capacitance and all
capacitance, connected to the output, by 1/k. Let k,
and k= be scaling factors for V; and Vou., shown Fig.1,
respectively. After signal 1level scaling, the
capacitance are modified as follows:

C‘lo=%9‘-—;—; (13a)

o T‘Z—‘ ) %2 - 2rpcris29 S (13b)

o %:E ] -ll{—z (14a)

e ﬁ_:“ i _112 1}:32 (14b)

e ﬁfz ] —i—’ (14c)

- %E i ‘i—z riz (144)
where, Kz' is a scaling factor for Vou+ in the preceding
section.

2.4 Total Capacitance in Biquad SC Circuit
Before calculating the total capacitance, the
minimum capacitance in capacitance groups is
normalized to unity. There are two capacitance groups
in the SC circuit shown in Fig.1l. One of them includes
Ci1,i=0~ 4, and the other includes C=z;,i=0~ 3. Total
capacitance for each capacitance group are given here

before normalization.
1 1 1-2rpcosé p+rp® 1  2(1-cos@ a)

Copy =t —. 210087 p¥le .

™ + o — kz' - (15a)
11 11,2 111

U T R R TR (15b)

After capacltance normalization, C°t, and C 1= are
further denoted by Cv+; and C+r=, respectively. The
total capacitance for the biquad SC circuit is given by

Cr=Cri +Cr=2 (16)
Cri and Cr= are highly dependent on capacitance
spread.

I TOTAL CAPACITANCE REDUCTION IN BIQUAD SC CIRCUIT
3.1 Conditions on Scaling Factors

In this section, relation between the parameters and
the total capacitance is discussed. From Eq.(14b), when
rp is close to unity, C°z; is very small. This causes
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very large Cr=. Therefore, the total capacitance of a
high-Q sectlon, where rp% 1, Is dominant in the total
capacitance of the cascade SC filter. Thercfore, re-
ductions in the total capacitance of a high-Q section
should take first priority.
Assuming
re= 1 (17)

C'r1+ and C = in Egs.(15a) and (15b), can be
approximately expressed as follows:

1
C'm= L+ —2(1-cos 8 ) + —2(1-cos @ )

(18a)
K, kz kz
.o 1
Cres K kglsz(lr )+k, (18b)

In C 1y, 2(1-cos 8, )/k= is assumed to be the minimum.
That is,
—2(1 -cos @ ) <—1— , —1—-2(1 -cos @ z) (19)
ko ¢} kz'
are assumed. After normalizing 2(l-cos 8 ,)/k= to be

unity, C+: is given by

k= 1 ka 1-cosf »
Cpry = — ——— 41+ —_—= 20
™ 7k, 2(1-cos 6 p) k= 1-cosf » (20)
Conditions for reduction in Ct+: can be given by
k=
Tl- small (21a)
Xz gnann (21b)

kz'

When 2(1-cos @ z)/kz' is minimum in C*+,, C+: in Eq.(20)

is modified as
ko' 1 kz' (1-cos@ ;)

e = HT-cosfa) ' ke (1-coso 2! (22)
In this case, the first term is dominant. Therefore, the
condition Eq.(21a) is still valid. Furthermore, as will
be described in the following, C+= is dominant in C-,
Eqgs. (21a) and (21b) could be conditions for reductions
in the total capacitance.

Since r, is close to unity, (1-r,?)/k= is the minimum
in C-.—z That is,

1 1

2) & — ) — 23
_(1 rp®) K ko (23)
are assumed. In this case, C+= becomes
1 1 k= k=
Coro = ——— _—— (2,12
B T T e (24)

From the above expression, conditions on k, and k= are
the same as Egs.(21a) and (21b).

3.2 Condition on Amplitude Responses

Equation (21a) is further transferred into conditions
on amplitude responses. H,(z) and li(z) in Egs.(2a) and
(2b) are expressed using pole and zero as follows:

1-2' 227"
Hi(z) = hw(l—zpz"’)(l-z*pz_l) (25a)
_ 1) (1= ¥ =1
H(z) =—ho-Ze2_)1727<27) (25b)

(1-zp2z~ ") (1-2*p27")
z'z, hio, ho can be expressed using capacitance as
follows:

. _  C=23C11-C20C1a

Z = = CaaC11-CacCraCioCar (26a)
C23C11-C1a(C2o+Cz1)
h =
e C10(C2a+C21) (26b)
Caz
ho = ——— 26
°© (Cz20*Cz)1) (26¢)

z' 2 is rewritten as

A
R (27
. (/23(-'1 l_LZDC|3
Using Eqs.(13) and (14),
Ci3C2 2(1-cos 6-¢)(1- 1 »2) = 0 (28)

C=3C 1'CEQC13= —1—:-; ;.2*2 r p(‘cose p+t I pCOSO z)
is approximately held, then, z'. satisfies.

22 = 1 (29)
h,o and hp are also approximatcly expressed by

hio = 2l-(-';(cose 2-C0S 6 ) (30a)
k=
k2
. ke (30b)
ho = o

Let Himax and Hmaex be maximum amplitude values for
H,(z) and H(z), rcspectively,

Himax = max { | (e’ ]} (31b)
w

Hmax = max { ' H(e"w)l } (31b)
w

Since they appear approximately at z=exp(j 6 »), they
can be expressed as
exp(jé ) -2 =2

H = (32a)
e "Texp(j 6 »)-25)(exp(j6 p)-2*5)
(exp(j0 p)-7zz)(exp(JO p)-7%2)
max = " 32b
i hc'(exp(j 0 5)-2p)(exp(jb »)-2%5) (32b)
The above expressions are further rewritten as
2sin( 6 »/2)
lymeax = | h - (33a)
Himex l ") (I-rpexp(-j26 »))

33b)

25in{( 6 2-6 »)/2} - 25in{(0 =+6 ,)/2} l (
(1-rp)(1-rpexp(-j26 »))

Taking Egs.(30a) and (30b) into account, the following

result can be obtained.

Hmasx = ‘ ho

k2 . 6 P "mex
—==| 2sin—| —— (34)
kl 2 “lmax

As shown in Eq.(20), C+; is inversely proportional to
6 ». The first term in Eq.(20) is rewritten as,
kz_ 1 _l_‘E. 1

= (35)
ki  2(1-cos@ ) Ky 4sin®(6 /2)
Using Eq.(34), it can be expressed as
Hma 1
H’“ =. (36)
Imax I 2 n— I
On the other hand. in C+= given by Eq.(24), the third
term is modified into
S
ke 1 Hmex | 2sin7=| -
kl 1-r 92— Himax 1-r pz

Therefore, in order to reduce the total capacitance,
Hmax/1max Should be decreased.
Hmax

— small (38)

Hlmax

Next, the condition Eq.(21b) is considered here.
Since k'z Is a scaling factor for Vou+ in the preceding
section, it is determined independently of k=. In order
to satisfy Eq.(21b), k'z should be large. Supposing
Hmex In Eq.(33b) be that in the preceding section, the
following conditions are required, in order to increase
k'z under the condition Hmax=1. '

re — small (39a)

| 8 2-65 | = small (39b)
This means low-Q poles and zeros close to them should
be assigned to the preceding sections.
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IV CONDITIONS ON PATRING AND ORDERING

4.1 Conditions on Pairing and Ordcring

Now, we are ready to derive general conditions on
pairing and ordering based on Egs.(38), (39a) and (39b).

First, we consider Eq.(38). Letting fimax and fmax be
frequencies at which Himax and lmex appear, respcc-
tively, fmax slightly shifts to the passband compared
with fimex. Figure 2 shows this relation. Although both
functions II,(z) and H(z) have the same pole. a zero of
H(z) locates close to the passband compared with that
of 1,(z). Because a zero of H,(z) locates around z=1, as
shown in Eq.(29). Based on this relation and Eq.(38), a
sub-transfer function from the filter input to the the
preceding section output should has a steeply slanting
amplitude response as shown in Fig.2.

0
)
=
2.
a Hy (2)
o
[
Y Amplitude
3 response
o in preceding
é ér sections
o)
< 3
fmex -
Frequency

Fig.2 Amplitude responses for H.(z), H(z) and the
preceding section.

As described in Sec.1l, since the total capacitance
in a high-Q section is dominant, it should take priority
to satisfy the above condition. This can be rephrased
as, (1) Zeros close to the high-Q pole should be
assigned to the preceding sections. Next, from Egs.
(39a) and (39b), (2) low-Q poles and zeros close to them
should be assigned the preceding scections. The condi-
tion on zeros are the same as in (1).

4.2 Searching Procedure for Optimum Assignment

In high-order SC filters, the number of all possible
pairing and ordering assignments is very large. Fur-
thermore, an occurrence rate of optimum assignments is
low. Therefore, a searching process for an optimum
assignment, without any constraint on pairing and or-
dering, requires a lot of computing time.

On the contrary, the proposed conditions can limit
pairing and ordering assignments, which can provide
significantly reduced total capacitance. Among them,
the optimum solution can be casily searched for with
fewer searching steps. Numerical examples for several
kinds of SC filters are provided in the next section.

V NUMERICAL EXAMPLES
Filter Responses
9th and 1llth-order low-pass (LPF) and high-pass
(HPF) filters were designed. Poles and zeros are listed
in Tables 1 and 2, and amplitude responses are shown in
I'lgs.3(a) and 3(b).
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Table 1. Zeros and poles for 9th-order LPF

re 0 -(deg.) re 6 p(deg.)
Nl 1 180.0 D1 0.760 0.0
N2 1 79.66 D2 0.814 21.06
N3 1 53.23 D3  0.902 32.70
N4 1 45.48 D4  0.959 37.54
N5 1 43.12 D5 0.989 39.20

Table 2. Zeros and poles for 11th-order HPF

s 0 z(deg.) re 0 »(deg.)
N1 1 0.0 D1 0.669 180.0
N2 1 58.3 D2 0.729 149.0
"N3 1 88.7 D3 0.837 130.0
N4 1 101.7 D4 0.917 120.7
N5 1 107.2 D5 0.963 116.4
NG 1 109.2 D6 0.990 114.8
1.00 -
a
8 0.80
% faampre=1Kllz
goee Apsss=0.177288 dB —
S 000 Aotop=03.25 dB
o
=
2‘ 0.20
<
0.00
0 100 200 300 400 500
Frequency [Hz]
(a) 9th-order LPF
1.00 -
Lo.s0
=]
g fsamb|e=1|("2
8 % T Avess=0.177288 dB
8o Astop=83.05 dB
=
ey
=
. go.zo
0.00
[] 100 200 300 100 500

Frequency [Hz)

(b) 11th-order HPF
Fig.3 Amplitude responses for SC filters.

Distribution of Total Capacitance

Distribution of the total capacitance for all
possible pairing and ordering assignments, without any
constraint, are shown in Figs.4(a) and 4(b). In these
figures, the total capacitance (Ct) Is normalized by
the minimum value (Crmin). For instance, 1.35 on the
horizontal axis means the total capacitance is 35% over
the minimum value. From these figures, it can be ob-
served that an occurrence rate for assignments, by
which the total capacitance is within 5% over the
minimum is very low.

Next, the constraints shown in Figs.5(a) and 5(b) are
imposed on palring and ordering. For Instance, the
constraint in Fig.5(a) means that the highest-Q pole D5



[
=
2 0.40
)]
3]
&
= 0.20 |
3
=1 . %
3)
Q
©0.00 e
IR AR AR AR AR R R A AN AR R AR R AR AR AR RN R RRRRARRRRREE]
+1.00 1.35 1.70 2.05 2.40 2.75 3.10 3.50 3.90
Cr/Crmin
(a) 9th-order LPF
0.60
Y
®
~ 0.40
o
13}
o
g
H 0.20
=]
3]
3
0.00 o
I|l1||Illlllllllllllllllllllllll'llrlTl[rlllllTﬂTllIlllﬁ[
1.00 1.35 1.70 2.05 2.40 2.75 3.10 3.50 3.90
C1/Ctmin

(b) 11th-order HPF
Fig.4 Distributions of the total capacitance without
any constraint.
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(b)11th-order HPF
Fig.5. Constraints on pairing and ordering

is fixed to the third section, and zeros N4 and N5,
which are close to D5, are assigned to the first or
second section. The first-order pole D1 is paired with
the zero N1 in advance, and is assigned to any stage.
Distribution of the total capacitance is illustrated in
Figs.6(a) and 6(b). The total capacitance is mostly
concentrated within 5% over the minimum. The same re-
sults were obtained for llth-order LPF, 9th-order HPF
having different cutoff frequencies.
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Fig.6(a) 9th-order LPF
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Fig.6 Distributions of the total capacitance with the
constraints shown in Fig.5.

VI CONCLUSIONS

A new strategy of searching for the optimum pairing
and ordering assignment has been proposed. Design ex-
amples for several kinds of SC filters have been de-
monstrated. The total capacitance for the selected
pairing and ordering assignments mostly concentrates
within 5% over the minimum. The optimum assignment can
be easily searched for among the limited assignments.
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