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Abstract

Random point fields which describe gases consisting of para-particles of any
order p € N are given by means of the canonical ensemble approach. The analysis
for the cases of the para-fermion gases are discussed in full detail and it is shown
that the partition functions are p-th power of that of the usual (i.e. p = 1) fermion.
The same is true for para-bosons.

1 Introduction

Where do the statistics of random point fields come from? We examine what kind of
random point fields follow from the para-statistics of particles.

In the previous paper [9], the boson and/or fermion point fields were derived by
means of the canonical ensemble approach. That is, quantum mechanical thermal sys-
tems of finite fixed number of bosons and/or fermions in the bounded box in R? were
considered. By taking the thermodynamic limit of the position distribution of con-
stituents, random point fields for boson and/or fermion gases of positive finite densities
and temperatures on R? were obtained. There, the method was applied to construct the
random point fields which describe gases consisting of para-bosons (resp. para-fermions)
of order 2. In the recent proceeding article [11], the argument for para-particle gases of
order 3 is developed.

In this paper, we pursue the project to the general case: we apply the method to
statistical mechanics of gases which consist of para-particles of any order p € N. We
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will see that the random point fields obtained in this way are those of & = +1/p given
in [6]. Our main result in this paper is

Theorem The random point field for gas of para-fermions (resp. para-bosons of low
density) of order p is equal in law to the convolution of p independent copies of the usual
fermion (resp. boson) point field for any p € N.

We use the representation theory of the symmetric group (cf. e.g. [2, 5, 7]). Its basic
facts are reviewed briefly in §2, along the line on which the quantum theory of para-
particles are formulated. We state our main results in §3. Sections 4 and 5 are devoted
to the full detail of the discussions on the thermodynamic limits for para-fermions and
a few remarks on those for para-bosons, respectively. Some discussions are given in §6.

2 Brief review on representation of the symmetric
group

We say that (A, Ag,- -+, \,) € N" is a Young frame of length n for the symmetric group
Sy if

SN=N N>, >0
j=1

We associate the Young frame (A1, Ao, -+, A,) with the diagram of A;-boxes in the first
row, Ao-boxes in the second row,..., and A,-boxes in the n-th row. A Young tableau on
a Young frame is a bijection from the numbers 1,2,--- , N to the N boxes of the frame.

Let Mzﬁv be the set of all the Young frames for Sy which have lengths less than or
equal to p. For each frame in lev , let us choose one tableau from those on the frame.
The choice is arbitrary but fixed. ’];N denotes the set of all tableaux chosen in this way.
The row stabilizer of a tableau T is denote by R(T) , i.e., the subgroup of Sy consists of
those elements that keep all rows of T" invariant, and C(7T") the column stabilizer whose
elements preserve all columns of 7.

Let us introduce the three elements

and

e(T) = % Z Z | sgn(7)or = cra(T)b(T)

" 0€R(T) T€C(T

of the group algebra C[Sy] for each T' € T, where dy is the dimension of the irreducible
representation of the symmetric group Sy specified by the tableau 7" and ¢y = dpXx

#R(T)#C(T)/N!. As is known,

a(Ty)ob(Ty) = b(Ty)oa(Ty) =0 (2.1)
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hold for any o € Sy if the frame of T} is larger than that of 75 in the lexicographic
order (see e.g. [5]). The relations

a(T) =a(T), bT)*=bT), eT)=eT), e(T)e(lz)=0 (I1#T) (22)
also hold for T, 71, T, € T.". For later use, let us introduce
d(T) = e(T)a(T) = cra(T)b(T)a(T) (2.3)
for T e T)N. They satisfy
d(T)? =d(T), d(Ty)d(Ty)=0 (T)#Ty) (2.4)

as is shown readily from (2.2) and (2.1). The inner product (-, -) of C[Sy] is defined
by

(0,7) =05 for o,7 €Sy
and the sesqui-linearity.

The left representation L and the right representation R of Sy on C[Sy]| are defined
by

and

R(o)g=R(0) Y _ gr)r=> g(r)ro~' =Y glro)r,

TESN TESN TESN

respectively. Here and hereafter we identify g : Sy — C with }___s g(7)7 € C[Sx].
They are extended to the representation of C[Sy| on C[Sy] as

L(f)g=fg=>)_ flo)g(r)or => (D flom " )g(7))o

and

R(f)g=gf =Y _g(0)f(r)or™' =" (D glor)f (7))o,

where f =Y f(r)yr=3_f(r)r=3_f(r)r "
The character of the irreducible representation of Sy corresponding to the tableau
T € 7.\ is obtained by

—

xr(0) = Y (m L@)R(e(D)r) = Y (r.ore(T)).

TESN TESN

We introduce a tentative notation as in [9]

Xo(0) = > (r, L(o)R(g)r) = Y (r,omv Ng(7) = D g(r ‘o) (2.5)

TESN T,YESN TESN
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for g =% g(r)7 € C[Sn]. Then x1 = xe(r) holds.

We consider representations of Sy on Hilbert spaces. Let Hy, be a certain L? space
which will be specified in the next section and ®VH}, its N-fold Hilbert space tensor
product. Let U be the representation of Sy on ®VH, defined by

U)p1® - @ON = @o-11) @ - ® 0oy for o1,--+,pn € Hy,

or equivalently by
(U(O-)f)('rh e 7IN) = f(xd(l)a e 7'/1"U(N)> for f S ®NHL

Obviously, U is unitary: U(o)* = U(oc™') = U(o)~!. We extend U for C[Sy] by linearity.
Then U(a(T)) is an orthogonal projection because U(a(T))* = U(a(T)) = U(a(T)) and
(2.2). So are U(b(T))’s, U(d(T))’s and

Py = U(T)). (2.6)

TeTN

Note that Ran U (d(T")) =Ran U (e(T')) because d(T)e(T) = e(T') and e(T)d(T) = d(T).

For para-fermions, we consider the transposed tableau 7" of T' € ’Z;N by exchanging
the rows and the columns of the Young tableau T'. The transpose A’ of frame X is defined
in the same way. Then 7" lives on X' if T lives on A. Clearly

C(T') = R(T), R(T') =C(T) (2.7)

and we also define the projection

Fpp = ), U(T")). (2:8)

TeTN

3 Para-statistics and random point fields

3.1 Para-fermions of order p € N

We first consider the quantum system of N para-fermions of order p in the box
Ap = [-L/2,L/2]¢ C R We refer the literature [3, 1, 8] for quantum mechanics of
para-particles. (See also [4].) They indicate that the state space of our system is given
by Hﬁ{TN = P,r @"V'Hy, where H;, = L?(A;) with Lebesgue measure is the state space
of one particle system in A;. We need the heat operator G = e*% in Ay, where A},
is the Laplacian in Ay with periodic boundary conditions at dA;. Then

specG, = { exp(—p|2mk/L|?) ‘ kez! 2

1 1
FTr G, = Td Z exp (—B2rk/L|?).
kezd
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For k € Z4, <p,(€L) (z) = L=%? exp(i27k - /L) is an eigenfunction of G, and {go,(f) ez
forms a complete orthonormal system [CONS] of H.

It is obvious that there is a CONS of HfN which consists of the vectors of the form
U(d(T’))(p,(Cf) Q- ® gpl(iv), which are the eigenfunctions of @V Gy. Let {®}ren denote
this CONS. From the canonical ensemble point of view in quantum statistical mechanics,
the probability density distribution of the positions of the N free para-fermions of order
p in the periodic box A at the inverse temperature 3 is given by

P%,FN(%,'“ ,IN) = Z]D_}}Z@k(xl’... TN)
keN

< ((@YGL)®x) (21, an) (3.1)

where Z,p is the normalization constant. From the density (3.1), we can define the
random point field of N points in Ay as follows (c.f. §2 of [9]). Consider the map
AY 3 (21, ,2N) Zf:l 0z, € Q(R?), where Q(R?) is the space of all the point
measures on R?. Let ,LLIEJI’TN be the probability measure on Q(R?) induced by the map
from the probability measure on AY which has the density (3.1). By Esz, we denote
expectation with respect to the measure ,qu. The generating functional of the point

field qu is given by

F — F —
Bl Ie) = [ (e

N
B /AN eXP ( N Zf(xj»pi};\/(ﬂil, tee ,SL’N> dzy---dry
) =1

T [(EYeN@C]  Fpery Traon, [(©¥EUET))]
Tr o, [@NGY] B ZTETPN Tr gy, [(QNGL)U(A(T))]

where f is a nonnegative continuous function on Ay, and G, = G}:/ et Gi/ 2,
We first prove:

Lemma 1

Yorery Sovesy X1 (0) Tt ooy, [(ONGL)U (0)]
AT R L 02
’ ZT@;N desN X1 (0) Tt gy, (RN GL)U(0)]
Srery v detr{ Gl ) hcijendzr - - duy

ZTG’Z;N ng detT/{GL(IZ', Ij)}1<i7j<Ndx1 e dIN

Remark 1 : The state space H’fN = Pyp @V Hy is determined by 7V, the choice of
the tableaux T’s. The different ’Z;N gives a different subspace of @VH . However, they
are unitarily equivalent and the generating functional given above is not affected by the
choice. In fact, xr(o) depends only on the frame on which the tableau 7" is defined.
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Remark 2 : detpr A =737 s Xx1(0) Hf\il Aioi) in (3.3) is known as immanant.
Proof : These expressions are derived by the relations

Tt g, (@ GL)U(A(T)] = Tr gy, (@ GL)U(e(T"))]

and
D Xg(0)Trang, (@ GLU(0)] = NITr gngy, (@Y GL)U(9)], (3.4)
geSN
with g = e(7"). These relations can be shown by the use of (2.5), the cyclic property of
the trace and the commutativity of U(r) with ®VGy. For details, see [9]. O
Now, let us consider the thermodynamic limit
L, N —oo, p,=N/L*—p>0. (3.5)

In the following, f is a nonnegative continuous function on R% which has a compact
support, and is fixed through the thermodynamic limit A;  R? We identify the
restriction of f to Ay as f in Lemma 1. We get the limiting random point field on R¢.

Theorem 2 The finite random point fields for para-fermions of order p defined above
converge weakly to the point field whose generating functional is given by

E’;F [6_<f’£>] = Det [1 —V1—efr,G1+r.G) V1 - e—f}p

in the thermodynamic limit (3.5), where v, € (0,00) is determined by

P dp T*e_mp|2 -
b / 2m)i 1 + roe PP (r.G(1+7.G) ) (2, z),

G = e°” is the heat operator on the whole space RY and Det stands for the Fredholm
determinant.

3.2 Para-bosons of order p € N

We next consider the quantum system of N para-bosons of order p in the box Aj.
The state space of the system is given by HﬁéN = P,p ®VH. As for the para-fermions’
case in the previous subsection, the point field of N free para-bosons of order p can be

defined. Its generating functional is given by
_ Trgwy, [(®VGL) Pos]
Tr v, [(ONGL) Pop)’

where f is a nonnegative continuous function on Ay. Then, we have:

By [emV9]

Lemma 3

S rery Yowesy X1 (0)Tr oagy, [(@NGL)U(0)]
pB €7<f7£> — p N .
S L Rl i S e oy (7% 17 ) R
Yrery Jay ety {G (i, z;) bday - - doy

ZTETPN fAILV detr{Gp(xi, xj)}dxy - dan
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We again consider the thermodynamic limit (3.5). We get the limiting random point
field on R? for the low density region:

Theorem 4 The finite random point fields for para-bosons of order p defined above
converge weakly to the random point field whose Laplace transform is given by

EI;B [e_(f’§>] = Det [1 +V1—efr.G(1—r.G) 'V1 - e—f] -

in the thermodynamic limit, where r, € (0,1) is determined by

1Y dp ’["*675|p|2 -
P / 2m)i1 — re PWF (r.G(1 = r.G)™")(z, ),

P dp e PP
E<pe= .
P /Rd (2m)d1 — ehlrl

Remark : The high density region p > pp. is related to the Bose-Einstein condensation.
We need a different analysis for the region. See [10] for the case of p =1 and 2.

4 Proof of theorem 2

It is enough to show the convergence of the generating functionals. In the rest of this
paper, we use the results in [9] frequently. We refer them as, e.g., Lemma 1.3.2 for Lemma
3.2 of [9]. Although those in [9] are results for p = 1, their arguments hold for general
p € N with obvious changes. Let 17 be the character of the induced representation

Ind;sz’\(’T)[l], where 1 is the one dimensional representation R(T) 3 o — 1, i.e.,

Yr(o) = Y (r, L(o)R(a(T))7) = Xoir)(0)-

TESN

Since the characters yr and ¥r depend only on the frame on which the tableau 7' lives,
not on 7 itself, we also use the notation x, and ¥, ( A € Mév ) instead of xr and ¢,
respectively.

Let 0 be the frame (p—1,---,2,1,0). Generalize 1, to those pp = (p1,- -, pp) € ZP
which satisfies > ¥, y; = N by

Y, =0 for pezZf -7

and
Uy =1tr, for peZi and w€S, suchthat mpe M),
where Z; = {0} UN. Then the determinantal form [2] can be written as
Xa= Y 8T Unys s (4.1)

TES)
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Let us recall the relations

xr(0) = sgno xr(o), o7 (0) = sgnoYr(o),

where

pri(a) =Y (. L(@)R(B(T")T) = xoirry(0)

T

denotes the character of the induced representation Ind‘géVT,)[sgn], where sgn is the
representation C(1") = R(T) 5 o + sgno. Then we have a variant of (4.1):

Xy =D ST Oy (mo)- (4.2)
TES)
Now let us consider the denominator of (3.2). Let T € T,V liveon p1 = (1, -+ , i) €

M. Thanks to (3.4) for g = b(T"), we have

Z gOT/ TI'@NHL[( NGL)U(O')} = N!TI“@NHL[(@NGL)U(Z)(T/))]

cESN

p
— N' H TI'®MjHL[(®uj GL)A#J-] )

j=1

where A, = > ¢ sgn(7)U(7)/n! is the anti-symmetrization operator on ®"Hy. In the

last step, we have used
-1 > R

j=10€R;

where R is the symmetric group of x; numbers which lie on the j-th row of the tableau
T. Now (4.2) yields

S (0 T g, [(@V GL)U (o)

oceSN

= > senm Y oaio(moy (0)Trgny, [(@VGL)U(0)]

TES) oESN
= NIy sganTr(gA] iy, (@ TTTDGL) AN jim()])- (4.3)
mESy

Here we understand that Tr gny, ((®"G)A,) =1if n =0 and = 0 if n < 0 in the last
expression. Applying the Cauchy integral formula to

Det ‘l‘ ZJ Z ZnTI' ®n'H )An]

where J is a trace class operator, we obtain that

Tt grone(8"G1) A,] = 75

Det|1 G 4.4
(0) 27712”“ et[l+2Gl; (44)
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where S,(() = {z € C; |z — (| = r}. Note that r > 0 can be chosen arbitrary and
the right hand side equals 1 for n = 0 and 0 for n < 0. Then we have the following
expression of the denominator of (3.2):

D) o (0)Tr g, [(@VGL)U(0)]

AeME oe€SN
Det 1+ 2z;Gr) dz;
= NI sgmr]{ j{ ! .
Aez/\/l:NrgS: rop iy 2w ZZAJ e
(21, L 2p) [ i1 Det(1 + szL)dzj]
= p— : (4.5)
p : Ajtp—j+1
AeM)) S0 j=1 M%)
where A, (21, -, %,) is the Vandermondian given by
P e 2
Az = [ -—2)=| © = | (4.6)
1<i<j<p <1 Z2 ottt Zp
1 1 1
In the following, we simply write A,({z}) for A(zy,--- ,2,) when there is no danger of

confusion.
To make the thermodynamic limit procedure explicit, we take a sequence {Ly}nen
which satisfies N/LY — p as N — oco. In the following, we set r = ry € [0,00) to be

the unique solution of
T G Ly

— N = 4.7

1+7’GLN ( )
where N .
p_

b= (48)

is the averaged length of the rows in the Young tableau and | - | represents the integer
part. The existence and the uniqueness of the solution follow from the fact that the left-
hand side of (4.7) is a continuous and monotone function of r. For details, see Lemma
1.3.2 [for a = —1].

We also put

rnGpL N
(1 +rnGp, N)Q '
We will suppress the N dependence of ry, vy and Ly. Since ry — 7, in the thermody-
namic limit, we have k/(2+r.) < vy < k for large enough N. See Lemma 1.3.5. [There
ry and r, are written as zy and z, respectively.]

Put

vy =Tr (4.9)

N!Det[1 4+ rG]? 7
(V2o (/o) 7D/ N

(4.5) = (4.10)

Then we have:
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Lemma 5
p

lim J, = /|A yl,---,yp|§< y,)H yﬁz/2dyj>0.

N—oo
J=1 J=1
Proof : We set
vi=A+p—j—k.
Then we have

v = (1, - ,1,) €ZP,

- plp—1)
v = w=N+ 5 —Pke[0.p),

vy > I/2>"'>l/p>—k.
The parametrization

zj = rexp(iz;//v) (j=1,--,p)

yields
Det[l + z;G] = Det[l + rGr]Det[1 + (z; — r)G (1 + rGL) 7],
zj —r=r(e®/V? — 1) = r(isin(z;//v) — 2sin’(z;/2/v)),
dz; = ire™i/Ndz; /\/v,
Ap({z}) = riH2r DA ({e/VP})
and

( /-:\; jxi ) ({e™/V7}) (Vo) o112

- (vj+k)z; /o iz | rGr,
H i+ Det[1+( iV ) ]

1+rGp

where the summation on v is taken over all v satisfying (4.12).
We consider two regions of z € (—m/v, m/v]

1. small z region: |z| < v'/'2,

2. large x region: |z| > v'/12.

In the large x region, we have
2

Det{l—l—(z—r) GTLGL]

= pafi-as (70 e (- 150G, )]

S Det[l 1+rsm (23_)1:—Cj"éL]

< o (- i () g ) € splcom ),

10

(4.11)

(4.12a)

(4.12b)

(4.12¢)

(4.14)
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using 0 < G < 1 and vy = O(k) = O(N) and the boundedness of = ry > 0 uniformly
in V.
In the small x region, we have the convergent expansion

Det[l—k(z—r) GL ]

1—|—TGL
. 1 .
= exp {(e”/ﬁ -1k — 5(6136/\/{] —1)*(k —v)

=3
— tkx 1
= (0 2 e+ B exp (77 = 57°). (1.15)
where
lc)] < const N6, (L=3,--- ,n—1) (4.16)
and
[ Rn||oo = sup |Rp(x)| = O(N—"/H)
|| <vt/12
hold. We put
n—1
>t =1(2)
=3

We choose n in (4.15) so large that

D (V) TEIRA || Rl = o(1) (4.17)

v

holds, i.e., n > 3(p —1)(p+ 2).
These arguments show that it is enough to consider the contribution from the small
x region, and we have

- {5

v

1/12

p

! dz; —ivix; [\ v—x?
H/ 1/12 —\/2;6 v ]/2(1+7<xj>>>
j=17-v

xAp<{e“/ﬁ}><ﬁ>1p+p<p“/2} T o(1),

(S () [ )

<A ( NP o) (418)
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Thanks to the multi-linearity of the determinant A,, we have

(/%

[°S) dl'j —u/jxj/ v—x?/Q) Ap({em/ﬁ})

> dx; 2
det J ez(Zij)xj/\/ﬂfz./2
{/Oo\/27r ’ p=1>020
1<jis<vp

det {e_(e_”j)g/%}

p—12>¢
1<j<p
P2 p—1 /2
= Ap({e”/”}) eXp< L — —> (4.19)
j=1 v =0 v

Since (v/0)PP~V2A,({e*/*}) = A, ({y/v(e’/? —1)}), the summation over all v satisfying
the condition (4.12) yields

lim Y (/o) P2 ¢ (4.19)

N—oo

p
= / Zyj o) [[ e dy;. (4.20)
Y1>-->Yp j=1

Here we have put y; = v;/y/v and regarded (y/v)™?>" as the integral of the suitable
step function. Then, (v/0)'"? 37, — [dyd(3-;y;) is derived by the use of the dominated
convergence theorem. The limit of the main term of (4.18) is given by (4.20), which is
equal to (4.11). We may see that the limit of the remainder vanishes from (4.16) and
the convergence of

P 59

Z H T YN Y
81/% oo V2T

A, ({1 (Vo) P2

- Z(ﬁ)l—p(f[m)%?)AP(MW—1)})e><p(— Loyl

v

— e z:: (H 6“; >A (y1, - -,yp)eZﬁly?ﬂ(]l;[ldyj). (4.21)

We obtain this convergence by performing the differentiations in the second and the
third members of (4.21) and applying the dominated convergence theorem. 0

The numerator is obtained just in the same way. That is, we replace G by G =
Gz/Qe*fGlL/2 and introduce 7 = 7y and v = Ux by

NG Ly

- = = TI'M:
1+7’NGLN

(14 7nyGry)?

Tr

[S3
=
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Since G, — éL is a positive operator of trace class ~such that Tr (G — C~¥L) =
O(J|1 — e )|]1) and max {spec Gr} — max {specGr} = O(L™9), it follows from the
definitions of 7y, 7n, vy and Oy that
0 ng—TN:OOVil), ‘QN}N—’UN‘ :O(l) (422)
See Lemma I.3.5 and Lemma 1.3.6 for details.
We define J, similarly (0 is used instead of vy) and we get

p p

lim jp p'/ |A, y1,~--,yp)|5<z >He*yf/2dyj>0

j=1 7=1

by the very same argument as in the proof of Lemma 5.
Thus we have (writing r = ry, 7 = 7y and L = Ly)

Det[l + 7Gr]\” p(p-1)/4+1/2 ],
2) = - = Z “p
62 = (Bare) ()76) 7

|
|
- (Batieva) Pl i ae]”

—H"GL
N 1)/441/2
><(1+T : r> (%)p(p /a+1/ jp' (.23
Here = 1\ p
(Detrerey) =P+ g G- o)
:Det[l— 1—e—f1fiLGLm]p
—>Det[1— 1—e—f1:_*iG 1—e—f}p

holds. For details, we refer Proposition 1.3.9 (and the argument on (c) in the proof of
Theorem 1.3.1). The remaining factor of (4.23) tends to 1 as N — oo since v/t —
1,J,/J, — 1 and

Nlog <1+g) —plogDet[H (r=7) GL]
r 1+ 7Gy
= Nrjr—prtrTr TG~L~ +O(N™Y
r 1+7Gy
r—r

- — (N —pk) +O(N"H) =O(N1).
Finally, we also get

p 1 TNGLN -1
P lim —Tr —NTIN (e G(1 G :
p Nl—rgo Ld 1+TNGLN <T ( tr ) )(ZB 17)

from (4.7), (4.8), N/L% — p and Proposition 1.3.9. This completes the proof of Theorem
2. O
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5 Proof of theorem 4

In the case of para bosons, we use the formula (4.1) instead of (4.2) and the following
formula

dz
(0) 27Ti2n+1

Tt o[ (97G1) S,] = ]f Det[l — Gy,
S,

which is derived from the generalized Vere-Jones’ formula [12, 6, 9] as in (4.4). Here
Sp = Y res, U(T)/n! is the symmetrization operator on ®"Hy and r € (0,1) in this
case. Then, we get the following expression of the denominator of (3.6):

Yo D @) ey, [(®VGL)U(0)]

)\E./\/lN cESN

- Z Z ZSgnﬂ-¢>\+6—7r5(0-)Tr®NHL[(®NGL)U(J)]

)\GMN oESN 7I'€Sp

= N Z ngnWHTr® J‘+w(j>HL[(®)\j_j+ﬂ(j)GL)Sw]

AeME TESy
dz;

= N! ngr]{ 7{ J

,\;Nwezs Sr(0)P 52 H 1 2miz; Ai—atm() iy, t[1 — 2;Gy]

p(21, 0 2p)dzy - - - dz,
= N2 f{ f pyET , (5.1)
AeMY _1 2miz; Det[1 — 2;Gy))
where Ay, (21, -, %,) is the Vandermondian introduced in the previous section.

We choose a sequence { Ly} yen which satisfies N/L% — p as N — oo. In this case,
rn € (0,1) denotes the unique solution of

TGLN

Tr————— =% 5.2
1— ’I“GLN ( )
where N .
gy, p—t
k=14 (5.3)
as in (4.8). We put
’I“NGL
=Tr|——=N 5.4
UN r (1—TNGLN)2 ( )

The remaining parts are almost the same as those in the para-fermion case. The reader
may complete the proof of Theorem 4, following the previous arguments with the obvious
changes.

6 Discussion

We have shown that
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the generating functional of the gas of para-fermions (resp. para-bosons of low density)
of order p is equal to the p-th power of the generating functional of fermion (resp. boson)
gas.

The random point fields which we have obtained in this paper are a subset of those
in [6], where various properties of the point fields are examined. On the other hand, the
authors of [6] obtained the point fields which do not follow from the representation theory
of the symmetric groups which we discussed in this paper. Therefore it is interesting to
consider physical interpretations of these point fields. See e.g. [13].
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