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NONISOTROPIC DILATIONS AND THE METHOD
OF ROTATIONS WITH WEIGHT
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(Communicated by Michael T. Lacey)

ABSTRACT. We consider maximal functions M f(x,0), singular integrals
Hf(z,0), and maximal singular integrals H. f(z,0) on R"® x S”~! associated
with homogeneous curves, for functions f on R™. We prove certain weighted
mixed norm estimates for them. These results are applied to the theory of sin-
gular integrals with variable kernels via the method of rotations of Calderén-
Zygmund.

1. INTRODUCTION

Let {A;}+>0 be a dilation group on R™ defined by 4; = t¥ = exp((logt)P),
where P is an n X n real matrix whose eigenvalues have positive real parts. We
assume n > 2. We can define a norm function 7 on R™ from {A;};~¢ such that:

(1) r(z) > 0,r(z) = r(—=z) for all x € R”, and r(z) = 0 if and only if x = 0;
7 is continuous on R” and infinitely differentiable in R™ \ {0};
r(Agz) =tr(x) for all ¢ > 0 and « € R™;

N NN
QU = W N
NN AN

r(z+y) < C(r(xz) + r(y)) for some C > 0;

Y ={0 € R": (Bf,§) = 1} for a positive symmetric matrix B, where
Y ={z €R"”:r(x) =1} and (-,-) denotes the Euclidean inner product in
Rn.

(6) dz ="~ dudt, that is,

. f(z)dx = /0 /Ef(AtQ)t'y_l du(0) dt, dp = wdpo,

where w is a strictly positive C*° function on X, dyuyg is the Lebesgue surface
measure on Y and v = trace P;
(7) there are positive constants ¢y, ¢, 3, ¢4, a1, 2, f1 and B3 such that

c1lx| < r(z) < eglx*® if r(z) > 1,
cslz|P < r(x) < eqlx)® i 0 < r(z) < 1.
See [2] [18], 22] for more details.
Let A* denote the adjoint of a matrix A. Then A} = exp((logt)P*). We define a

norm function s from {A}} in the same way as we define r from {A,;}. The function
s has properties similar to those of r.
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2792 SHUICHI SATO

For t < 0, define A; by A; = (sgnt)A;, = —Ajy. Let S"~1 denote the unit
sphere of R™. For (z,0) € R® x S"~ ! we define

h
(1.1) Mf(z,0) =suph™* / flz — A0)dt|,
h>0 0
(1.2) Hf(z,0) =p.v. /OO flz — A0)dt/t,
(1.3) H,.f(x,0) = sup / flz — A0)dt/t|.
0<e<R |Je<|t|<R

Let w be a weight function. We recall that

1Pl = ( [ ([ reomao) e dx>

for functions F € L? (L?(S™1)), with usual modifications when ¢ = oo or p = oo,
where do denotes the Lebesgue surface measure on S™~!. Also, we write || f| ;> =
I fw' || Le = || fw! /||, for f € LE,(R™).

For 1 < p,q < oo, let A, 4 C [0,1] x [0,1] be the interior of the convex hull
of the points (0,0),(1,1),(0,1),(1/p,1/q). Put gu(p) = p(n —1)/(n — p), pn =
max(2, (n + 1)/2), where we define ¢,(p) = oo when p > n. Then the following
result was proved in [8] (see [14] for earlier work).

1/p

Theorem A. Suppose P = E (the identity matriz). Let (1/p,1/q) € A, a0 (pn))-
Then, M, H and H, are bounded from LP(R™) to LP(L9).

This result for M, H was extended to the case of nonisotropic dilations by [I] as
follows.

Theorem B. Let M and H be as in (L)) and [L2). Then:

(1) If (1/p,1/q) € A, g (pn))» M is bounded from LP(R™) to LP(L);
(2) the operator H is bounded from LP(R™) to LP(LY) whenever (1/p,1/q) €
A2,4n(2))-

See [B] [6l, 20] for previous results. To prove Theorem B, Bez [I] showed certain
L?(S™71) estimates for trigonometric integrals (see Lemma 2 below) by using the
decay estimates for the Fourier transform of do. Further, to prove part (1) for p > 2,
[1] found that a result of [I5] (see also [I6]) can be applied; at the corresponding
point in the isotropic case of [§], a result for X-ray transforms of 7] was used.

In this note we shall prove an analogue of Theorem B (2) for the maximal singular
integral operator H,. We assume that ¥ = S"~ !, du = wdo and w is even, where
¥, du, w are as in statements (5), (6) above (see [2] [I1], (18] for relevant results).

Theorem 1. Let H, be as in (L3). Suppose that (1/p,1/q) € A2,q,(2))- Then H,
is bounded from LP(R™) to LP(LY).

We recall the following result for H, shown by Chen [5].

Theorem C. Suppose n =2 and P = diag(ay, a2) with 1 < ag/ay < 4/3. Then
H, is bounded from LP(R?) to LP(L(S')) whenever (1/p,1/q) € Ay
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NONISOTROPIC DILATIONS 2793

Theorem 1 improves on Theorem C when n = 2. It is known that if H is bounded
from LP to LP(L?), p € (1,00), then ¢ < ¢,(p) (see Theorem 6 (1) of [I]). This
implies the same result for H,. Thus, in particular, we can see that Theorem 1 is
a sharp result when n = 2 (we note that Az 4,(2)) = A(2,00))-

If B is a subset of R™ such that B = {x € R" : r(z —a) < t} for some a € R™ and
t > 0, then we call B an r-ball. Let w be a weight function on R™. For 1 < p < oo,
we recall the Muckenhoupt class A,. We say w € Ap, 1 <p < oo, if

-1

sup (B_l/Bw(:v)dx) (|B|_1/Bw(a:)_1/(p_1)dx)p < o0,

where the supremum is taken over all r-balls B. The class A, is defined to be the
set of weight functions w satisfying Mgrw < Cw a.e., where My, is the Hardy-
Littlewood maximal operator defined by

Mirzg(x) = supt™ / l9(w)] dy.
(z—y)<t

t>0

We note that A, C A, if p < u. We shall prove the following weighted estimates.

Theorem 2. Let 2 < q < qn(2). Then, M,H, H, are bounded from L2 (R") to
L2 (L9) forw € A7, 7 =2(n—1)/q — n+ 2, where A] is a subclass of Ay defined
by AT ={v" :v € Ay},

The weight class A7 is required by our methods using interpolation with a change
of measure. By [22] we know that the operator H, is bounded from LP(R™) to
LP(LP), 1 < p < o0, so Theorem 1 follows by interpolation from the part of Theo-
rem 2 concerning H, with w = 1. By Theorem 2 with ¢ = 2 and the extrapolation
theorem of Rubio de Francia, the operators M, H, H, are bounded from L% (R")
to LP (L?) for w € Apj2, p = 2. Using this and known estimates, we can obtain
some other results not explicitly stated in Theorem 2. For example, we can prove
some weighted estimates for M by interpolation with the LP»-LP~ (L?) (¢ < qn(pn))
estimates in Theorem B (1). At present we do not know whether we can get bet-
ter results by applying in the weighted norm cases the arguments due to [I] of
Theorem B (1) for (1/p,1/q) near (1/pn,1/qn(pn)).

In Section 2, we shall prove L2-L2 (L) estimates for M of Theorem 2. As
in [8], we apply the Plancherel theorem for functions with values in the Sobolev
space L2(S"~ 1) and the Littlewood-Paley theory. We prove certain orthogonality
estimates (see Lemma 1 below), from which we deduce results for L4(S"~1) valued
functions via the Sobolev embedding theorem (see (2.8)). Also, we prove certain
weighted estimates (see (2.7)). Interpolation with a change of measure between
these estimates will readily imply the result of Theorem 2 for M.

In Sections 3 and 4, L2-L2 (L%) estimates of Theorem 2 will be proved for H
and H,, respectively. We again need the Littlewood-Paley theory and orthogonality
estimates for vector valued functions along with interpolation arguments. To handle
H.,, we apply a method of [I0] designed to treat certain maximal operators, where
the results for M, H obtained in Sections 2 and 3 will be used. We note that the
maximal operator M cannot be used to control H, H, as in Lemma 4.1 of [§]; a
reason for this is that weighted inequalities which will be required in the arguments
are not yet available in the case of nonisotropic dilations.

Finally, in Section 5, we consider singular integrals and maximal singular inte-
grals with variable kernels and we shall prove certain LP and Lf boundedness of
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them (Theorems 3 and 4) by applying Theorems 1 and 2 via the Calderén-Zygmund
method of rotations (see [3]). Theorem 3 is an extension to the case of nonisotropic
dilations of a result due to [9] for isotropic dilation.

2. L2 (L7) ESTIMATES FOR MAXIMAL FUNCTIONS

In this section we prove

(2.1) IMfllza ey < Clfllz, 2<q<aqn(2), feSR"),

w

where S(R™) denotes the Schwartz class, and ¢ and w are related as in Theorem 2.
Define f;(z) =t~V f(A; x), t > 0. We denote by f the Fourier transform of f:

f©) = [ fla)e 9 az.
RTL

Let {Dy}>°, be a sequence of nonnegative functions in C°°((0, 00)) such that
Supp(Dkr) C [2_k_172_k+1]7 ZDk(t)2 = 1>

k
|(d/dt)" Di(t)| < cpn/t™ (m=1,2,...).
To apply the Littlewood-Paley theory, we define Sy by
(S() (€)= Du(s(€)f(€), ke,

where Z denotes the set of integers. For k € Z, let

Nuf(e.0) = [ T - A0ty di— [ flo—y)Bany) dy,

R

where p € C§°(R), ¢ > 0, supp(p) C (1/2,2) fgpdt—l or(t) = 27Fp(27%t), and
® € CP(R™), [®dr = 1. Put Sy, = S. Then, 3, Si.f = f. To prove &I, we
may assume f > 0. We note that

(2.2) Mf(x,0) < C’sup/ flx — Af)pr(t) dt

kez
< Csup [Nt f(z,0)]| + CMprf(x)

1/q

<C Z (Z‘Nk Sivnf(@, 9)‘) + CMyf(z).

Jj=—o0

Let 2 < ¢ < @n(2). Since ¢ > 2, Z2) and the Hardy-Littlewood maximal
theorem imply

1/q
(23) (M fllzz ey <CY (ZIINkS”kaII%q(SM)) + C|fll e,
j k L
1/2
<Cy <Z||Nk5j+kf||%q(snl)> +Clf 12,
j k 12

for w € Ao. We prove the following result.
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Lemma 1. If0 < a < 1/2, then

1/2
<Z ||Nk5'j+kf||2Lg(sn1)) <027\ f|ly  for some e > 0.
k
2
Proof. Let 0 < a < 1/2 — . Tt suffices to prove

(2.4) /R | NS f (, ')Hig dx

<C - | F(©) P Drys(s(6)|* min(| A3€], |A5eE] 1) dé.
Note that (Nxf(-,0)) (€) = f(£)T(ALE, ), where

oo

\Ij(ga 0) = \Ifo(ﬁ, 9) - (i)(é-)a \I/()(g, 0) = / exp(—27rz<At0,§>)<p(t) dt.

— 00

Therefore, to obtain (24)), it suffices to show the pointwise inequality
(2.5) 19 (€, )22 < Cmin(le], [€]71)*.

If |¢] < 1, this is easily obtained, since ¥(¢, 0) is C*° and vanishes when £ = 0. The
estimate (ZH]) for |£] > 1 follows from the following result of [I] and integration by
parts, as in [g].

Lemma 2. Let 0 < ¢; < ¢y and £ € R™, [£] > 1. Then
Cc2 2
[ | e ttane) il dote) < ol
sn=1 )
This follows from Lemma 8 of [I] and an argument including a change of vari-
ables. O

for all 6 > 0.

We can easily see that
(2.6) [Nk fllLz (z2) < Cllfllze,
H

Therefore, if w € A;, by the Littlewood-Paley inequality we have

Lw)’

1/2]2
(2.7) <Z ||Nk5j+kf||2L2(sn1)> <CY Sintliz < ClFIZa -
k 12 k
If 2 < ¢ < q,(2), then by the Sobolev embedding theorem we have L2(S"~!) C
La(S™1) for some a = a(q) € [0,1/2). Thus, Lemma 1 implies

1/2
(2.8) (Z |Nk5j+kf|%q(sm)> < c2= W],
k 2
for some e > 0. Interpolating between (277) and ([Z8]) with change of measure, we
get
1/2

(2.9) H (Z |Nk5j+kf||2m(5n—1)> < C27 M) £l 2wy

i L2(w7)
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for some ¢ > 0, where ¢ and 7 are related as in Theorem 2. The estimate (2.1))

follows from (29) and 23).
Remark 1. Let 0 < ¢1 < ¢z and 1,¢ € R™\ {0}. Then, we have

/ " exp (ilAu, ) dt| < € (P, )V

Cc1

for some positive constant C' independent of 1 and (, where d is the degree of the
minimal polynomial of P (see [2I, Corollary in Section 4]). We note that this result
implies Lemma 2 when d = 1, 2.

3. L2 (L7) ESTIMATES FOR SINGULAR INTEGRALS

Let H be as in (LZ). Let 2 < ¢ < ¢,,(2). In this section we prove

(3.1) IH fllzz oy < Cllfllzz, f€S(R™),
where ¢ and w are related as in Theorem 2.
Decompose
Hiw0)= S Hof(e.0), Hyef(e0)= / Fo — AB)(t) i
k=—o0

where . (t) = 27F4(27%1), ¢ € CF°(R), supp(v) C {1/2 < |t < 2}, [(t) dt =
‘We write
Hf =Y Hof =Y Uif, Uif => HpS},f,
k j k

where S} is as in Section 2. Let 0 < o < 1/2. We prove

(3.2) 1U; fllz2crz) < C27 VY| £,
for some € > 0. Then, arguing as in Section 2, from ([B.2]) we can get
(3.3) U f 2y < C2 N fll2, 2 < q < ga(2)-

Let

i) - [ " exp(—2mi{A0, ) (1) dt.

— 00

We have an estimate similar to (ZB) for W(¢,6), and (Hyf(-,0)) () =
f(E)W(A5.€,0), where the operator Hy is as in the previous paragraph. There-
fore, by the Littlewood-Paley theory for vector valued functions,

U fll72r2y < CZ | HeSjrf1F2r2)

<0y [ 1D5 () FO min(| 43¢, | A43e 1 de,
where 0 < a < 1/2 — a. This implies
10 sy < 2 S [ 1Dss(o@f O a < 021113

for some € > 0, which proves ([3.2]).
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If w € Ay, from an estimate similar to (2.8) and the Littlewood-Paley inequality,
we have

1/2
(3.4) 1U;j fllLz L2y < C (Z ||H/€Sj+kf||%i(L2)>
k

1/2
<c (Z 1S5k 112 ) <C|fls.
k

Interpolation between (B3) and (B4]) implies

(3.5) U5 llz2 2oy < C2 V| fllz2

for some € > 0, where ¢ and 7 are related as in Theorem 2. Using ([83) and the
triangle inequality, we can obtain ([B.]) as follows:

IH fllz2 oy < DU Fllzz oy < C D2V flla, < ClIf]
i i

2
L‘U) ?

where ¢ and w are as in (B1)).

4. L2 (L%) ESTIMATES FOR MAXIMAL SINGULAR INTEGRALS

Let H, be as in ([3). Let ¢, w be as in Theorem 2. In this section we prove

(4.1) [Hefll2, ey < Clifllez,,  f € 8(R™).
To prove (1)) we use the following.

Lemma 3. Let

H..f(z,0) = sup
NEZL

Z ka(.’[, 0)
k=N

Then
| HesfllLz Loy < Cll fllz2
where q,w are as in ([@EI]).

We need the following result, for p < ¢, to show Lemma 3.

Lemma 4. Let 1 < p < 00, 1 < ¢ < o0, w € A,. For functions F(z,6) on
R" x S"~1 define (MypF)(z,0) = (MurF(-,0))(x). Then

ML F e pay < CF| e (pa)-
Proof. If p = g, this is obvious since My, is bounded on L? (R™). Also, when
q = 00, the inequality holds since My is a positive operator. The conclusion

follows from interpolation between these results when p < ¢. The case p > ¢ can
be treated by the duality arguments of [13]. We omit the details (see also [19]). O

Proof of Lemma 3. Let Q € C5°(R™), supp(Q) C {s(£) < 2}, Q&) = 1 if 5(¢) < 1.

Decompose
0o N—-1 0o
(4.2) S Hf=QonxHf —Qovx Y Hipf+(5—Qon)x Y Hif,
k=N k=—o0 k=N

where § denotes the delta function and the convolution is taken with respect to the
x variable.
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The first term on the right hand side of (&2]) can be handled by (BI)) and
Lemma 4 as follows:

sup ‘QQN * Hf|
N

S CIMuLHfll 2 (pay < CIHfll L2 La) < CllfllLz -
L3, (L)

Also, by inspection we see that

N-1

Q2N* Z ka($’0>

k=—o0

< CMpyrf(x)

sup
N

with the constant C' independent of 8 (see the proof of Theorem E in [I0]). There-
fore, the second term on the right hand side of ([@2]) can be handled by the weighted
norm inequality for the Hardy-Littlewood maximal operator.

It remains to estimate

I(f) =sup |(6 — Qon) % Y Hif
k=N
We note that
(4.3) I(f) <> Li(f), Li(f)=sup (6 — Qon) x Hyyj fl.
= NezZ

Let 0 <@ <1/2and 0 < a < 1/2— «. Then, as in the proof of [8.2)), we have

16— Qan)  Huvay fl2apz) < C / 101 = QUAZ ) FO) Pl g €] de.

Therefore,
2 e
DG = Qan) * Hygflla 2y < C277°If13,
N

and hence, if 2 < g < ¢,(2), the Sobolev embedding theorem implies

(4.4) SO — Qan)  Huvs fl2a 1y < C275 £
N

for some € > 0. A
We write § — Qon = ngN Apy, A (&) =T(A50.€), where T' € C§°, supp(T") C
{c1 < s(€) < o} for some c¢1,ca > 0. Then, by Plancherel’s theorem we have

2 —e(N—m+j
(4.5) 1A+ Hyvs s f 2oy < C2-=m+0) | £]2.
On the other hand, if w € A, as in [34]), we see that
(4.6) 1A * Hx 45 f 172 12 < Cllf N2, -

For w € Ay, choose b > 1 such that w® € A;. Then, interpolating between (LX)
and ([A6) with w® in place of w, we get

(4.7) |Am By g 12y < C2 T

for some € > 0. Choose G,, € S(R") such that G,,(§) = F(A5.6), F € C°,
supp(F') C {d1 < s(§) < dq} for some dy,ds > 0, and A, * Gy, % f = Ay, + f. Then
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the Littlewood-Paley inequality and {71 imply
2 2
(4.8) Z H(5 — Qan) * HN+jf||LgJ(L2) <cC Z Z ||Am * HN+jf||L§U(L2)

Nez NeZm<N

<> N o NI,k £

NeZm<N

<O 279G+ 7,

meZ
< C27 £l -
Interpolation between ([@4) and ([8]) implies

(4.9) D N6 = Qav) * Hyy s flI7a 1oy < C27IfI72
N

for some € > 0, where ¢, w are as in Theorem 2. Since

1/q
I;(f) < (Z (6 — Qan) = HN+jf|q>

Nez
and ¢ > 2, by (£3) and [@9) we have

. 2/q([1/2
Hl(f)”L?u(LQ) < Z (Z H((S - Q2N) * HNJrjf”%q(snl))
j=0|| \Nez 1
o 1/2
< Z (Z [(6 — Qan) * HN+jf||igu(Lq)>
j=0 \NezZ
<CY 27| fllLs, < Cllfllza,»
§=0
where g, w are as in Theorem 2. This completes the proof of Lemma 3. O
Proof of (&1I). We can easily prove the pointwise inequality
Therefore, @) follows from ([ZI]) and Lemma 3. O

5. APPLICATIONS
Let K(x,y) be a kernel on R™ x R™ such that
K(z,Awy) =t "K(z,y) forallt>0and (z,y) € R" x (R™\ {0}).
We assume that K (z,y) is locally integrable with respect to y in R™\ {0} and

/ K(x,y)dy =0 for all a,b,0<a <b,
a<r(y)<b
for every z € R™. We consider the singular integral

Tf(x) = pv. / K(z,y)f(z — y)dy = lim K(2,y)f(x — ) dy

0 Jr(y)>e
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and the maximal singular integral

T.f(x) = sup
e,R>0

/ K (2, 9)f(x — y) dy
e<r(y)<R

We can apply Theorems 1 and 2 to study mapping properties of T" and T.

Theorem 3. Let (1/p,1/q') € A(z,q,(2)), ¢ = q/(q —1). Suppose that K(z,y) is
odd in y, that is, K(z,—y) = —K(x,y) for all (z,y) € R x (R™\ {0}), and suppose
that
1/q
sup (/ | K (,0) da(@)) = || K| oo (Lay < 00.
TER™ Sn—1
Then T, is bounded on LP(R™).

This is an analogue for T} of Theorem 12 of [I] concerning 7. See [4], 8, [9] for
the case of isotropic dilation.

Theorem 4. Let 2(n —1)/n < q < 2, w € Ay. Suppose that || K| pe(ra)y < 00.
Then T and T, are bounded on L2, w € A7, 7 =n —2(n—1)/q.

w?

Since w® € A; for some b > 1 when w € A, from Theorem 4 we readily obtain
the following result.

Corollary 1. Suppose that || K||pe(qa) < 0o for all ¢ < 2. Then T and T, are
bounded on L2, for all w € A;.

Using this result and the extrapolation theorem of Rubio de Francia, we can
obtain the LP boundedness of 7" and T, for w € Apra, p > 2. As in Theorem 3, the
kernels K are assumed to be odd in y in Theorem 4 and Corollary 1.

Proof of Theorem 3. The method of rotations of Calderén-Zygmund and Hoélder’s
inequality imply

T.f(z) < C s |K (x,0)|H, f(x,0) do(8)

S CK | pos pacsn—1y) 1H f (2, )| far -

Thus, the conclusion follows from Theorem 1. ([
Similarly, Theorem 4 follows from Theorem 2.

Remark 2. Introducing nonisotropic Riesz transforms as in [12], we expect that
Theorems 3 and 4 extend to the case where kernels K(z,y) are even in y (see
[3L 8, [I7]). We do not pursue this here.
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