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LITTLEWOOD�PALEY FUNCTIONS ON HOMOGENEOUS

GROUPS

YONG DING AND SHUICHI SATO

Abstract� We prove Lp estimates for a class of Littlewood�Paley functions on
homogeneous groups under a sharp integrability condition of the kernel� The
results obtained in the present paper essentially improve some known results�

�� Introduction

We consider the Littlewood�Paley function on Rn de�ned by

S��f��x� �

�Z �

�

jf � �t�x�j
� dt

t

����
�

where �t�x� � t�n��t��x� and � is a function in L��Rn � satisfyingZ
Rn

��x� dx � �������

Let

Pt�x� � cn
t

�jxj� 	 t���n�����

be the Poisson kernel for the upper half space Rn � ������ De�ne S��f� with

��x� �

�
�

�t
Pt�x�

�
t��

�

Then S� is a version of the Littlewood�Paley g function� Another classical Littlewood�
Paley function is the Marcinkiewicz integral

��f��x� �

�Z �

�

jF �x	 t� 	 F �x� t�� 
F �x�j�
dt

t�

����
� F �x� �

Z x

�

f�y� dy�

which can be realized as S��f� by choosing � to be the Haar function on R�

��x� � �	����
�x�� �	���
�x��

where �E denotes the characteristic function of a set E� We refer to �

� 
�� 
�� for
background materials�

Let us recall a result of Benedek� Calder�on and Panzone �
� on su�cient condi�
tions for Lp boundedness of S��

���� Mathematics Subject Classi�cation� Primary ��B���
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Theorem A� In addition to the cancellation condition ������ if we assume that

j��x�j � C�� 	 jxj��n�� for some � 	 �����
� Z
Rn

j��x� y�� ��x�j dx � Cjyj� for some � 	 �������

then the operator S� is bounded on Lp�Rn � for all p � ������

We can easily see that the two classical examples above ful�ll the conditions
���
� and ������

Also� we recall the following result�

Theorem B� Suppose that � satis�es ����� and ���
� with � � �� Then S� is

bounded on L��Rn ��

This can be found in Coifman and Meyer ���� see ��� p� ���� and also Journ�e ����
pp� ����
�� where a proof of Theorem B can be found� We note that in Theorem
B the condition ����� concerning the regularity of � is not assumed�

Theorems A and B are improved by ��
� as follows�

Theorem C� Suppose that � satis�es ����� and ���
�� Then S� is bounded on

Lp�Rn � for all p � ������ furthermore� S� is bounded on Lpw�R
n � for any p � �����

and any w � Ap �the weight class of Muckenhoupt�� where Lpw�R
n � denotes the

weighted Lp space of all functions f such that kfkLpw � kfw��pkp 
��

For the rest of this note we assume that � is compactly supported� The class
L�logL���Rn �� � 	 �� is de�ned to be the collection of all functions f on Rn such
that Z

Rn

jf�x�j�log�
 	 jf�x�j��� dx 
��

Similarly� let L�logL���Sn��� be the class of all functions � on Sn�� satisfyingZ
Sn��

j����j �log�
 	 j����j��
�
d
��� 
��

where Sn�� � fx � R
n � jxj � �g is the unit sphere of Rn and d
 denotes the

Lebesgue surface measure on Sn���
The following result was proved in �����

Theorem D� If � is in L�logL�����Rn � and satis�es ������ then S� is bounded on

Lp�Rn � for all 
 � p 
��

When � � Lq�Rn � for some q 	 �� Lp boundedness of S� for p � �
��� was
proved in ��
�� Theorem D is an improvement� On the other hand� for p 
 
� a
result of Duoandikoetxea ��� is known�

Theorem E� Let r� be the exponent conjugate to r� � � r � �� Then� we have

the following�

��� Let � 
 q � 
 and � 
 ��p 
 ��
 	 ��q�� If � is in Lq�Rn � and satis�es

������ then S� is bounded on Lp�Rn ��
�
� If � 
 q 
 
 and ��p 	 ��
 	 ��q�� then we can �nd � � Lq�Rn � such that

S� is not bounded on Lp�Rn ��
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Part ��� of Theorem E improves a previous result in ��� and was proved by
applying a weight theory �see also ������ De�ne ���� on R by

�����x� �

�
���� jxj���� sgn�x�� x � ���� ���

�� otherwise�

If � 
 p 
 
� � 
 q 
 
 and ��q� 
 � 
 ��p� ��
� then ���� � Lq�R� and S���� is
not bounded on Lp� this follows from Remark 
 of ��
��

Let

��x� � jxj�n����x�������
�jxj� for x � Rn n f�g�

where x� � x�jxj� � � L��Sn����
R
Sn�� � d
 � �� Then� the Littlewood�Paley

function S��f� is the Marcinkiewicz integral ���f� in Stein �

� �see also H�ormander
������

For �� we recall a result of Al�Salman� Al�Qassem� Cheng and Pan ����

Theorem F� If � � L�logL�����Sn���� then �� is bounded on Lp�Rn � for all

p � ������

The case p � 
 of Theorem F is due to Walsh �
���
We can also consider Littlewood�Paley functions on homogeneous groups� Let

n � 
� We also regard Rn as a homogeneous group� Multiplication of the Lie group
is given by a polynomial mapping and the underlying manifold is Rn itself� We
denote by H the homogeneous group� We recall that H admits a dilation family
fAtgt�� of the form

Atx � �ta�x�� t
a�x�� � � � � t

anxn�� x � �x�� � � � � xn��

where � 
 a� � a� � 	 	 	 � an� such that each At is an automorphism of the group
structure� which requires

At�xy� � �Atx��Aty�� x� y � H � t 	 �

�see ���� ����� H has a homogeneous nilpotent Lie group structure� where Lebesgue
measure is a bi�invariant Haar measure� the identity is the origin � and x�� � �x�

We can de�ne a norm function r on H satisfying the following conditions�

�i� r�x� � � for all x � H � r�x� � � if and only if x � ��
�ii� r is continuous on H and is C� in H n f�g�
�iii� r�Atx� � tr�x� for all t 	 � and x � H �
�iv� r�x� � r�x��� for all x � H �

Moreover� we may assume that � � fx � H � r�x� � �g coincides with Sn��� Let
� � a� 	 	 	 		 an �the homogeneous dimension of H �� Then� we have the formulaZ

H

f�x� dx �

Z �

�

Z



f�At��t
��� dS��� dt� dS � � d
������

where � is a strictly positive C� function on Sn�� and d
 is the Lebesgue surface
measure on Sn�� as above� The convolution is de�ned by

f � g�x� �

Z
H

f�y�g�y��x� dy�

We refer to ��� 
�� 
�� for more details�
For a function f on H � let

ft�x� � �tf�x� � t��f�A��t x��
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We consider the Littlewood�Paley function on H de�ned by

S��f��x� �

�Z �

�

jf � �t�x�j
� dt

t

����
�

where � is in L��H � and satis�es ������ Let � be locally integrable in H n f�g� We
assume that � is homogeneous of degree � with respect to the dilation group fAtg�
which means that ��Atx� � ��x� for x 
� �� t 	 �� Also� we require thatZ




���� dS��� � �������

The space L�logL����� can be de�ned as above with respect to the measure dS�
If � is de�ned by

��x� � r�x����a��x�������
�r�x��� a 	 �������

then we also write �� � S�� where x
� � Ar�x���x for x 
� ��

Ding�Wu �
� proved the following�

Theorem G� Let � be in L logL��� and satisfy ������ De�ne �� by � in �����
with a � �� Then

��� �� is bounded on Lp�H � for p � ��� 
��
�
� �� is of weak type ��� ���

In this note we shall prove the following�

Theorem �� Suppose that � is in L�logL������� and satis�es ������ Then �� is

bounded on Lp�H � for all p � ������

Obviously� Theorem � improves part ��� of Theorem G essentially since L logL���
is a proper subspace of L�logL��������

Following ����� to prove Theorem � we decompose ��x� �
P

k	� 

ka��k��x��

k � Z� where Z denotes the set of integers and

��k��x� � 
�kar�x�a����x�������
�

�kr�x���

Note that for any k � Z�

S��k� �f��x� � S
�
�k�

��k

�f��x� � S�����f��x��

and hence

S��f��x� �
X
k	�


kaS��k��f��x� � caS���� �f��x��

This observation suggests to consider a function of the form

��x� � ��r�x��
��x��

r�x��
����
�

where � is in �

� �see �
��� for some � 	 � and supported in the interval ��� 
��

Here we recall the de�nition of �

q from �
��� Let ds� � � s � �� denote

the collection of all measurable functions h on R� � ft � R � t 	 �g satisfying
khkds 
�� where

khkds � sup
j�Z

�Z �j��

�j
jh�t�js

dt

t

���s
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if � � s 
 �� and khkd� � khkL��R��� Then ds � du if s � u� For t � ��� ���
de�ne

��h� t� � sup
jsj	tR��

Z �R

R

jh�r � s�� h�r�j
dr

r
�

where the supremum is taken over all s and R such that jsj 
 tR�
 �see �
���� Let
� 	 � and de�ne �
 to be the family of all locally integrable functions h on R�

satisfying
khk�� � sup

t�����

t�
��h� t� 
��

Let �

s � ds � �
 with khk��s � khkds 	 khk�� for h � �


s � Then �
�
s � �
�

s if
�� � ��� and �


s� � �

s� if s� � s��

To prove Theorem � it su�ces to show the following�

Theorem �� Let � be de�ned by ���
�� We assume that � is in L�logL�������
and satis�es ������ Then S� is bounded on Lp�H � for all p � ������

We shall prove Theorem 
 via extrapolation arguments using the following esti�
mates�

Theorem �� Let � be as in ���
�� We assume that � is in Ls��� for some s � ��� 
�
and satis�es ������ Let � 
 p 
�� Then

kS��f�kp � Cp�s� ������k�kskfkp�

where the space Ls��� is de�ned with respect to the measure dS and the constant

Cp is independent of s and ��

Indeed� Theorem � implies Theorem 
 as follows� Let � and � be as in Theorem

� We can decompose � as

� �

�X
m��

bm�m�

where each �m satis�es ����� and fbmg is a sequence of non�negative real numbers
such that

P�
m��m

���bm 
�� furthermore supm�� k�mk����m � � �see Lemma �
of ������ Accordingly�

� �
�X

m��

�m� �m�x� � bm��r�x��
�m�x��

r�x��
�

Let � 
 p 
�� By Theorem � with s � � 	 ��m we have

kS�m
�f�kp � Cpm

���bmk�mk����mkfkp � Cpm
���bmkfkp�

which implies

kS��f�kp �
�X

m��

kS�m
�f�kp � Cp�

�X
m��

m���bm�kfkp�

This will complete the proof of Theorem 
�
In Section 
� we shall prove some vector valued inequalities on the homogeneous

groups� To prove these inequalities we argue as in Sections �� � of ��
� and we apply
Lp estimates of M� Christ ��� for the maximal functions along homogeneous curves�
We shall prove Theorem � in Section �� The methods for the proof of Theorem
� have some similarities to those employed in ��� 
�� in studying Lp boundedness
of singular integrals on homogeneous groups� Outline of the proof is based on
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Duoandikoetxea and Rubio de Francia ���� so we apply the vector valued inequalities
of Section 
� Littlewood�Paley decompositions and orthogonality arguments for
L� estimates� however the L� estimates will be obtained not through the Fourier
transform but convolution� A basic L� estimate for the orthogonality �Lemma ��
will be proved by the methods of T� Tao �
��� Finally� in Section � we shall show that
Theorem � can be applied to prove Lp boundedness of some other Littlewood�Paley
functions�


� Vector valued inequalities

Let p�x� �
R �
�
j�t�x�j dt�t� � � 
� De�ne a maximal function

N
���
� �f��x� � sup

k�Z
j�f � p�k ��x�j�

Let H denote the Hilbert space L�������� dt�t�� For each k � Z we consider an
operator Tk de�ned by

�Tk�f��x�� �t� � Tk�f��x� t� � f � �t�x��	������
�kt���
���

The operator Tk maps functions on H to H�valued functions on H and we see that

jTk�f��x�jH �

�Z �k��

�k
jf � �t�x�j

� dt

t

����

�

�Z �

�

jf � ��kt�x�j
� dt

t

����
�

Lemma �� Let 
 
 s 
 �� r � �s�
�� � s��s� 
�� If N
���
��

is bounded on Lr�H ��

then ������
�X

k

jTk�fk�j
�
H

����
������
s

� k�k
���
� B���

��r �
���

������
�X

k

jfkj
�

����������
s

�

where ���x� � ��x��� and B��r� ��� is the operator norm of N
���
��

on Lr�H ��

Proof� Take a non�negative g � Lr satisfying kgkr � � and

I ��

������
�X

k

jTk�fk�j
�
H

����
������
�

s

�

Z �X
k

jTk�fk�j
�
H

�
g dx�

Then since

jTk�fk�j
�
H
� k�k�

Z
H

jfk�y�j
�p�k�y

��x� dy�

we have

I � k�k�
X
k

Z
jfk�y�j

�

�Z
H

p�k �y
��x�g�x� dx

�
dy�
�
�

� k�k�
X
k

Z
jfk�y�j

�N
���
��

�g��y� dy�

where we note that

N
���
��

�g��y� � sup
k�Z

����
Z
H

g�x�p�k �y
��x� dx

���� �
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H�older�s inequality implies

X
k

Z
jfk�y�j

�N
���
��

�g��y� dy �

������
�X

k

jfkj
�

����
������
�

s

kN
���
��

�g�kr�
���

� B��r� ���

������
�X

k

jfkj
�

����
������
�

s

�

Combining �
�
� and �
���� we get the conclusion� �

De�ne a maximal function

M��f��x� � sup
t��

jf � j�jt�x�j �

Lemma �� Let � 
 s 
 
� r � �s��
�� � s��
� s�� Suppose that M� is bounded on

Lr�H �� Then������
�X

k

jTk�fk�j
�
H

����������
s

� �log �����k�k
���
� Cr���

���

������
�X

k

jfkj
�

����������
s

�

where Cr��� is the operator norm of M� on Lr�H ��

If h is a function on H � ������ de�ne an H�valued function Pk�h� by

�Pk�h��x���t� � Pk�h��x� t� � h�x� t��	������
�kt��

Also� we de�ne Tk�h� by �Tk�h��x���t� � Tk�h��x� t� � Tk�h�	� t���x��
Proof of Lemma 
 requires the following�

Lemma �� For a sequence fhk�x� t�g of functions on H � ����� we have������
�X

k

j �Tk�hk�j
�
H

����
������
s�

� k�k
���
� Cr���

���

������
�X

k

jPk�hk�j
�
H

����
������
s�

under the assumptions of Lemma 
� where �Tkh is de�ned as Tkh with  ��y��� in

place of ��y��

Proof� Choose a non�negative g � Lr satisfying kgkr � � and

������
�X

k

j �Tk�hk�j
�
H

����
������
�

s�

�

Z �X
k

j �Tk�hk��x�j
�
H

�
g�x� dx��
���

We observe thatZ
j �Tk�hk��x�j

�
H
g�x� dx � k�k�

Z
M��g��x�jPk�hk��x�j

�
H
dx�
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Thus� applying H�older�s inequality� we have

Z �X
k

j �Tk�hk��x�j
�
H

�
g�x� dx � k�k�

������
�X

k

jPk�hk�j
�
H

����������
�

s�

kM��g�kr�
���

� k�k�Cr���

������
�X

k

jPk�hk�j
�
H

����
������
�

s�

�

The inequality claimed follows from �
��� and �
���� �

We can give the proof of Lemma 
 now� Let h	� 	iH denote the inner product in
H� We observe thatZ

hTk�fk��x� 	�� hk�x� 	�iH dx �

Z
hPk�fk��x� 	�� �Tk�hk��x� 	�iH dx�

where Pk�fk��x� t� � fk�x��	������
�kt�� Note that�X

k

jPk�fk�j
�
H

����

� �log �����

�X
k

jfkj
�

����
�

Thus� H�older�s inequality and Lemma � imply that�����
Z X

k

hTk�fk��x� 	�� hk�x� 	�iH dx

�����
� �log �����k�k

���
� Cr���

���

������
�X

k

jfkj
�

����
������
s

������
�X

k

jPk�hk�j
�
H

����
������
s�

�

The conclusion of Lemma 
 follows from this by taking the supremum over fhk�x� t�g

with
����Pk jPk�hk�j

�
H

	������
s�
� ��

Let � be as in ���
�� We shall use the following estimates of M��

Lemma �� Suppose that � is in L���� �the condition ����� is not needed�� Then

kM�fkp � Cpk�k�kfkp

for p 	 ��

For � � �� we de�ne

M�f�x� � sup
s��

�

s

Z s

�

jf�x�At��
���j dt�

To prove Lemma � we need the following result of ����

Lemma �� There exists a constant Cp independent of � such that

kM�fkp � Cpkfkp

for p 	 ��

Proof of Lemma �� By a change of variables �see ������� we have

f � j�jt�x� �

Z
f�xy���j�jt�y� dy �

Z �

�

Z



f�x�Ast��
���j������s�js�� dS��� ds�
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It is easy to see thatZ �

�

jf�x�Ast��
���jj��s�js�� ds � k�k�

�

t

Z �t

t

jf�x�As��
���j ds�

Thus

M�f�x� � Ck�k�

Z



M�f�x�j����j dS����

This estimate and Minkowski�s inequality imply the conclusion� �

Note that

N
���
� f�x� � C�log ��M�f�x��

Thus by Lemmas �� 
 and � we have the following�

Lemma 	� If � 
 s 
�� then������
�X

k

jTk�fk�j
�
H

����
������
s

� C�log �����k�k�

������
�X

k

jfkj
�

����
������
s

�

where each Tk is de�ned as in �
��� with � of ���
� in place of ��

�� Proof of Theorem �

Let � be a C� function supported in f��
 
 r�x� 
 �g� We assume that
R
� � ��

��x� � ���x�� ��x� � � for all x � H � For � � 
� we de�ne

!k � ��k���� ��k�� k � Z�

Then !k is supported in f�k���
 
 r�x� 
 �kg and !k � �!k� Also� we easily see
that

P
k !k � �� where � is the delta function�

Let � be as in ���
� and satisfy the assumptions of Theorem �� We decompose

f ��t�x� �
X
j�Z

Fj�x� t��

where

Fj�x� t� �
X
k�Z

f �!j�k ��t�x��	�k��k����t��

De�ne

Ujf�x� �

�Z �

�

jFj�x� t�j
� dt

t

����
�

�X
k�Z

Z �

�

jf �!j�k ���ktj
� dt

t

����

�

�X
k

jTk�f �!j�k�j
�
H

����

�

where Tk is as in �
��� with �t replaced by �t�
To prove Theorem � we apply the following estimates�

Lemma 
� Let � 
 s � 
 and � � 
s
�

� Then we have

kUjfk� � C�s� ������
��jjjk�kskfk��

where �� C are positive constants independent of s� � � Ls��� and j � Z�



�� YONG DING AND SHUICHI SATO

Let �j � C�� �R�� j � Z� be such that

�j � ��

supp��j� � ft � R � �j 
 t 
 �j��g�

log 

X
j�Z

�j�t� � � for t 	 ��

j�d�dt�m�j�t�j � cmjtj
�m for m � �� �� 
� � � � �

where cm is a constant independent of � �this is possible since � � 
�� We may
assume that �j�t� � ����

�jt��
Let

K��x� �
��x��

r�x��
�	���
�r�x��

and decompose

��x��

r�x��
�
X
j�Z

Sj�x�� Sj�x� �

Z �

�

�j�t��tK��x�
dt

t
�

��x��

r�x��

Z �

���

�j�tr�x��
dt

t
�

We note that Sj is supported in f�j 
 r�x� 
 
�j��g� Let

L�t�m �x� � ��t��r�x��Sm�x��

Then by the support condition we have

�t�x��	�k��k����t� �
k��X

m�k��

L�t�m �x��	�k��k����t�

and

Fj�x� t� �
X
k�Z

k��X
m�k��

f �!j�k � L
�t�
m �x��	�k ��k����t��

Lemma 
 will be derived from the following�

Lemma �� Let � 
 s � 
 and �
 � m � �� Let f
kg be a sequence of real numbers

such that 
k � � or ��� De�ne an operator R
�t�
j by

R
�t�
j f�x� �

X
k�Z


kf �!j�k � L
��kt�
k�m�x��

Then� if � � 
s
�

�

kR
�t�
j fk� � C
��jjjk�kskfk��

where the constants �� C are positive and independent of s� � � Ls���� j � Z�

t � ��� �� and the sequence f
kg�

To prove Lemma � we use the following estimates�

Lemma �� Let � 
 s � 
� � � 
s
�

and �
 � m � �� Then we have

kf � L
��kt�
k�m �!j�kk� � C
��jjjk�kskfk�

for some positive constants �� C independent of s� � � Ls���� j� k � Z and t � ��� ���
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We now prove Lemma � taking Lemma � for granted� We may assume that all
the functions in question are real�valued� Arguing as in the proof of Lemma 
 of
�
�� �see p� �
� of �
��� and using Lemma � with duality we can show that����f �!j�k � L

��kt�
k�m �!j��k �!j��k� � �L

��k
�

t�
k��m �!j�k�

����
�

� Ck�k�s

��jjj
��jj

�jmin��� ����jk�k
�j�c����kfk�

for some � 	 �� We have a similar estimate for����f �!j��k� � �L
��k

�

t�
k��m �!j�k� �!j�k � L

��kt�
k�m �!j��k

����
�

�

Thus� the Cotlar�Knapp�Stein lemma implies

kGj�j�fk� � Ck�ks

��jjj��
��jj

�j��kfk��

where

Gj�j�f �
X
k�Z


kf �!j�k � L
��kt�
k�m �!j��k

and hence

kR
�t�
j fk� �

X
j��Z

kGj�j�fk� � C��� 
�������k�ks

��jjj��kfk��

which is the assertion of Lemma ��
Assuming Lemma �� we can prove Lemma 
 as follows� By Lemma � with the

random choice of f
kg� the Khintchine inequality implies that������
�X
k�Z

jf �!j�k � L
��kt�
k�mj

�

����
������
�

�

� C
���jjjk�k�skfk
�
��

This estimate is uniform in t � ��� ��� Thus� integration over ��� �� with respect to
the measure dt�t gives

kUjfk
�
� �

Z �

�

������
�X
k�Z

jf �!j�k �

�X
m���

L
��kt�
k�mj

�

����
������
�

�

dt

t

� C�log ��
���jjjk�k�skfk
�
��

which proves Lemma 
�
To complete the proof of Lemma 
� it thus remains to prove Lemma ��

Proof of Lemma �� For u � ��� �� and �
 � m � �� let

S�u� � ���k�mL
��ku�
k�m � ���mu��r�x�����k�mSk�m � ���mu��r�x��S��

By the proof of Lemma 
 of �
��� we have

kS�u�kq � C�log ����q
�

k�kdqkK�kq � q � �������

where the constant C is independent of � and u � ��� ��� This can be easily seen
since supp��� � ��� 
�� Using ����� with q � � and arguing as in �
��� for j � �� we
see that

kS�u� �!jk� � Cmin
�
�� ���j�


	
k�kd�kK�k����
�

for some �� � 	 ��



�� YONG DING AND SHUICHI SATO

Also� for j 
 � we have

�����

�����
ZZZ

!k�x�G��y� t�g�H�y� t�x�

nY
i��

����ti���ti� yi�K��yi�� dy  dt dx

�����
� C�log ��n�s

�

���j�c��s
�

k�kn��skK�k
n
s �

�����

�����
ZZZ

!k�x�G��y� t�g�H�y� t�x�

nY
i��

����ti���ti� yi�K��yi�� dy  dt dx

�����
� C����j�c��s

�

k�kn��skK�k
n
� �

Here we have used notation similar to that in �
�� modi�ed appropriately for the
present context� ��ti� yi� � ��u��ti�

mr�yi��� g is a smooth function with com�
pact support such that kgk� � �� y � �y�� � � � � yn� � H

n � t � �t�� � � � � tn��
dy � dy� � � � dyn�  dt � �dt��t�� � � � �dtn�tn��

H�y� t� � w�At�y� � � � wnAtnyn

with w�� � � � � wn � H such that r�wk� � C��� k � �� 
� � � � � n� DH�y� t� is the n� n
matrix whose ith column vector is �LtiH�y� t��

DH�y� t� �
�
�Lt�H�y� t�� � � � � �LtnH�y� t�

	
�

and

G��y� t� � ��
�
��n�j det�DH�y� t��

	
�

G��y� t� � ��
�
��n�j det�DH�y� t��

	
�

where ��� �� are functions in C��R� which satisfy � � �� � �� supp���� � ���� ���
���t� � � for t � ����
� ��
�� �� � �� ��� and �� � are small positive numbers�

To prove ������ we argue as in the proof of ������ of �
�� and we only have to
note that Z �

�

j��ti� yi�j
s dti
ti

� Ck�ksds�

since � is supported in ��� 
��
To prove ����� we recall

���ti� yi� �

Z
si	ti��

��ti � si� yi����j �si� dsi�

where �u�si� � u����u��si�� u 	 �� with � � C��R� satisfying supp��� � ��� �����
� � ��

R
��s� ds � �� Then� we can easily see thatZ

���ti�j��ti� yi�j
dti
ti

� Ck�kd� �Z
���ti�j���ti� yi�j

dti
ti

� Ck�kd� �

Z ��

�

j���ti� yi�j
dti
ti

� Ck�kd� �Z
���ti�j��ti� yi�� ���ti� yi�j

dti
ti

� C��
j �

Z ��

�

j�ti
���ti� yi�j

dti
ti

� C��j�k�kd� �
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Using these estimates and arguing as in the proof of ������ of �
��� we can prove
������

Applying ������ ���
�� ����� and ����� as in the proof of Lemma � of �
��� we can
reach the conclusion of Lemma �� �

We turn to the proof of Theorem �� Let � 
 p 
 �� By Lemma � and the
Littlewood�Paley inequality �see Lemma � of �
���������

�X
k

jf �!kj
�

����������
r

� Crkfkr� � 
 r 
��

where Cr is independent of �� we have

kUj�f�kr � Cr�log ��
���k�k�kfkr

for all r � ������ where Uj is as in Lemma 
� Since we also have the L��estimates

of Lemma 
� if � � 
s
�

�� 
 s � 
�� interpolation will give

kUjfkp � C�s� ������
��jjjk�kskfkp

with some � 	 �� which implies

kS��f�kp �
X
j

kUjfkp � Cp�s� ������k�kskfkp�

This completes the proof of Theorem ��

�� Applications

Finally� we give some applications of Theorem �� Firstly� we may get the Lp �
 �
p 
�� boundedness for the Littlewood�Paley operators A� and ����� related to the
area integral and the Littlewood�Paley g�� function� respectively� They are de�ned
by

A��f��x� �

�ZZ
��x�

jf ��t�y�j
� dydt

t���

����
and

������f��x� �

�ZZ
H�R�

�
t

t	 r�y��x�

���
jf ��t�y�j

� dydt

t���

����
� � 	 ��

respectively� where "�x� � f�y� t� � H � R� � r�y��x� 
 tg and � is as in ������

Theorem �� Suppose that � is in L�logL������� and satis�es ������ Then �����
and A� are both bounded on Lp�H � for p � �
����

Proof� We �rst show the following fact� For any measurable function �� we haveZ
H

�
������f��x�

	�
��x�dx � C���

Z
H

�
���f��x�

	�
M��x�dx������

where M denotes the Hardy�Littlewood maximal operator on H �



�� YONG DING AND SHUICHI SATO

In fact� without loss of generality� we may assume that � � �� thenZ
H

�
������f��x�

	�
��x�dx �

Z
H

ZZ
H�R�

�
t

t	 r�y��x�

���
jf ��t�y�j

� dydt

t���
��x�dx

�

Z
H

Z �

�

jf ��t�y�j
� dt

t
sup
t��

�Z
H

�
t

t	 r�y��x�

���
��x�

dx

t�

�
dy

� C���

Z
H

�
���f��y�

	�
M��y�dy�

Let � 
 � in ������ Then by L� boundedness of the Hardy�Littlewood maximal
operator M we haveZ

H

�
������f��x�

	�
dx � C���

Z
H

�
���f��x�

	�
dx�

Thus� the operator ����� is bounded on L��H �� When 
 
 p 
 �� let q � �p�
���

Then there is a non�negative function � � Lq�H � with k�kq � � such that

k������f�k
�
p �

Z
H

�
������f��x�

	�
��x�dx����
�

By ������ ���
�� H�older�s inequality and the Lq �� 
 q 
 �� boundedness of the
maximal operator M we get

k������f�k
�
p � C���

Z
H

�
���f��x�

	�
M��x�dx � C���k���f�k

�
pkM�kq � C��pk���f�k

�
p�

which gives the Lp �
 � p 
�� boundedness of ������

Since A��f��x� � C����
�
����f��x� for any x � H � A� is also bounded on Lp�H �

for 
 � p 
�� Hence we complete the proof of Theorem �� �

Secondly� if � is as in ����� and � 
 q 
 �� we de�ne the Littlewood�Paley
operators ���q � A��q and ������q by

���q�f��x� �

�Z �

�

jf ��t�x�j
q dt

t

���q
�

A��q�f��x� �

�ZZ
��x�

jf ��t�y�j
q dydt

t���

���q
and

������q�f��x� �

�ZZ
H�R�

�
t

t	 r�y��x�

���
jf ��t�y�j

q dydt

t���

���q
� � 	 ��

respectively� Obviously� ���q � A��q and ������q are just the Littlewood�Paley oper�
ators discussed previously when q � 
�

Theorem �� Suppose that 
 � q 
 � and � � L�logL������� with the condition

������ Then we have the following conclusions�

��� ���q is bounded on Lp�H � for � 
 p 
��

�
� ������q and A��q are both bounded on Lp�H � for p � �q����
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In fact� note that

���q�f��x� � �M��jf j��x��
�q����q�S��f��x��

��q

for any x � H � By a proof similar to that of Lemma � we can easily see Lp

boundedness ofM�� Thus� Theorem � and H�older�s inequality imply the conclusion
��� of Theorem ��

The conclusion �
� of Theorem � is a direct consequence of the conclusion ����
as can be seen from the proof of Theorem ��
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