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EXTREMAL LORENTZIAN SURFACES WITH
NULL R-PLANAR GEODESICS IN SPACE FORMS

KAZUYUKI HASEGAWA® AND KOUHEI MIURA

Abstract

We show a congruence theorem for oriented Lorentzian surfaces with horizontal
reflector lifts in pseudo-Riemannian space forms of neutral signature. As a corollary,
a characterization theorem can be obtained for the Lorentzian Boruvka spheres,
that is, a full real analytic null r-planar geodesic immersion with vanishing mean
curvature vector field is locally congruent to the Lorentzian Boruvka sphere in a

2r-dimensional space form of neutral signature.

1 Introduction.

To study minimal surfaces in a unit sphere, the twistor lift plays an important role. For
instance, Calabi [2] proves a rigidity theorem for minimal immersions of surfaces with
genus zero in Euclidean spheres using twistor lifts. An application of the rigidity result
shows that a minimal isometric immersion of the 2-sphere into a unit sphere is congruent
to the d-th standard immersion (also called the Boruvka sphere in the unit 2d-sphere) for
a positive integer d. As a result, Boruvka spheres have horizontal twistor lifts. Chern [4]
reinterprets Calabi’s work and investigates minimal 2-spheres in a unit sphere by using
the higher order osculating spaces and higher fundamental forms. We refer to Bryant
[1] also. One of the aims in this paper is to characterize Boruvka spheres in indefinite

pseudo-Riemannian geometry, using an indefinite version of twistor lifts.
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The Boruvka spheres with Lorentzian metric, a family of isometric immersions of
Lorentzian 2-sphere into the pseudo-Riemannian spheres are, via Wick rotations, con-
structed from the standard immersions of Riemannian 2-sphere in Ding and Wang [5] and
Miura [10]. These immersions have vanishing mean curvature vector fields, thus, these
are extremal. In this paper, we call these immersions the Lorentzian Boruvka spheres
(LBSs). We focus on the fact that the target spaces of the LBSs are always neutral.
Then it is natural that we use reflector lifts instead of twistor lifts. The notion of reflec-
tor lifts established on neutral pseudo-Riemannian manifolds is corresponding to that of
twistor lifts in Riemannian geometry. See Jensen and Rigoli [7] for details. We see that
extremal helical geodesic immersions (HGIs) from Lorentzian surfaces into a space form
have horizontal reflector lifts. Note that the LBSs have helical geodesics. As a property
of HGIs, we propose a notion of null r-planar geodesic immersions (PGIs). For a precise
definition, see Definition 4.1. We provide a congruence theorem for oriented Lorentzian
surfaces with horizontal reflector lifts. As an application of our congruence theorem, we
characterize the Lorentzian Boruvka spheres as extremal Lorentzian surfaces with null
r-planar geodesic.

The paper is organized as follows. In Section 2, we prepare a general theoretical
setting and basic equations for Lorentzian surfaces. Furthermore, we investigate extremal
Lorentzian surfaces by using their isotropic higher fundamental forms and furnish several
lemmas. In Section 3, we introduce the notion of reflector lifts. A congruence theorem
for oriented Lorentzian surfaces with horizontal reflector lifts is proved. In Section 4,
the definitions of HGIs and null r-PGlIs are clearly stated. Moreover, based on [10], we
explain the construction of LBSs briefly. Finally, in Section 5, we investigate extremal
null r-planar geodesic immersions from Lorentzian surfaces of constant Gaussian curvature

and provide our main theorem.

2 Preliminaries.

Throughout this paper, all manifolds and maps are assumed to be smooth unless otherwise
mentioned. Let E be a vector bundle over a manifold M and E, the fiber of E over a
point p € M. We write TM (resp. T*M) for the tangent (resp. cotangent) bundle of M.
For vector bundles E, E' over M, we denote the homomorphism bundle whose fiber is the
space of linear mappings E, to £, by Hom(E, E'), and set End(E) := Hom(E, E). The
space of all sections of a vector bundle E is denoted by I'(F). We denote the space of
E-valued 1-forms on M by AY(E) :=T(T*M ®E). Let ¢ : N — M be a smooth map and
E a vector bundle over M. The pull back bundle of E by ¢ is denoted by ¢#E. In this

paper, a pair (E, g¥) is a pseudo-Riemannian vector bundle if the bundle metric g¥ of E
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is nondegenerate of constant index. The set of all metric connections of F with respect
to g¥ is denoted by C(E, g¥).

2.1 Basic definitions and equations.

In this subsection, we recall some basic definitions and equations for pseudo-Riemannian
manifolds and submanifolds. Let (M, §) be an n-dimensional pseudo-Riemannian man-
ifold with nondegenerate metric g of constant index t. We may denote (]\Z”,ﬁ) by ]\Z”
for short. We say that ]\Z” is of neutral signature if n = 2¢, and Lorentzian if n > 1
and t = 1. If there is no confusion, we omit the dimension and index, i.e., M = ]\A/[;” A
tangent vector X to M is called spacelike if §(X,X) > 0 or X = 0, null if §(X,X) =0
and X # 0, and timelike if g(X, X) < 0.

Let R} be the n-dimensional pseudo-Euclidean space of the index ¢ with the flat stan-
dard metric. Let (z!,...,2""!) be the standard coordinate on R"™!. The n-dimensional
pseudosphere S;'(r) of the index ¢ and the radius r > 0 is defined by

Sp(r) = {p ERPT =D (@) + D (@ (p)’ = 7‘2} :

i=1 j=t+1

Similarly, the n-dimensional pseudohyperbolic space H;*(r) of the index ¢ and the radius
r > 0 is defined by

= {p SR 2@ @)+ > @) = ‘7”2} |

i=1 j=t+2

The spaces R?, S?(r) and H}*(r) are of constant curvature 0, 1/r? and —1/r? respectively.
We denote the space form of constant curvature ¢ by Q7 (c) which is one of R}, S*(r) or
Hp(r).

From now on, we provide the basic equations for isometric immersions in pseudo-
Riemannian geometry. For more details, we refer to [15, IV, pp.163-188] in the case
of Riemannian geometry. Let (M, g) be a pseudo-Riemannian submanifold in (M ,9)
isometrically immersed by f. We denote the Levi-Civita connection of g (resp. g) by \Y
(resp. V). The mean curvature vector field of M is denoted by H. If H = 0, then M
is called an extremal submanifold ([12, p.299]). We often omit the symbol “f” for the
induced objects of the immersion f if there is no confusion for the simplicity. We define

V(X1) == X1, V(X1, X5) := Vx, X and inductively for i > 3

V(Xl,XQ,...,XZ') = 6X16(X2,...,Xi), and
VX1, Xa, .., X)) (p) = Vi, V(Xs, ..., X)),
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where X € I'(TM) (1 < k <i) and p € M. We define the ith osculating space of f by
Osc(f) := M x {0} C f#TM and for any positive integer 1,

Osc'(f) = U Osc?(f), where

peEM

Oscl(f) == Span{V(X1,..., X;)(p) | X; e D(TM), 1<1<k<i}.

Since f is an immersion, Osc'(f) = TM. Therefore, there is the unique integer d > 1
such that

o Osc’(f) & Osc'(f) & Osc*(f) & -+ G Osc(f),

e Osc’(f) is a smooth subbundle of f#7T M and the induced metric is nondegenerate

of constant index for each i =1,2,...,d,

e Osc™™(f) = Osc(f) or Osc™™(f) is not a pseudo-Riemannian subbundle (i.e., the

induced symmetric tensor in Osc®™™ (f) from TM is degenerate or Osc™™(f) is not

—

a smooth subbundle of f#T'M).

If f satisfies the three conditions above, we say that f is nicely curved of order d. For
i=0,1,...,d — 1, we can take the ith normal space N*(f) such that

Osct1(f) = Osci(f) @& N(f),

where N'(f) is the orthogonal complement subbundle of Osc’(f) in Osc'™(f). We denote
Ni(f) by N for short. Because of Osc’(f) = M x {0} and Osc'(f) = TM, we have
N® = TM. Moreover we put N¢ := Osc?(f)* which is the orthogonal complement
subbundle of Osc?(f) in f#TM . Notice that N¢ need not be contained in the osculating
space Osc”(f) for an integer k > 0. Therefore we often need separate arguments for

objects related to the highest normal bundle. Then we obtain
o d
fATM =N
=0

We denote the induced symmetric tensor in N* from g by ¢°. Note that g = ¢°, ¢*,...,¢
are pseudo-Riemannian, since f is nicely curved of order d.
For a vector ¢ € f#TM, we denote the N'-component of ¢ by (()N'. Fori=0,1,...,d,

we define the (i 4+ 1)st fundamental form o'*! by

X, X)) = (V(X, . ,Xz‘+1))Ni'

By definitions, we can see that o' = idzy € T(EndTM), N* = Span (Ima‘t!) for
i=0,1,...,d—1and N? D Span (Im a?™). We note that a(X,Y) = o?(X,Y), where «
is the usual second fundamental form and X,Y € I'(T'M). The following lemma is proved
in a way similar to that in [15, pp.171-172].
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LEMMA 2.1. For a section ¢; € T(N?) (i =0,1,...,d) and X € T,M,
Vxé € NJ@ N},
VxG € N'eNaeNt  (i=1,..,d-1),
Vx¢ € N o Ne

By Lemma 2.1, we can define for ; € T'(N*) and X € I'(T M),

S;(Cz = —(ﬁxci)]viil (Z = 1,2,...,d),
iGi= (Vi)Y (i=0,1,....d),
TiG= (VxG)V™ (i=0,1,....d—1).

It is easy to check that VO =V, T9Y = o?(X,Y) for any X,Y € I'(TM) and
St e AY(Hom(N*, N 1)), V'eC(N',g"), T 'e A" (Hom(N"1' NY))

for i =1,2,...,d. Consequently we obtain the Frenet formulas of f:

(2.1) VxY = V&Y + 1YY,
(2.2) VG =—SkG+ViG+ TG (i=1,2,...,d—1),
(2.3) Vxli= —S%Ca+ Vi,

where X, Y € I(TM) =T(N% and ¢; € T'(N?) fori = 1,2,...,d. We note that (2.1) is the
(usual) Gauss formula, and S* is the (usual) shape operator restricted to the first normal
space N1. We denote the normal connection by V+. Then we obtain V¢, = VLG +T%G
for any X € I'(TM) and ¢; € T'(N'). Moreover we have ¢~ *((;_1, S%G) = ¢' (T *¢io1, G)
fori =1,2,...,d. We define the differentiation of N'-valued (0, k)-tensor field P by

k
(DYP)(X1,..., Xg) == Vi(P(X1,..., Xp)) = Y _P(X1,....VxXj,..., Xp).
j=1

By a straightforward calculation, we can see the following lemma.

LEMMA 2.2. Let f: M — Q}(c) be an isometric immersion into a space of constant

curvature c. If f is nicely curved of order d, then the following equations hold.

(2.4) RX,)Y)Z =c({Y,Z2)X —(X,Z2)Y) + SxTYZ — Sy TV Z,
(2.5) RUX,Y)G =Ty 'Sy G — Ty 'S5 G + STy G — Sy Ty G
(i=1,2...,d—1),
(2.6) RYX,Y)(q=TErSECy — TE1S% ¢,
(2.7) (D PSYy G = (DY 1S x G (i=1,2,...,d),
2.8 DITHy G = (DT x ¢ i=0,1...,d—1),
X Y
(29) Sl_lS;’Cz = SZ_IS}(Q (Z = 27 37 7d)a
X Y
2.10 TG = TE TG i=0,1,...,d—2),
X Y Y X
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where XY, 7 € T(TM), (; € T(N?), and R(= R®) and R’ are the curvature tensor of the
Levi-Civita connection V(= V°) of M and V' respectively.

Lemma 2.1, (2.10) and the symmetry of T° show the following corollary.
COROLLARY 2.3. Under the same assumption as in Lemma 2.2, we have
(2.11) X, X)) =T N (X X)) = T TG TR, Xy,
where X; € T(TM) for j <i+ 1. Moreover, /™! is (i + 1)-symmetric for i < d.
By virtue of Corollary 2.3, for the simplicity, we are allowed to write

ot XFE Y = o (X, L XYY
— L~

k l

for X,Y € D(TM) and k +1 =i + 1.
The tensor field 79! € AY(Hom(N?!, N9)) closely relates to the reduction of the

codimension of isometric immersions which are nicely curved of order d.

LEMMA 2.4. Let f: M — Q7(c) be an isometric immersion which is nicely curved of
order d. If there exists an open piece U of M such that T is vanishing on U, then there
ezists a totally geodesic pseudo-Riemannian submanifold P of Q}(c) such that f(U) C P.

PrOOF. By the assumption, the subbundle @f;olN i of f#TQ is parallel with respect
to V on U, where T'Q is the tangent bundle of Q7(c). Putting P := exp® (&%=} N|,/), we

get this lemma, where exp® is the exponential map of Q7(c). O

2.2 Extremal Lorentzian surfaces.

Let (V,(, )) be a Lorentzian vector 2-space and (§,7) a null basis of V' such that (£, &) =
(n,n) =0 and ({,n) = u # 0. In this paper, we say that the signature of the null basis
(&,7) is positive (resp. negative), if > 0 (resp. p < 0). For any vector v € V', we have

1 1
(212) U= ;(Uﬂﬁg_’_ E<U7§>77

It is easy to show the following lemma.

LEMMA 2.5. Let (E,g¥) be a Lorentzian plane bundle over a manifold M and V¥ €
C(E,g¥). Let (&,n) be a local frame field of E such that g¥(£,€) = ¢¥(n,n) = 0 and

g¥(&,m) is nonzero constant. Then there exists a local 1-form p¥ on M such that

Ve =pP w0, RY"(X,Y)¢ = dpP(X,Y)¢,
Vi = —pF @, RY"(X,Y)n = —dp”(X,Y)n.
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PROOF. Put A := ¢g¥(&,n) € Rand p?(X) := (1/\)g¥(VEE, n). Using (2.12), we have

1 1
Ve = 19" (VREmE+ 10" (VRE On = p"(X)E.
It is easy to obtain the other equations. O]

An endomorphism J¥ € T'(End (F)) is called a parahermitian structure of (E, g%), if
JE satisfies (J¥)? = idg and g% (JF(¢1), JE((2)) = —gP (¢4, ¢o) for any (1, € T(F).

Local null frames (£,7) on U and (£, 7') on U’ have the same signature, if (§, n)(&',n') >
0 on UNU' # (. Moreover we assume that (£,7) and (£',7') have the same orientation.
Then we note that

SRS ">[ R e Il

where 6 is a smooth function on U N U".

LEMMA 2.6. Let (E, g¥) be a Lorentzian plane bundle over a manifold M and VE €
C(E,g"®). If E is orientable, then E admits a V¥-parallel parahermitian structure of

(E,g").

PROOF. Let (£, 7) be an oriented local null frame on U C M of (E, g¥). We can define
JE € T(End (E)) by JE(E) :=¢&, J¥(n) :== —n. Let (¢',1) be another oriented local null
frame on U’ (U N U’ # 0) with the same signature of (£, 7). Defining the endomorphism
JE of E on U by JF'(&) := &, J¥ (1) := —1/, we can see that JZ = J¥ on UNU".
Since F is orientable, J is well-defined on M. Taking a connection form p” as in Lemma

2.5, we see that JP is a VF-parallel parahermitian structure of (E, g¥). O

From the proof above, we note that oriented null frames with the same signature define
the same parahermitian structure J¥. In particular, when the parahermitian structure
JE is defined by oriented null frames with positive (resp. negative) signature, we call J¥
positive (resp. negative).

Let (M?(K), g) be an oriented 2-dimensional Lorentzian surface of the Gaussian cur-
vature K. Let (e, e2) be an oriented local orthonormal frame of M such that g(e;, e;) =
(—1)"d;j, where ¢;; is the Kronecker delta. We put

1 1
(2.13) er = —=(e1+e), e_:=—(—e +eg),

V2 V2

which satisfy g(e+,es) = 0 and g(es,e_) = 1, hence (e;,e_) is a local null frame with
positive signature and the same orientation to (ej, es). Then, by Lemma 2.5, there exists

a local 1-form p on M such that

(2.14) Ver=+tpRey, dpleq,e ) =K,
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where V is the Levi-Civita connection of M. By virtue of Lemma 2.6, we can take a
V-parallel parahermitian structure J € I'(End(7'M)) such that J(e+) = fesr. We call
this endomorphism J the canonical paraKdhler structure on (M?(K), g).

Let f: M?(K) — Q?(c) be an isometric immersion. Then the mean curvature vector

field H of f is
1
H = ) (—a(er,e1) + aleg, e2)) = aley,e),

where (e, e) and (e, e_) are local frames on M in (2.13). Thus, f is extremal if and

only if a(e;,e_) = 0.
LEMMA 2.7. Let f: M3(K) — Q%(c) be an extremal isometric immersion. Then,
(2.15) (D! a®)(e2) =0, (Dl a®)(e®)=0.
Moreover, if f is nicely curved of order d, then we have
(2.16) el el y=0 (i=1,2,....d, k+l=i+1, k1>1).
PRrooF. By (2.8), we have
(De_a®)(el) = V,_a’(e}) — 2p(e-)a*(el) = (D, T")e. (es)
— (DL, T%)._(e)) = V1, T2 e, = V!, a¥(es,c.) =0,
By a similar calculation, we obtain (D}, a?)(e?) = 0. If k,1 > 1,
QI ) = T T T 0¥ey e ) = 0.
This completes the proof. n

For an extremal isometric immersion f : MZ(K) — Q%(c) which is nicely curved of
order d, using (2.13) and (2.16), by the equation a?(ej,e;) = a?(eq, e2) and arguments
similar to that in the proof of Lemma 2.7, we have

Qe ) = (V! (o (er, ) + @t (e)

(2.17) o . . . o
@) = (VB (—a(er, ) + o (e5)).
Noting N* is nonzero for i = 1,2,...,d — 1, by (2.17), we have

9218 N = Span{ai*i(es, ), ait (i)} = Span{aiti(eil), aitl(eit)))
2 2 +

(2.19) rank N' =1 or 2.
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2.3 Surfaces with isotropic higher fundamental forms.

In this subsection, we study extremal isometric immersions of Lorentzian surfaces with
isotropic higher fundamental forms. The property that higher fundamental forms are
isotropic is closely related to horizontal reflector lifts mentioned in the next section. We
provide several lemmas which are often used in the following sections.

Let V and W be vector spaces with inner products and g : V x --- xV — W a k-
multilinear map into W. We say that (3 is spacelike (resp. timelike) isotropic if there exists
a constant \ such that (8(u*), 8(u*)) = X for any spacelike (resp. timelike) unit vectors
u. For the simplicity, we say that such a map is spacelike (resp. timelike) A-isotropic.

Then we note the following lemma.

LEMMA 2.8. Under the notation above, a k-multilinear map B is spacelike \-isotropic
if and only if B is timelike (—1)*\-isotropic. Moreover, if (3 is spacelike isotropic, then
(B(e*), B(e*)) =0 for all null vector e € V.

Proor. If § is spacelike A-isotropic, then we have

(B((v/||lvIDF), B((v/||v])*)) = X for any spacelike vector 0 # v € V.

Hence we obtain the equation (¥) (B(v¥), B(v*)) = X {v,v)* on the set of all spacelike
vectors of V', which forms nonempty open subset in V. This equation (x) holds on V,
since the function V' 3 w + (B(w"), B(w*)) =\ (w, w)* € R is real analytic (more precisely,

it is a polynomial in n variables w = (wy, ..., w,), where n = dim V). So, we have
(B(™), B(v*)) = (—=1)* X for any unit timelike vector v € V.
We can similarly see the converse and the statement for null vectors. O]

By Lemma 2.8, in the case that V' is indefinite, we use the term “isotropic” as “spacelike
isotropic”.

We say that the (k + 1)st fundamental form o**! of an isometric immersion f: M —
M is (spacelike) isotropic if af*!

Ar : M — R defined by Ag(p) := Mg, is called the (spacelike) isotropic function. If the
k+

is Agp-isotropic at each point p € M. The function

isotropic function A, is constant on M, then o™ is called constant \i-isotropic. We note

that o#*! is \;-isotropic if and only if
(2.20) 9" (@ (e, €5), " (e5™)) = 0

for any orthonormal tangent vectors ey, es to M (e.g. [8, Lemma 1.1]). Moreover, in the
case that f: MZ(K) — Q7(c) is extremal, by (2.17), we obtain

(2'21) gk(ak-i-l(el;-i-l)’ ak+1<€§+l)) = _gk(ak+1 (617 615)7 ak+1(617 65)) = Ak,

where (eq, €9) is an orthonormal basis of T, M such that g(e;,e;) = (—1)%;;.
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LEMMA 2.9. Let f : M?(K) — Q%(c) be an extremal isometric immersion which is
nicely curved of order d. We assume that there exists a positive integer i(< d) such that
o't is \j-isotropic. Then \; is everywhere nonzero on M if and only if i < d. In the case
of i < d, N* is a Lorentzian plane bundle over M. Moreover if M is oriented, then N is

orientable and (N, g") admits a V'-parallel parahermitian structure J*.

PROOF. Let (e1,es) be an orthonormal basis of T, M such that g(e;,e;) = (—1)";;.
Noting (2.18), (2.20) and (2.21), we see that ); is equal to zero at p if and only if N} is a
degenerate plane, a null line or zero at p. Since f is nicely curved of order d, we can see
that \; is everywhere nonzero if and only if ¢ < d. Then N’ is a Lorentzian plane bundle
over M, since the normal vectors a’*!(e;, e}), a’*!(e5™) span a Lorentzian plane.

When M is oriented, taking oriented local orthonormal frames (e, e) and (e}, e) on
an open set U of M, we can get a function § € C*°(U) such that e} = (cosh #)e;+(sinh 6)e,
and €}, = (sinh 6)e; + (cosh #)ey on U. The following local frames (o' (ey, €}), a1 (e5™))
and (a''(e}, ed), a1 (el th)) of N are local orthogonal frames with same orientation of

N?. In fact, we have

IR DI N S DR TS N S S S| i i1 a1y [cosh((i+1)8) sinh((i + 1)0)
(a (€1, €5) a™i(ep” ))—(a (e1,€5) o™ (e )> [sinh((i—l—l)@) cosh((i +1)0)|

Thus N°¢ is orientable. From Lemma 2.6, we obtain a V'-parallel parahermitian structure
J"of (N*, g"). O

When f : MZ(K) — Q7 (c) is extremal and nicely curved of order d, and there exists

1

a positive integer i(< d) such that o™ is \i-isotropic, by Lemma 2.9, we can take the

following local orthonormal frame (eg; 41, €2;42) of N* defined by

4 1
az+1( o

€9; = e ei €9; =
21+1 ’)\Z| 1, 2)7 2142 \/|>\—Z|

where (e1, e2) is a local oriented orthonormal frame on M such that g(e;, e;) = (—1)d;;.

i+1 (eé+1>7

Moreover, noting (2.17), we put the signature ¢; := \;/|\;| € {1, -1},

1 1 41/ i+1
(2.22) & = ﬁ(emﬂ + €9i42) = W\A/\—ila e,

1 1 i+ (it
(2.23) n; = E(_Q%Jrl + €2i12) = W\/Wa (e),

which satisfy

gi(€2i+1, 62i+1) = —&, gi(€2z‘+17 62i+2) =0, gi(€2i+27 €2i+2) = &,

9'(&, &) =0, g'(&mi) = &, g'(ni,m:) = 0.
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LEMMA 2.10. Let f : M3(K) — Q%(c) be an extremal isometric immersion which is

nicely curved of order d. We assume that there exists a positive integer i < d such that

o't s \;-isotropic. Then we obtain

(2:24) Va6l = (£a(X) + paogNDX) ) a7l
where (e4,e_) is a local null frame on ME(K) and p; is the connection form of V' with
respect to (&;,m;) defined by (2.22) and (2.23).

PROOF. We obtain (2.24) by a simple calculation. O

LEMMA 2.11. Let f: M}(K) — Q%(c) be an extremal isometric immersion which is
nicely curved of order d. We assume that there exists a positive integer © < d such that
atlis Ni-isotropic and (Do) is (i+2)-symmetric, that is, (D}_at')(ef) = 0. Then
we have

(Dot 2)(eff?) =0, (Di'a"™?)(e?) =0.

Thus (D" a'*?) is (1 + 3)-symmetric.

ProOF. We can prove this lemma by a simple calculation. In fact, we have

(D) (e4?)
—VEat2(el?) — (i + 2)p(e_ ) (eif?)
—VETE o () — (i + 2)ple-)at(el?)

=(De e, o (e + T2, (Do )(elf)
using the Codazzi equation (2.8) for 7%, (2.11) and (2.24)

:(DéilTi)e, Oéi+1(€f:_1)

=Veita ™ (eo, el™) + ple)a (-, ) = T7 Vi o ()
==L (e + yalog e ) a1 (e

_ (pi<e+> + Laiog |Ai|><e+>) o c_, ety = 0.

In a similar way, we have (Dia™*2)(e"?) = 0. O

LEMMA 2.12. Under the same assumptions as in Lemma 2.11, if o™t is constant

\;-isotropic, then o't is Vi-parallel, that is, (D'a**1) = 0.
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PROOF. Since o' is isotropic, g'(ai*1(ef), atl(e1)) = 0. Thus we see
§((DL 0 (e, 0 () =ge g (0 (), 0 ()
— (i + Dples)g (@ (€, a (1) = 0.
Using Lemma 2.11, we obtain
gi<(Dz+ai+1)(€¢1—1>’ ai+1(€i_+1)) :6+gi(ai+1(ez_‘:—1)’ ai—i—l(ei_—l—l))
. gi(az’—i-l(ei—o—l), Vi+0éi+1(6ij1))
= (i+ Dples)g' (@ (e, ™ (e)).
By Lemma 2.10, we have
(@ (e, T, 0 () = —( 4 Dplen)g (' (), o (o),

and hence, gi((Di+ai+1)(ef1),ai+1(€i_+1)) = €+(2i>\i) = 0. Because of i < d, (o/“(eﬁjl),
a't1(e™1)) is a local frame of N'. Hence, (Dé+ ™1)(e1) = 0. Tn a similar way, we have
(D! i) (1) = 0, thus (Diaft) = 0. -

LEMMA 2.13. Under the same assumptions as in Lemma 2.11, we have
1 .
(2.25) pi(X) = 5 (dlog|A)(JX) + (i + 1)p(X),
1
(2.26) (dpi)(es,e—) = §Alog INi| + (1 + 1K,

where p; (resp. p) is the connection form of V' (resp. V) with respect to (&,m;) defined
by (2.22) and (2.23) (resp. (ei,e_)), and A is the Laplace operator of M?(K).

PrOOF. Using Lemma 2.11 and (2.23), we have

L= il e ! - l e ;
ve+ni_\/|)‘_l|<+<\/m> \/m( +1)p< +)> Us

=~ ((Gd0og IMUe) + G+ Dotes) )

Noting Vin; = —p;(X)n;, we have

ples) = pd(log [\])(Jes) + G+ Dples).

In a similar way, we get p;(e—) = (1/2)d(log |\;|)(Je—) + (i + 1)p(e—). These equations
show (2.25). Using (2.25) and (dp)(e+,e—) = K, we have (2.26). O
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LEMMA 2.14. Let f : M3(K) — Q%(c) be an extremal isometric immersion which is
nicely curved of order d. We assume that there exists a positive integer 1 < d such that
o' and ot are isotropic with isotropic functions \i_1 and \; respectively. In the case of
1<d,

T = VI2M/ i, T, =0,

(2.27) . .
T; 'n; =0, T i1 = 12N/ Nz,
(2.28) S;_fi =0, Sé_fz’ = €i—1&i/ 12X/ Ai1€im1,

St = €imagin/ 120/ Xica|mia, St i =0,

where € := \j/|\j| (j =i —1,i) and Ao := 1. In the case of i = d, we have

Siadﬂ(eiﬂ) =0, Sg,adﬂ(@iﬂ) =&d-1 dfd—h
(2.20) " i
qd ad+1<€d+1) —¢ (\/5) A §d od+1(gd+1ly —
et — — Cd-1 Na—1, e (6_ ) Y
| Ad—1]
PROOF. We can simply prove these equations by (2.22) and (2.23). O

For the later use, when o’ and o'™! are isotropic, we rewrite (2.28) as follows.

o N
(2:30) SLatt (e = Sha(e))
i—1

where e5 is a spacelike tangent vector to M7 (K).

Since (2.15) in Lemma 2.7 holds, we can repeatedly use Lemma 2.11 under the as-

sumption: o? a?,..., a*"! are isotropic. Hence, Lemma 2.11, and equations (2.25) and

(2.26) are available for any ¢ = 1,2,...,k, and also Lemmas 2.12 and 2.14.

LEMMA 2.15. Let f : M3(K) — Q%(c) be an extremal isometric immersion which
is nicely curved of order d. If there exists a positive integer k < d such that o't is
Ai-isotropic for any i =1,2,... k, then we have \y = (¢ — K)/2 and, when k > 1,

1  + 2 1

Therefore isotropic functions Ay, ..., \x depend only on ¢, K and higher derivatives of K.

PRrOOF. By the Gauss equation (2.4), (2.27), (2.28), and Ao = 1, we have

Key = R(ey,e-)es =c(gle,eq)er —gles,eq)es) + Se1+TeO,€+ - Sel,TeoﬂJr

= ce; — £0€12|\1]&o,
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hence \; = (¢ — K)/2, where g9 = g(ey,e_) =1and {§g =ey. Fori=1,2,... k—1if
k<d,ori=1,2,...,k—2if k =d, by the equation (2.5) on N, (2.27) and (2.28),

' i—1 qi i—1 Qi i i i i Ai Ai
Rl(e+7 e*)g’i = Té+1Se_$i - Te_lse+£i + SeirlTe_gi - SeJ_rlTe+$’i =2 (>\ . - >\+1) 51

In the case of k = d, using (2.5) on N9 ! and (2.29), we can see that the equation above
holds for i = k — 1. On the other hand, from (2.26), we have

R%q@J&z(%Ab@&L+@+UK>@ (i=1,2,... k—1).

Since &; is everywhere nonzero for i = 1,2,..., k < d,

1 . Ai Ait1
—Alog |\; DK =2 — )
OB+ i+ DK =2 (7 - )

From these equations and A\; = (¢ — K)/2, we obtain for i =1,2,..., k— 1

1 4+ 1)(2 + 2 1

Thus we complete the proof. O]

COROLLARY 2.16. Let f : MZ(K) — Q"(c) be an extremal isometric immersion which

is nicely curved of order d. We assume that there exists a positive integer k(< d) such

that o'+ is \;-isotropic for any i =1,2,..., k. If K is constant, then we have
1 (1 + 1
e (e ED N 212 k<d)
2 2
Therefore a2, a3, ..., o** are constant isotropic, moreover, n > 2k and t > k. In the

case of k = d, we see that a®tt is 0-isotropic and K = 2c/d(d + 1).

We furnish a nonexistence result on extremal Lorentzian surfaces by virtue of the

corollary above.

THEOREM 2.17. There are no extremal isometric immersions from M2 (K) into Q7 (c)
of which all higher fundamental forms are isotropic if the constant Gaussian curvature
K # 2¢/i(i+ 1) for any integer i.

PROOF. For any isometric immersion f : MZ(K) — Q7(c), there exists a positive
integer d such that f is nicely curved of order d. Then, by the assumptions and Lemma
2.9, the constant isotropic function \;_; is nonzero and Ay is zero. From Corollary 2.16,
we obtain K = 2¢/d(d + 1) and the proof of the theorem is completed. O
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REMARK 2.18. Bryant [1] proves the nonexistence of minimal immersions from surfaces
of constant positive Gaussian curvature K # 2¢/i(i + 1) (i € N) into S§(1/4/c) (without
the isometry condition). See Calabi [2] and Wallach [16] also. The theorem above is a
pseudo-Riemannian version of [1, Theorem 1.5]. It is natural to ask whether the condition
“isotropicity” of higher fundamental forms is needed or not. We can find an extremal
surface of K =1 (¢ = 1 and ¢ = 1) whose second fundamental form is not isotropic (See

the last paragraph in Section 5).

3 Congruence theorem for immersions with horizon-

tal reflector lifts.

Let V be a 2m-dimensional vector space V' with inner product ( , ) of neutral signature.
A parahermitian structure on V is an endomorphism J : V' — V such that J? = idy
and (JX,JY) = —(X,Y) for all X and Y € V. The eigenspaces Vi := Ker (J Fidy)
of a parahermitian structure J are m-dimensional totally isotropic in V', which satisfy
V =V, @ V_. We denote the space of all parahermitian structures on V' by Z (V).

Let (M,3) be a 2m-dimensional manifold of neutral signature. The reflector space
Z (]Téf ) is defined by

Z=2(M) = | Z(T,M).

peM

Note that the reflector space is a subbundle of End(7T'M). The bundle projection p : Z —
M and the Levi-Civita connection V on M induce the decomposition TZ =T'Z T Z
into the horizontal subbundle 7" Z and the vertical subbundle T Z.

Let f: (M2, g) — (M2™,§) be an isometric immersion. A section of J € ['(f#Z) is a
reflector lift of f (or M), if J|za = J, where J is the canonical paraKahler structure on
M. Then, putting J+ := J| |71 a7, we have a parahermitian structure of the normal bundle
T+M. An isometric immersion f admits a horizontal reflector lift if J is %—parallel, that
is, VJ = 0, where V is the induced connection from the Levi-Civita connection of M. By

a straightforward calculation, we have

LEMMA 3.1. The reflector lift J is horizontal if and only if the (usual) second funda-
mental form o satisfies (X, JY) = Jta(X,Y) for all X, Y € TM and V+J+ = 0.

In Riemannian geometry, a surface with horizontal twistor lift is called superminimal.
Indeed, superminimal surfaces are minimal. The following proposition is a corresponding

result to neutral geometry.

PROPOSITION 3.2. An isometric immersion with horizontal reflector lift is extremal.
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PrROOF. By Lemma 3.1, a(es,e_) = a(Jey,e_) = aleq, Je_) = —a(ey,e_), which
gives H = a(eq,e_) =0. O

In this section, we give a congruence theorem for isometric immersions with horizontal

reflector lifts.

LEMMA 3.3. Let f : M3(K) — Q*"(c) be an isometric immersion which is nicely
curved of order d. If f has a horizontal reflector lift j, then J is Ni-preserving. Moreover
Ji= J|y: € End (N%) is Vi-parallel and J'T "¢y = Ty G—1 for any (=1 € D(N)

and 1 =1,2...,d. In particular, we obtain

X, X I X ) = Ja TN (X, X)),
ProoOF. From Lemma 3.1, J is Nlpreserving. Putting J! := j]m, we have
(ViI)(G) = Sk (J'G) = J(SxG) — Tx (J'G) + TH(Tx ).
Since J1 is (N')*-preserving, we see that J* is Vi-parallel, Sk (J'¢;) = J(SL¢1) and J

is N2-preserving. If there exists a positive integer k(< d) such that J* is V*-parallel and
J is N*-preserving, then we can put J* := J|y« € I'(End (N*)). Moreover,

(VAT (G) = SX(T"G) = TS5 G) = Tx(J*G) + T (TxG).
Since J* is (N*)L-preserving, we see that J* is V*-parallel, S%(J*¢,) = J¥71(S% ) and

Jis N k+1_preserving. By the inductive method, we have the lemma. O]

LEMMA 3.4. Let f : M}(K) — Q%™ (c) be an isometric immersion which is nicely
curved of order d. If f has a horizontal reflector lift j, then the ith normal bundle

+1 s isotropic

N is a Lorentzian plane bundle, and the (i + 1)st fundamental form o
and the isotropic function \; is everywhere nonzero for any i (i = 1,2,...,d — 1), thus

rank N4 = 2(m — d).
PROOF. Let (e, e3) be a local oriented orthonormal frame on M. Then we have
g'(a (e ep), @t (e5™)) = g' (@' (Jea, €), 0 (e5™))
= ¢i(Jiait (e, ai (i) = 0
Hence, o™ is isotropic. Thus, from Lemma 2.9, we can see that its spacelike isotropic

function is everywhere nonzero and N° is a Lorentzian plane bundle over M. O]

Let f: M?(K) — Q*"(c) be an isometric immersion which is nicely curved of order
d. By Lemma 3.4, we can consider the local null frame (&;, ;) of N* defined by (2.22) and
(2.23) for i =1,2,...,d—1. We see that & (resp. n;) is a (+1)- (resp. (—1)-) eigenvector
of J* by Lemma 3.3.

We obtain a congruence result on isometric immersions with horizontal reflector lift

into a space of constant curvature.
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THEOREM 3.5. Let f, f: M}(K) — Q*(c) be isometric immersions with horizontal
reflector lifts from a connected oriented Lorentzian surface. If both immersions f and f

are nicely curved of order d, then there exists an isometry ® of Q%!(c) such that f = ®of.

PRrROOF. The corresponding objects associated with f are denoted by the symbol with
“_7 for example, T M is the normal bundle of f. Let (ey,e_) be a local frame field
such that g(ey,ey) = 0, g(er,e—) = 1 and Jey = teyr. We take a local frame (&;,7;)
for any i = 1,2,...,d — 1. We define ® : T*M — T-M by &(&) = & and (1) = 7;
for i =1,2,...,d — 1. Since the reflector lifts of f and f are horizontal, ® preserves the
higher fundamental forms. From Lemma 2.15, \; = \; for i =1,2,...,d — 1. By Lemma
2.10 and (2.25), all coefficients of V1 with respect to (1,71, -.,&4-1,74—1) depend only
on ¢, K (and ). Then we see that

O(Vx&) = ﬁxé» O(Vxn) = ﬁxﬁi,

that is, ® preserves the normal connections. By the congruence theorem for isometric
immersions into a space form (see [6], for example), we see that there exists an isometry
® of Q%!(c) such that f = ®o f. O

REMARK 3.6. An existence theorem for an extremal isometric immersion from a simply
connected Lorentzian surface into Q3%(c) can be found in [13]. The integrability condition

is described by the functions Aq,..., A\;_1 in Lemma 2.15.

4 Lorentzian Boruvka spheres.

Hereafter, we provide examples of isometric immersions with horizontal reflector lifts.
First of all, we recall a notion of helical geodesic immersions in pseudo-Riemannian ge-
ometry.

Let ¢ be a unit speed spacelike curve of a pseudo-Riemannian manifold N. For a
positive integer d and positive constants k1, ..., kq_1, the curve c is a helix of type A =

(d; K1, .., Ka-1;€1,--.,€4), if ¢ satisfies the Frenet-Serre formula:
Ve = —€i 18iKi—1Ci—1 + KiCit1 (i=1,2,...,d),

where V is the Levi-Civita connection of N, ¢q,..., ¢4 is an orthonomal frame field along
¢, g = (ci,¢) € {1, =1}, €0 = ko = kg = 0 and ¢y = c441 = 0. We call the integer d the
order of ¢. A helix of order one is a spacelike (resp. timelike) geodesic of N, if 1 = +1
(resp. 1 = —1).

Let f : M — N be an isometric immersion between pseudo-Riemannian manifolds.

The immersion f is a spacelike (resp. timelike) helical geodesic immersion (HGI) of type
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A, if f maps arbitrary unit speed spacelike (resp. timelike) geodesic v of M into a
helix of type A which is independent of . This notion is a generalization in pseudo-
Riemannian geometry of that in Sakamoto [14]. In [9], the second author proves the

following conditions are equivalent in the case that the domain of f is indefinite.
(1) f is a spacelike HGI of type A = (d; K1, ..., K4_1;€1,- -, Ed)-
(2) fis a timelike HGI of type A = (d; k1, ..., ka_1; (—1)ter, ..., (—=1)%y).
Hence we call such immersions HGIs for short. We shall introduce the following notions.

DEFINITION 4.1. An submanifold L of a space form (Q}(c),g) is said to be totally
geodesic if the Levi-Civita connection V of Q7 (c) naturally induces an affine connection
on L, that is, VyY € I'(TL) for any X,Y € I'(TL). Furthermore, if the pullback j*§
is identically vanishing on L, it makes L a null r-plane of Q}(c), where r = dim L and
j L — QF(c) is the inclusion map. A null curve ¢ on Q}(c) is null r-planar, if there is
a null r-plane L of Q7 (c) such that Im (¢) C L. An isometric immersion f : M — Q}(c)
between indefinite pseudo-Riemannian manifolds is a null r-planar geodesic immersion
(PGI), if there exists a positive integer r such that, for each null geodesic vy of M, the null
curve f o~ is null r-planar in Q7 (c). If a null »-PGI f is not a null ¢-PGI for any ¢ < r,
we say that f is a null proper r-PGI.

Notice that a null r-plane L in Q7 (c) is contained a null 7o-plane L (rq := min{n—t,t}).
Therefore any null r-PGI is null rg-planar geodesic. For example, any HGIs f : M —
Q7 (c) are null ro-planar geodesic([9, Theorem D]). In general, the converse is not held.
See [11] for details. Simpler examples are totally umbilic isometric immersions, which
are null proper 1-PGlIs, since the immersions map null geodesics of submanifolds to null
geodesics in the ambient space. We deal with this notion in the last section.

In Riemannian geometry, typical examples of HGIs are the standard minimal immer-
sion of compact rank one symmetric spaces. In the case of the n-dimensional sphere,
associated with each positive integer d, there exists an isometric minimal immersion
Vna @ S"(r(d)) — S™D where S"(r(d)) := Sp(r(d)), S™ = ™ (1), and the ra-
dius r(d) and the dimension m(d) are given as follows.

dld+n—1)

r(d) =\ ——=, m(d):(2d+n—1)(d+n_2)!

— — 1.
n d(n —1)!

The immersion 9, 4 is called the d-th standard minimal immersion of S™(r(d)) and (space-
like) HGI of type Ang = (d;R1, ..., Kq—1;+1,...,+1), where ki,...,Kkq—1 are certain
positive constants. In the case of n = 2, these immersions are called the Boruvka spheres.

In [10], the second author constructs, associated with each the d-th standard minimal

immersion of S™(r(d)), an extremal isometric immersion v, 4, of S7'(r(d)) into Sle(;l )=
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m(d)
Sl(d)

details). In the case of (n,t) = (2,1), the integer I(d) is equal to d. The constructed

immersion ¢, 4 (t =1,...,n — 1) is a spacelike HGI of type A, 4 and ), 4., is a timelike

(1) for arbitrary ¢ = 1,...,n, where the index [(d) is a certain integer (see [10] for

HGI of type A, 4 ([10]). See also [5] for a construction of harmonic maps of S? into a
space of constant sectional curvature one.

We recall the d-th standard minimal immersions of S?(r(d)) into the unit sphere. Let
A g2 be the Laplacian on S2. Tt is well-known that all eigenvalues are given by g = d(d+1)
for any nonnegative integer d and the dimension of the eigenspace Vj; of Ag2 corresponding
to the eigenvalue p4 is 2d+1. Taking an orthonormal basis fi, ..., fogr1 of V; with respect

to the L%inner product:

9(f1, fa) = /52 Jifadvse,  fi, fa € Vg,

where dvg: is proportional to the volume element of S? and normalized in such a way
that [, dvge = dim Vg = 2d + 1, we can see (f1)* + - + (faq41)> = 1 on S?, and identify
Vi = R?F1 Then the d-th standard minimal immersion 4 : S?(r(d)) — S?* C R?4*! is
given by

¢2,d = (fh cee 7f2d+1) O X1/r(d)>

where xy, is the homothetic transformation in R™ defined by xx(v) := kv for v € R". We
remark that the d-th eigenspace V; of S? C R3 is given by

Va={Pls2 | P € Hy(R’)},

where Hy(R?) is the space of homogeneous harmonic polynomials of degree d on R* and
P|s2 is the restriction of P to S? C R3.

We summarize the construction of extremal immersions obtained in [10] as follows. Let
Flx] := F|xy, z2, z3] be the polynomial algebra in variables x1, x9, 23, where F is the set of
all complex numbers C or real numbers R, Fy[x] the space of homogeneous polynomials
of degree d, and Ags := —0% + 02 + 02 the Laplacian on R$. Putting

Hy(RY) = {P € Rylz] | AgsP = 0},

we see dim Hy(R?) = 2d + 1. Moreover, we can sce that Ag(Plg) = d(d + 1)P|g2 for
P € Hy(R3), where S? C R? is the unit Lorentzian 2-sphere, and Agz is the Laplacian of
S2. Let p; be the ring endomorphism on C[xz] defined by py(1) := 1, pi(z1) := /=111,
p1(z;) == z; (i = 2,3). We call p; a (1-) Wick rotation, which satisfies p;(P) € Hy(R3) @
V—1H4(R3) for any P € Hy(R?). We can take a basis P_g, ..., Py of Hy(R?) such that

(Pea)?+ -+ (Pg)? = (2] + 23 + 23)7,
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p1(P) € V—1Hy(R3) (i < 0) and py(P;) € Hy(R3) (i > 0). We note that (p1(P_4))* +
cot (o1 (P)? = (=22 + 23+ 22)?. Putting Q; := —/—1p1(P) (i < 0) and py(P) (i > 0),
we have a basis Q_g, ..., Qq of Hy(R}) such that

—(Q-a)® = = (Q-1)* + (Q0)* + (Q1)* + -+ + (Qu)* = (=27 + 23 + 23)".

We define the indefinite scalar product g; on Hy(R?) by

gl(Qia Qj) = 81'5@'3';

where ¢, = —1 (d < 0), &; = +1 (d > 0) and identify Hy(R?) = R2™. Then we can

obtain the extremal isometric immersion into the unit neutral 2d-sphere:

Yoa1 = (Q-alszs -, Qulsz) © Xa/r(ay : St(r(d)) = 83 C R

The immersion 4, is called the Lorentzian Boruvka sphere (LBS) in S2¢ throughout
this paper. We can see explicite representations for ¢ 41 (d = 2,3) in [9, Examples 3.5,
3.6].

Composing homotheties and anti-isometries of S3(r(d)) and S2¢, we can obtain ex-
tremal immersions from Q?(Ky) to Q*(c), where K; := 2¢/d(d + 1) and ¢ # 0. We
denote this immersion by ¢4.. This immersion also is referred to as LBS in Q%%(c).

An isometric immersion f : M — QF(c) is said to be full in Q7 (c), if there exist no
totally geodesic submanifolds N of Q}(c) such that f(M) C N and dim N < n. We can

give the following.

PROPOSITION 4.2. Let f : MZ(K) — Q"(c) be a HGI of order d of an oriented
Lorentzian surface. If f is extremal, then f is nicely curved of order d and there exists a
totally geodesic submanifold P of Q7(c) such that P is isometric to Q%%(c) and f(M) is
full in P. Let f' be the isometric immersion such that f = 1o f', where v is the inclusion
P < Qc). Then, f': M3(K) — P admits a horizontal reflector lift, and K is constant.

+1 d+1

Moreover o' is nonzero constant isotropic fori =1,...,d — 1, and a®" is identically

vanishing.

PROOF. Let f : M3(K) — Q?(c) be a HGI of type (d;k1,...,Ka_1;€1,---,q) and
nicely curved of order m. In the case of d = 1, since f is totally geodesic, the assertion
follows. Thus we may assume that d > 2.

Let u € T, M be a spacelike unit tangent vector to M at p € M and ~ a geodesic such
that v(0) = p and 7/(0) = w. From the Frenet-Serre formula of ¢ := f o, Vye, = kyca,

where U := ¢’. From the Frenet formula of f,

%Ucl = Vye + Tgcl = aQ(UQ).
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Thus we have kicy = a?(U?). So a? is nonzero (e;47)-constant isotropic by the arbitrarity
of spacelike unit tangent vector u. From Lemma 2.9, we see that N is a Lorentzian plane
bundle over M, therefore, m > 2.

We assume that there exists an integer k (2 < k < min{d, m}) such that xy - - - k;_1¢; =
(U for any i (2 < i < k). Then o is nonzero (g;x% - - - k2_,)-constant isotropic by the
arbitrarity of spacelike unit tangent vector u and ¢; € N*~!. Thus, by virtue of Lemma
2.9, N“=1 is a Lorentzian plane bundles on M and admit a parahermitian structure J* 1.

Furthermore, from the Frenet-Serre formula of ¢,
%Uci = —E€i—1€iRi—1Ci—1 T KiCiy1,
and, from the Frenet formula of f,
ﬁUci = —S(i]_lc,- + V@‘lci + Tg_lci.

Since o' is constant isotropic for i = 2,..., k, using Lemma 2.12, we obtain ViU_lci = 0.
Moreover, the equation (2.30) gives S[i]_lci = €;_16;K;_1C;_1, thus we have Té‘lci = KiCit1,
hence o™ (U™) = Ky -+ Kicip 1

In the case of k = min{d, m} = d, by definition, x; = 0. Thus, we can see a®*! = 0,
that is, 7% = 0, which implies that m = d and, using Lemma 2.4, there exists the totally
geodesic submanifold P such that P is isometric to Q2(c) and f(M) is full in P. On the
other hand, if £ = min{d, m} = m, then k,, has zeros by Lemma 2.9, hence &,, = 0. By
a similar way, we obtain the same conclusion. Since P is totally geodesic in Q}(c), the
Vi-parallel parahermitian structure J? on N’ is also one on the ith normal bundle N of
fforanyi (i=1,2,...,d —1). We can define J* € I'(End(T*M)) by

d—1
Jt = @ J'.
i=1

Then we can check a(X,JY) = J*a(X,Y) and V+J+ = 0. By Lemma 3.1, f' admits
horizontal reflector lift .J := J & J=.
Since the second fundamental form o? is (e9x%)-constant isotropic, using Lemma 2.15,

we see that M is of constant Gaussian curvature. O

In Riemannian case, the Boruvka spheres 14 : S%(r(d)) — S?? are superminimal,
that is, these have horizontal twistor lifts. Note that the LBS ¢4, : Q¥(K4) — Q%*(c)
is an extremal HGI of order d ([10, Proposition 3.8.]) and nicely curved of order d from
Proposition 4.2. Therefore, Proposition 4.2 for the LBSs corresponds to the result above

for Boruvka spheres. We summarize as follows.

COROLLARY 4.3. The Lorentzian Boruvka sphere ¢q. : Q3(Kq) — Q%(c) is nicely

curved of order d and has a horizontal reflector lift.



Extremal Lorentzian surfaces with null r-planar geodesics in space forms 22

5 Extremal surfaces with null r-planar geodesics.

In this section, we prove our main result in this paper:

THEOREM 5.1. Let f : M}(K) — Q%(c) be an extremal null r-planar geodesic im-
mersion from an oriented connected Lorentzian surface of constant Gaussian curvature K
and ¢ nonzero. If f is real analytic and full, then f is locally congruent to the Lorentzian
Boruvka sphere ¢, . with K = 2¢/r(r + 1), n = 2r and t = r. Moreover the order r is

proper.

The proof requires a few technical steps which show that the highest normal bundle
is zero. Notice that, in general, the highest normal bundle need not be contained in the
1th osculating space of an isometric immersion for a positive integer <.

Let f: MZ(K) — Q(c) be an extremal isometric immersion which is nicely curved of
order d. Thus, we obtain the decomposition f#TQ = &% N’ where N° = TM and N*
is the 7th normal bundle for ¢ > 0. Put, for:=20,1,...,d,

éi — ai—i—l(ez;:-l)’ fl; = Oéi+1(6i_+1),
where ex = (£e; + €3)/v/2 and (ey, e;) is a local oriented orthonormal frame such that
g(ei,e;) = (—1)i6;;. Then we see N* = Span {&;, 7} for i =1,...,d — 1 from (2.18) and
note that Span {&, Ag} € N¢ = (Osc?(f))*. We inductively define higher derivatives of
a®™! with respect to V¢ by
(Dd(l)ad+1>(X1> X2> s 7Xd+2) = <D§{1&d+1)(X27 B 7Xd+2)7
(Dd(k)adﬂ)(Xh D CH >Xd+k+1) = (Dgﬁ(Dd(k_l)adH))(X% s de+k+1)

for any positive integer k.

Set ¢ := f o for a null geodesic v of M. Then we get

V(E)=¢ V(A =a(c?), V(@) = f2,V(A) + a3 (),

where ¢ is the tangent vector field of ¢ and f(iz = p1(¢) is a function along c¢. We inductively

obtain
~ k ~
(51) V() = S EIVE) ) (k=01 )
i=2
where fjl is a function along c¢. By a simple calculation, we have

LEMMA 5.2. For any nonnegative integer k,
d+k
§<C-d+k:+1) _ Z fd—j—k:-i-l%(c'i) + (Dd(k)ad+1)(éd+k+l)
i=2

djkﬂ s a function along a null curve ¢ = f oy as above.

where f¢;
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Hereafter, when not specified otherwise, we work under the assumption that f :
M} (K) — Q7(c) is an extremal null r-PGI which is nicely curved of order d.

LEMMA 5.3. For any nonnegative integers i, 7,
96 &) =0, gl i) = 0.
PROOF. By Lemma 5.2, (5.1) and the definition of null 7-PGI, this lemma holds. [

PROPOSITION 5.4. If MZ(K) is oriented, then N' is an orientable Lorentzian plane
bundle, thus N* admits a V' -parallel parahermitian structure J' of (N*, g') fori =1,...,d—
1. Moreover, the (i + 1)st fundamental form o' is \;-isotropic for i = 1,...,d, where

A = gi(éi, n:)/2¢. In particular, \i, ..., \q_1 are non-vanishing and \q has zeros on M.

PROOF. From (2.18) and (2.19), we can see that rank N* = 1or 2 fori =1,2,...,d—1.
Thus, by virtue of Lemma 5.3, p; := ¢'(&,7;) must be nonvanishing on M for i =
1,...,d — 1. Therefore we can see that N’ is an orientable Lorentzian plane bundle
and, using Lemma 2.6, admits a V'-parallel parahermitian structure J* of (N, g*) for
i=1,...,d—1. Note that yq := g*(€4,74) has zeros on M. We can see that o/ is
(pi/2%)-isotropic for i = 1,...,d. In fact, from

éi _ <\/§)i71 (Ozi+1(61,€é) + ai+1(6é+1)) 7
f]i _ (\/5)1‘—1 (—Ozi—H(@l,eé) + Ozi-H(@é—H))

and Lemma 5.3 again, we obtain g'(ai*!(e;,e}),a’t(e5t!)) = 0. By the arbitrarity of
a local oriented orthonormal frame (e, e;), o't is spacelike (u;/2%)-isotropic for i =

1,....d. O

For a vector bundle F with a bundle connection V¥ over M?(K) and an E-valued
(0, 1)-tensor field @), we note the Ricci identity

(DE(DEQ)(X,Y, X1,..., X)) — (DF(DFQ)(V, X, X1,..., X))
l
=RP(X,Y)Q(X1,.... X)) = Y _Q(X1,...,R(X,Y)X;,..., X)),
=1
where an E-valued (0,1 + 1)-tensor field (D¥Q) is defined by

1
(DPQ)X, Xy..., X)) : = VE(Q(X1,.... X)) = Y _Q(X1,....VxXi,..., X)),

=1

We put for any positive integer k
Sk 1= (Do) (), gy = (DWWt (),

which are in Osc*™* ' (f) N N Then we have
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LEMMA 5.5. For any positive integer k,
(Dd(k)oszrl)(ejF, ecjl;rk) c OSCd+k_1(f).
PROOF. In the case of k = 1, we see, in Lemma 2.11,
(D Wa™ ) (e, ef) = (D a™)(ef) = 0 € Osc’(f).
For k > 2, we assume that
(Dd(k_l)ad+1)(6q;, ec:lt—l-k—l) c OSCdJrku(f).
By the Ricci identity,

(DM Bat) (e, et) (D W) (e e, etH)
+ Rd<6,, 6+) (Dd(ka)adJrl) (eilrJrkfl)
— (d+k — 1)(dp) (e, ex )(DUED 1) (eh).

On the R.H.S. in the equation above, we get, using (2.6) for the 2nd term,

(the 1st term) :Vi(Dd(k—l)ad—l)(e_’ g1y
—(d+k— 2)P<€+)(Dd(k_1)04d_l)(€—, €i+k_1) € Oscgl*k’l(f)7
(the 2nd term) =T4159 €d+k_2 _ nglsg_édj%_z e Oscl(f),

+

(the 3rd term) =(d + k — 1) K&z 42 € Osc™™1(f).

So we have (D a1y (e_ et™) € Osc™~!(f). By a similar calculation, we obtain
(DR 1) (e, e4F) € Osc™ 1(f). We finish the proof of this lemma. O

From the lemma above, we have
LEMMA 5.6. For any nonnegative integer k,

Osc®(f) = Span {é’l, mll=0,1,... k}.
Differentiating sections fd+k, Napr of N9, we obtain some lemmas on N¢.

LEMMA 5.7. For any nonnegative integer k,

Vigdjwc = Earnrr + (d+ k+ 1)p(es)arn,
Vg_ﬁdJrk = Natwr1 — (d+ &k + 1)ple-)at-

PRrROOF. By definition and a simple calculation, we can prove this lemma. O
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LEMMA 5.8. If §(Ca, &) = §(Casla) = 0 for a vector (g € N?, then S¢q = 0 for any
XeTM.

PROOF. We note that S¢ € A'Hom (N, N 1) and (£;_1,74_1) is a local null frame
of N4 1 with gd_l(éd_l, fig—1) = pta—1 # 0. Using a1 (e, ei’/F) = 0, we have

S¢ o= pty (982 Cara)as + 9" (82 CarEaa)iia s )
= Uc;—11gd_l(gd> gd)ﬁd—y
We similarly get S¢ ¢4 = p7 9% (4, la)€4—1 which shows S%¢y = 0 for any X € TM. O

LEMMA 5.9. If M2(K) is of constant curvature K, then we obtain for any nonnegative
integer k,

gd(éd, fark) = g4 (Na, éd+k) =0.

PrOOF. Since K is constant, we obtain A\; = 0 by Corollary 2.16. Thus we see

G(€4,7a) = 0. For a positive integer k, we assume that

gd(éda Na+k—1) = gd(ﬁd, édﬂcfl) = 0.

Then we have

94 (&0 Narr) = 9%(€a, Ve arrr + (d+ E)p(e)arr_1)
=e_g"(&a, Nark-1) — 9 (VL EayNarr_1)
- _gd(vg,€d7 ﬁd-’-k—l)?

noting that V¢ &; = (d + 1)p(e_)&,; from Lemma 2.11,

= —(d+ 1)p(e=)g" (€t Narr—1) = 0.

Hence we prove gd(éd,ﬁd_i_k;) = 0 for any £ > 0. In a similar way, we get gd(ﬁd,fdJrk) =0
for any k£ > 0. [l

Put, for any point p of M2(K),
W, := Span {(E44)p, (Aatk)p | k is any nonnegative integer} C Nz‘f.
From Lemmas 5.3, 5.8 and 5.9, we have

LEMMA 5.10. If K is constant, then S;j(éd% = S%har = 0 for any nonnegative integer
k and X € T,M (p e M).
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For an isometric immersion f : M — Q7 (c) and p € M, we put

Osc?(f) := [ JOsci(f) € (F#TQ),
1=0

Proof of Theorem 5.1. Let f : MZ(K) — Q7(c) be nicely curved of order d. From
Proposition 5.4, we see that N!,..., N9! are orientable Lorentzian subbundles of f#7'Q).

Since f is full and real analytic, there exists a point p € M such that Osc,’(f) =
(f#*TQ),. Thus, we can take a open subset U around p in M such that

Osc™(f)u = F*TQlv.

On U, from Lemma 5.6, we can see N% = Span {€4,, Nasx | k¥ > 0}. Using Lemma 5.10, we
have S¢ = 0 on U, if and only if a¥*? = 0 on U. Thus &% N’ = Osc?(f) = Osc™(f) = TQ
on U. So, rank N = n —2d = 0, that is, n = 2d. Then, since all vector bundle
NO(=TM),N' ... N%!are Lorentzian plane bundles, we also get t = d. Hence we have
r <min{n —t,t} =d.

Taking a null geodesic vy of M such that v(0) = p € M and §(0) = e;, = (&), and
putting ¢, := f o+, we obtain by (5.1) and a®* =0

Span{V(c}"), | i > 1} = Span{(&o)p. (§1)ps - - -, (§a—1)p}

and its dimension is equal to d. It implies that ¢, is proper d-planar, hence r > d. So we
have r = d. Since we can similarly see that any null geodesic of M is proper r-planar in
Q7 (c), f is null proper r-PG.

By virtue of Corollary 2.16, o, ..., a" are (nonzero) isotropic and K = 2¢/r(r + 1).
From Proposition 5.4, we can put the reflector lift J = @iz, J" of f. Using (2.1)-(2.3),
(2.27) and (2.28), we get (Ve J)(&) = (Voo J)(m:) = 0 for i = 0,1,...,r — 1, that is,
J is horizontal. By virtue of Theorem 3.5 and Corollary 4.3 , we complete the proof of
Theorem 5.1. U

In Riemannian geometry, Calabi shows that a full minimal isometric immersion f :
M?*(K) — S™ satisfies n = 2d and is congruent to the Boruvka sphere 1), 4, in the case
that M is of genus zero and of constant Gaussian curvature. As we see in Theorem 5.1,
to obtain a corresponding result in pseudo-Riemannian geometry, we need the additional
assumption “null 7-PG”. There exist extremal isometric immersions which are not null

r-PG for any r > 0. For example, see [3, Theorem 5.1.(b)].
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